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a b s t r a c t
Phase nucleation and propagation phenomena can be characterized by a cooperative behavior regulated by non
local interactions between the multistable domains and with the loading device. Cooperativity is often macroscopically witnessed by a stress-peak, distinguishing the nucleation from the propagation stress, and by a larger
size of the ﬁrst nucleated domain. When low dimensional scales are considered, both in nanostructures or single
molecule behaviors, the interfacial energy can compete with entropic eﬀects, leading to the experimental observation of a temperature dependent phase transition strategy. We propose a fully analytical model, in the framework
of equilibrium Statistical Mechanics, measuring such energetic competition and temperature dependent behavior,
that well reproduces important experimental evidences. The eﬀectiveness of the model is successfully tested in
predicting the temperature dependent phase transition behavior of shape memory nanowires.

1. Introduction
The description of ﬁnite microstructure domains evolution for multistable materials represents an important topic in material science that
has been longly at the center of research activities for both its theoretical and technological importance (Allen and Cahn, 1979). Indeed,
multi-states systems are of interest in several ﬁelds such as material science, biology, medicine, and engineering, both for natural and artiﬁcial
materials. More recently, a large eﬀort in this ﬁeld has been devoted to
the design of new high-performing metamaterials. In this case a successful new inverse approach is adopted, with a multistable microstructure
designed to obtain the desired macroscopic behavior (Bilal et al., 2017;
Shang et al., 2018).
In the thermomechanical three-dimensional case, the problem is
quite complex and it asks for a description not only of the local structure of an interface, but also of its curvature and topological properties,
necessary for the deduction of its excess energy (Angenent and Gurtin,
1989). The hypothesis of describing the microstructure evolution on the
base of energy minimization was already proposed in the ﬁeld of linear elasticity by Khachaturyan (1983) and coworkers. Later, Ericksen
pioneering work (Ericksen, 1975) proposed a variational energetic approach in non linear elasticity theory with non convex energy densities.

Grounded on this work, important theoretical advances in the ﬁeld of
modern continuum mechanics (Ball and James, 1989) and calculus of
variation (Müller, 1999) successfully described basic aspects of phase
transitions and of associated eﬀects at the microstructure level. In particular, the analysis of the complex problem of minimization of the non
(quasi) convex energy allowed important results regarding the phase
fraction, the orientation of the interfaces and the stress corresponding
to the phase evolution. Nonetheless, continuum variational approaches
minimizing the elastic energy density are not able to capture important aspects unless they introduce interfacial energy eﬀects and nonlocal interactions. As a matter of fact, these energetic contributions are
crucial for a detailed description of the observed microstructure evolution (Shaw and Kyriakides, 1997) and they are fundamental not only
from a theoretical point of view, but also for a correct portrayal of the
material behavior and for the design of new materials (Ren and Truskinovsky, 2000). In particular, the minimization of the (non-convex, bulk)
elastic energy only cannot describe the existence of internal length scales
regulating the eﬀective observed phenomena leading to discrete processes of transition with nucleation and propagation of ﬁnite domains
(see Refs. Abeyaratne et al. (1996); Benichou and Givli (2013) and references therein). Based on these observations, diﬀerent ‘augmented’ energetic models have been proposed. Schematically, on one side higher
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gradient (Carr et al., 1984; Triantafyllidis and Bardenhagen, 1993) (antiferromagnetic) energy terms, representing surface energy contributions,
have been added to the energy density, possibly deduced as a result of
compatibility eﬀects as in the case of polymer necking in the classical
work presented in Ref. (Coleman, 1983). On the other side, non local
(ferromagnetic and antiferromagnetic) energy terms have been considered, thus introducing the desired length scale needed to describe the
insurgence of periodic microstructures tipically observed in solid-solid
martensitic phase transitions (see Refs. Müller, 1999; Ren and Truskinovsky, 2000 and references therein).
Starting from the pioneering work in Ref. Müller and Villaggio
(1977), a parallel framework in the ﬁeld of discrete mechanics was proposed. In the simpler setting, one can consider a lattice of elements with
non convex energy densities and the presence of an intrinsic discreteness length-scale (Fedelich and Zanzotto, 1992). As a result, it is possible
to describe fundamental properties such as energy barriers, metastable
states, quasi-plastic and pseudo-elastic behaviors (Puglisi and Truskinovsky, 2000; 2005). On the other hand, also this approach was not able
to distinguish between diﬀerent microstructures with the same phase
fraction and, therefore, important details of the nucleation and phase
fronts evolution phenomena could not be described. The model has been
generalized by considering non local energy terms in Refs. Puglisi (2006,
2007); Truskinovsky and Vainchtein (2004) where the authors were able
to describe the important eﬀect of a stress peak in order to distinguish
the diﬀerent phenomena of nucleation and propagation. In analogy with
higher gradient approaches in elasticity, only single wall solutions with
a fully cooperative phase transition could be described. On the other
hand, in Refs. Puglisi (2006, 2007) a more detailed analysis of the inﬂuence of boundary conditions let the author energetically distinguish
between internal and boundary nucleation, with possible two phase
fronts. These features are often observed for example in polymer necking localization phenomena. Moreover, the model has been extended
to the case of conﬁgurational transitions in protein macromolecules to
study the successive unfolding events observed in protein stretched under single molecule force spectroscopy experiments (De Tommasi et al.,
2013; Manca et al., 2013). In this case the two energy wells correspond to two diﬀerent conﬁgurations of the protein domains, with a
folded → unfolded transition. Finally, based on multiscale approaches
this class of models has been adopted to deduce the macroscopic features of protein materials in Refs. De Tommasi et al. (2015); Puglisi et al.
(2017), showing a signiﬁcant predictivity of the experimental behavior.
In this paper we are interested in a description of the possibility of entropic eﬀects delivering a temperature dependence of the stress peak, of
the size of nucleation domain and, in general, of the cooperative nature
of the transition. Schematically, temperature eﬀects can have crucial effects in the behavior of multistble materials for three diﬀerent reasons.
First, increasing or decreasing temperature may result in a change of
the potential energy of the diﬀerent possible conﬁgurations such as in
the case of Shape Memory Alloys (SMA) (Tanaka et al., 1986). Second,
temperature eﬀects regulate the capability of overcoming energy barriers, thus inﬂuencing the key role of metastability, hysteresis and rate
eﬀects (see e.g. Refs. Keller and Cheng (1998); Puglisi and Truskinovsky
(2002); Tanaka et al. (1986)). Third, when rate eﬀects are excluded and
the system is able to relax to the global minimum of the free energy,
the entropic term can favor solutions with multiple interfaces (Müller
and Seelecke, 2001). This is particularly relevant when the transition
is controlled by low enthalpies such as in the case of conformational
transitions of units with weak bonds in biological materials or when the
scale of the system is very small. In this case, we have a competition
between the interfacial energy (favoring solutions with low numbers of
interfaces) and entropic energy terms (favoring solutions with a high
number of interfaces). As a matter of fact, under these hypotheses, the
behavior of the system is described by the expectation values of relevant
observables with respect to the thermal ﬂuctuations and, therefore, the
correct framework for the analysis is given by a Statistical Mechanics
approach.
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Speciﬁcally, by extending the results in Refs. Puglisi (2006,
2007) and including temperature eﬀects, in this paper we consider
a prototypical example constituted by a chain of elements with
bistable potentials, describing a material with two distinct phases (i.e
folded → unfolded conﬁgurations in a macromolecule or austenitic and
martensitic phases in SMA). In analogy with the continuous model with
higher order gradient energy terms (Triantafyllidis and Bardenhagen,
1993), here we mimic the important role of interfacial energy by considering next to nearest neighbor (NNN) interactions (see Fig. 1). The
zero temperature (mechanical limit) behavior of this system was studied
in Refs. Puglisi (2006, 2007); Truskinovsky and Vainchtein (2004). The
eﬀectiveness of Statistical Mechanics approach in describing thermal effects observed in multistable systems has been recently shown in a series
of papers (Bellino et al., 2019; Benedito and Giordano, 2018a; 2018b;
2020; Efendiev and Truskinovsky, 2010; Florio and Puglisi, 2019; Giordano, 2017; 2018; Makarov, 2009). In these papers several theoretical
and applied problems regarding entropic eﬀects and boundary conditions have been analyzed. In particular, the authors have focussed on the
analysis of the behavior of protein macromolecules represented as a system of bistable domains undergoing conformational folded → unfolded
transition. In the same spirit, in the recent paper (Florio et al. 2020),
these models have been used to consider the important temperature effects to study a peeling behavior such as in geckoes pad, thus extending
the approach in Ref. Puglisi and Truskinovsky (2013). In this case, the
bistable elements are breakable so that the second state (detached state)
is characterized by zero force and stiﬀness. Such type of models have
been widely adopted also in the literature of DNA denaturation in analogy with the Peyrard-Bishop model (Peyrard, 2004).
The paper is organized as it follows. In Section 2 we introduce the
model. In Section 3 we study the purely mechanical (zero temperature)
case and obtain the stress strain relation at equilibrium. In Sections 4 and
5 we consider the eﬀects of temperature in the cases of applied stress
(Gibbs ensemble, soft device) and strain (Helmholtz ensemble, hard device), respectively. In Section 6 we compare the predictions of our model
with results obtained using Molecular Dynamics (MD) simulations on
shape memory nanowires. In Section 7 we discuss the results and draw
the conclusions with possible perspectives.
2. Model
Following the approaches of Refs. Puglisi (2006, 2007);
Truskinovsky and Vainchtein (2004), let us consider a chain of
𝑛 + 1 points, schematized in Fig. 1, linked by nearest-neighborhood
(NN) bistable units with reference length l and next-to-nearest-neighbor
harmonic springs with natural length 2l. Each NN link is characterized
by a two wells energy, corresponding to two diﬀerent material states.
They can represent two diﬀerent phases (Puglisi and Truskinovsky,
2000), as in solid-solid phase transition, or two diﬀerent conformational
(folded and unfolded) states as in the case of unfolding phenomena in
protein molecules (De Tommasi et al., 2013). Besides, in the limit case
when the second well degenerates to a constant energy we can describe
the behavior of breakable bonds as in Ref. Puglisi and Truskinovsky
(2013).
After introducing the “spin” variable Sj , that deﬁnes the phase of
each unit as
{
−1 phase one
𝑆𝑗 =
,
(1)
+1 phase two
we may write the potential energy of the NN springs (see Fig. 1(c)) as it
follows:
[
(
) (
)]
)(
1 + 𝑆𝑗
(
)2 1 − 𝑆𝑗
)2
(
1
𝜙𝑁𝑁 (𝑆𝑗 , 𝜀𝑗 ) = 𝑘 𝑙 𝜀𝑗 + 𝜀0
+ 𝜁 𝜀𝑗 − 𝜀0 + 2𝜂
,
2
2
2
𝑗 = 1, ..., 𝑛,

(2)

where −𝜀0 and 𝜀0 are the reference strains of the ﬁrst and second well,
respectively, k/l is the stiﬀness of the ﬁrst well (k has the dimension
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Fig. 1. Scheme of the mechanical model in the two considered cases of (a) assigned force F and (b) assigned total displacement d. Energies for the NN (c) and NNN
(e) units and corresponding force–displacement diagrams are in (d) and (f), respectively.

of a force), 𝜁 k/l is the stiﬀness of the second phase and 𝜂 measures the
transition energy with respect to the ground state.
Next, we consider the simplest case of non local interactions by introducing NNN harmonic oscillators of length 2l, with energy
𝜙𝑁𝑁𝑁 (𝜀𝑗 , 𝜀𝑗+1 ) =

(
)2
1
𝛼 𝑘 𝑙 𝜀𝑗 + 𝜀𝑗+1 ,
2

𝑗 = 1, ..., 𝑛 − 1,

(3)

where 𝛼 measures the relative stiﬀness of the non local vs local springs.
Observe that while in this paper we are interested in the (concave) case
with 𝛼 < 0, when non local energy terms penalize interfaces formation
(ferromagnetic hypothesis), the following calculations hold true also in
the (convex) case with 𝛼 > 0, when the interfaces formation is favored
(antiferromagnetic hypothesis). Moreover, while we deduce our theoretical relations for general values of 𝛼, with the aim of getting analytic
results we then focus on the case |𝛼| ≪ 1, so that the NNN energy represents a perturbative term that let us distinguish between solutions with
the same phase fraction, but with diﬀerent number of interfaces.

The total (adimensionalized with respect to lk) energy of the system
is then
𝜑({𝑆𝑗 }, {𝜀𝑗 })
{ 𝑛 [
(
) (
)]
)(
1 + 𝑆𝑗
(
)2 1 − 𝑆𝑗
)2
1 ∑ (
=
+ 𝜁 𝜀𝑗 − 𝜀0 + 2𝜂
𝜀𝑗 + 𝜀0
2 𝑗=1
2
2
}
𝑛−1 (
)2
∑
+
𝛼 𝜀𝑗 + 𝜀𝑗+1
.

(4)

𝑗=1

With the aim of simplifying the notation, we may introduce the following functions of the spin variable:
{
1 if 𝑆𝑗
𝜁 if 𝑆𝑗
{ 2
𝜀0 ∕2
𝑞(𝑆𝑗 ) =
𝜁 𝜀20 ∕2 + 𝜂

𝐿(𝑆𝑗 ) =

= −1
,
= +1

{
𝑚(𝑆𝑗 ) =

if 𝑆𝑗 = −1
.
if 𝑆𝑗 = +1

−𝜀0
𝜁 𝜀0

if 𝑆𝑗 = −1
,
if 𝑆𝑗 = +1
(5)
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Accordingly, we may deﬁne the vectors
⎛ 𝜀1 ⎞
⎜…⎟
⎜ ⎟
𝜺 = ⎜ 𝜀 𝑗 ⎟,
⎜…⎟
⎜ ⎟
⎝ 𝜀𝑛 ⎠

⎛𝑆 1 ⎞
⎜…⎟
⎜ ⎟
𝒔 = ⎜𝑆𝑗 ⎟,
⎜…⎟
⎜ ⎟
⎝𝑆 𝑛 ⎠

⎛𝑚1 ⎞
⎜…⎟
⎜ ⎟
𝒎 = ⎜ 𝑚 𝑗 ⎟,
⎜…⎟
⎜ ⎟
⎝𝑚 𝑛 ⎠

⎛ 𝑞1 ⎞
⎜…⎟
⎜ ⎟
𝒒 = ⎜ 𝑞𝑗 ⎟,
⎜…⎟
⎜ ⎟
⎝ 𝑞𝑛 ⎠

⎛1⎞
⎜…⎟
⎜ ⎟
𝟏 = ⎜…⎟,
⎜…⎟
⎜ ⎟
⎝1⎠
(6)

where 𝑚𝑗 = 𝑚(𝑆𝑗 ), 𝑞𝑗 = 𝑞(𝑆𝑗 ) and each element of the vector s is the
“spin” of the jth NN unit. In addition, we may introduce the matrices
⎛𝐿 1
⎜
⎜
𝑳=⎜
⎜
⎜
⎝𝟎

𝟎⎞
⎟
⎟
⎟,
⎟
⎟
𝐿𝑛 ⎠

⋱
𝐿𝑗

⋱

⎛1
⎜1
⎜
𝑨=⎜
⎜
⎜
⎝𝟎

1
2
⋱

1
⋱
1

⋱
2
1

𝟎⎞
⎟
⎟
⎟,
1⎟
⎟
1⎠

(7)

where 𝐿𝑗 = 𝐿(𝑆𝑗 ). Finally, by using (5), (6) and (7) we can compactly
rewrite the energy of the system as
𝜑(𝒔, 𝜺) =

1
𝑱 𝜺 ⋅ 𝜺 − 𝒎 ⋅ 𝜺 + 𝑞,
2

(8)

where 𝑱 = 𝑱 (𝒔) = 𝑳(𝒔) + 𝛼𝑨, 𝒎 = 𝒎(𝒔) and 𝑞 = 𝑞(𝒔) = 𝒒 (𝒔) ⋅ 𝟏.
Remark. While previous description shows that the following analysis
can be extended to the full general case, in order to focus on the physical
results and get simply interpretable analytical formulas, in the following
we study the case of 𝜁 = 1 and 𝜂 = 0, i.e. we assume identical wells with
no energy gap. Thus, with the aforementioned hypothesis we have
𝑳 = 𝑰,

𝑞=

𝑛 𝜀20 ∕2,

𝒎 = 𝜀 0 𝒔.

(9)

Observe that in the following we ﬁrst obtain all the formulas without
this assumption in terms of J and m and then we specialize them to the
simpler case of (9).
3. Equilibrium
With the aim of getting physical insight into the problem of non local
interactions and study their role in the proposed model, in this section
we summarize the equilibrium conﬁgurations of the system when temperature eﬀects are neglected. Here we study both the case of soft and
hard devices, that, as demonstrated in Ref. Bellino et al. (2019), can be
considered as limit regimes of a general problem in which the stiﬀness
of the pulling device regulates the eﬀective boundary conditions. We refer to Refs. Puglisi (2006, 2007) for a more detailed analysis when also
the interaction with the loading experimental apparatus is considered.

Following Ref. Puglisi (2006), the inverse of the tridiagonal Hessian matrix J (non-singular in the hypothesis of small 𝛼) can be expressed as
𝑱 −1 =

∞
∑
(−𝛼)𝑗 𝑳−1 (𝑨𝑳−1 )𝑗 .

(14)

𝑗=0

For small 𝛼, taking into account that by using (9) we have 𝑳 = 𝑰 ,
(14) gives
𝑱 −1 ≃ 𝑰 − 𝛼𝑨.

(15)

Then, let us introduce the identities
𝒔 ⋅ 𝒔 = 𝑛,
𝒔 ⋅ 𝟏 = 2 𝑝 − 𝑛,
𝟏 ⋅ 𝟏 = 𝑛,

𝑨𝒔 ⋅ 𝒔 = 4(𝑛 − 𝑖 − 1),
𝑨𝒔 ⋅ 𝟏= 4(2 𝑝 − 𝑛) − 2(𝑆1 + 𝑆𝑛 ),
𝑨𝟏 ⋅ 𝟏= 4(𝑛 − 1),

(16)

where p the is number of elements in the second phase and i is the number
of interfaces, i.e. the number of times NN adjacent links have diﬀerent
phases, S1 and Sn assign the phase of the boundary elements. Finally,
by using (9), (15) and (16), Eq. (13) can be rewritten as
[
]
[
]
(
)
(
)
2𝛼
𝜀̄ 𝑒𝑞 = (1 − 4𝛼) 𝜎 + 2𝜒 − 1 𝜀0 +
2𝜎 + 𝑆1 + 𝑆𝑛 𝜀0 ,
𝑛
[
]
2
𝑔𝑒𝑞
(
)
𝜎
= −(1 − 4𝛼)
+ 2𝜒 − 1 𝜀0 𝜎
𝑛
2
[
]
)
(
)
2𝛼 2 (
−
𝜎 + 𝑆1 + 𝑆𝑛 𝜀0 𝜎 + 𝑖 𝜀20 + 𝑛 − 1 𝜀20 ,
(17)
𝑛
where 𝜒 ≔ p/n is the phase fraction.
Observe that the equilibrium conﬁgurations in (17), when NNN interactions are not considered (𝛼 = 0), only depend on the phase fraction
𝜒. On the contrary, when non local terms are introduced, the number of
interfaces distinguishes conﬁgurations with the same phase fraction. In
particular, solutions with a larger number of interfaces are energetically
penalized. It is easy to verify that the global minimum of the energy is
attained when all bistable units are in the ﬁrst phase for 𝜎 < 0 and in the
second phase when 𝜎 > 0, as shown in Fig. 2(a). Consequently, under
the so called Maxwell hypothesis, when the conﬁgurations of the system correspond always to the global energy minimum, we observe that
as the force is increased the chain undergoes an “instantaneous” transition from the homogeneous state in the ﬁrst phase to the homogeneous
state in the second one with a fully cooperative phase transition and no
interfaces.
3.2. Hard device
Consider now the case of assigned total displacement d, as schematized in Fig. 1(b), and introduce its dimensionless measure

3.1. Soft device

𝑛

First, let us consider the case of soft device with applied force F
(Fig. 1(a)). The potential energy of the systems is
𝑔(𝒔, 𝜺, 𝜎) = 𝜑(𝒔, 𝜺) − 𝜎

𝑛
∑
𝑗=1

𝜀𝑗 =

1
𝑱 𝜺 ⋅ 𝜺 − (𝒎 + 𝜎𝟏) ⋅ 𝜺 + 𝑞,
2

(10)

where 𝜎 = 𝐹 ∕𝑘 is the adimensional load.
Equilibrium at assigned phase conﬁguration s gives
𝜕 𝑔 (𝒔, 𝜺, 𝜎)
= 𝑱 𝜺 − (𝒎 + 𝜎𝟏) = 𝟎.
𝜕𝜺

(11)

Therefore, the equilibrium strains are
𝜺𝑒𝑞 = 𝑱 −1 (𝒎 + 𝜎𝟏),
corresponding to an average strain 𝜀̄ ∶=
]
) 1 [ −1
1(
𝑱 (𝒎 + 𝜎𝟏) ⋅ 𝟏 ,
𝜺𝑒𝑞 ⋅ 𝟏 =
𝑛
𝑛
1
= − 𝑱 −1 (𝒎 + 𝜎𝟏) ⋅ (𝒎 + 𝜎𝟏) + 𝑞.
2

(12)
1
𝑛

∑𝑛

𝑗=1 𝜀𝑗

and energy

𝜀̄ 𝑒𝑞 =
𝑔𝑒𝑞

(13)

𝛿=

𝑑 ∑
=
𝜀 𝑗 = 𝜺 ⋅ 𝟏.
𝑙
𝑗=1

(18)

The equilibrium strain equations at ﬁxed conﬁguration s are again
given by (12), where 𝜎 is the Lagrange multiplier measuring the force
conjugate to the ﬁxed total displacement in (18). By using Eq. (9), in
the case of small 𝛼 (see Eqs. (15)), (18) can be rewritten as
[
) ]
𝛿
1 −1 (
𝜀̄ = =
𝑱
𝒎 + 𝜎𝑒𝑞 𝟏 ⋅ 𝟏
𝑛
𝑛
]
1[
≃
(19)
(𝟏 ⋅ 𝟏 − 𝛼𝑨𝟏 ⋅ 𝟏)𝜎𝑒𝑞 + (𝒔 ⋅ 𝟏 − 𝛼 𝑨𝒔 ⋅ 𝟏)𝜀0 ,
𝑛
where we indicate by 𝜎 eq the equilibrium stress. Accordingly, we obtain
the equilibrium energy
(
) (
)
1
𝜑𝑒𝑞 = − 𝑱 −1 𝒎 + 𝜎𝑒𝑞 𝟏 ⋅ 𝒎 + 𝜎𝑒𝑞 𝟏 + 𝑞 + 𝛿 𝜎𝑒𝑞
2
) 2
1(
≃ − 𝟏 ⋅ 𝟏 − 𝛼𝑨𝟏 ⋅ 𝟏 𝜎𝑒𝑞
2
)
(
1
− 𝒔 ⋅ 𝟏 − 𝛼 𝑨𝒔 ⋅ 𝟏 − 𝛿 𝜀0 𝜎𝑒𝑞 + 𝛼 𝜀20 𝑨𝒔 ⋅ 𝒔.
2

(20)
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Fig. 2. Mechanical equilibrium. Energies and stress-strain diagrams in the soft (a),(b) and hard (c),(d) device. Cyan curves represent the cases when only NN
interactions are considered, orange curves show the behavior with the presence of non local terms. Dashed black lines are calculated with the Statistical Mechanics
approach when the temperature goes to zero (see Section 4,5). Parameter: 𝑛 = 5, 𝛼 = 0 in cyan curves and 𝛼 = −0.05 in the orange ones, 𝛽̃ → ∞ in the black dashed
lines, 𝜀0 = 1.

4. Applied stress: Gibbs ensemble

Eventually, by using (16) we obtain
]
[
)(
(
) 2𝛼 (
)
𝜀̄ − 1 − 4𝛼 2𝜒 − 1 +
𝑆1 + 𝑆𝑛 𝜀0
𝑛
𝜎𝑒𝑞 =
,
4𝛼
1−
(𝑛 − 1)
𝑛

(21)

and the equilibrium energy per element is given by
𝜑𝑒𝑞

1
=
𝑛
2

[
{ (

(1 − 4𝛼)(2 𝑝∕𝑛 − 1) +
1−

2𝛼
(𝑆1
𝑛

4𝛼
(𝑛
𝑛

− 1)

]2
)
+ 𝑆𝑛 ) 𝜀0 − 𝜀̄

+

)
4𝛼 (
𝑛 − 𝑖 − 1 𝜀20
𝑛

}
.

(22)
In this case the global minima of the energy with respect to the assigned rescaled displacement 𝛿 are given by solutions either homogeneous or with one single interface, as shown in Fig. 2(c). More in details, in agreement with well known experimental observations, under
the hypothesis of hard device the system changes state between the
two homogeneous phase branches following a ‘sawtooth’ equilibrium
path. Interestingly, the stress corresponding to the nucleation of the new
phase (point A in Fig. 2(d)) is higher than the stress corresponding to
the propagation of the interface (e.g. point B in ﬁgure). It is important
to notice that this eﬀect is not observed in absence of non local interactions (points a and b). Moreover, one may show that by increasing the
value of n or of the non local energy 𝛼 the nucleation can correspond to
the cooperative transition of more elements. Such behavior is discussed
in detail in Ref. Puglisi (2007), whereas here we are interested in the
energetic competition of surface energy terms (measured by the parameter 𝛼) and entropic energy terms, so that we postpone the discussion to
the following sections.

To describe the important eﬀect of temperature, consider now our
prototypical model with non local interactions in the framework of
equilibrium Statistical Mechanics. Under isotensional conditions (i.e assigned stress 𝜎, soft device), we derive the canonical partition function
in the Gibbs ensemble (denoted by the subscript G ), in order to study
the system in thermal equilibrium (Weiner, 1983). By deﬁnition and by
using the energy in (10), we have
G (𝜎) =

∑
∫ 𝑛
{𝑆𝑗 } ℝ

̃

𝑒−𝛽𝑔 d𝜺 =

∑
∫ 𝑛
{𝑆𝑗 } ℝ

𝑒

)
(
−𝛽̃ 12 𝑱 𝜺⋅𝜺−(𝒎+𝜎𝟏)⋅𝜺+𝑞

d𝜺,

(23)

where 𝛽̃ = 𝛽𝑙𝑘 and 𝛽 = 1∕(𝑘𝐵 𝑇 ), with kB the Boltzmann constant and T
the absolute temperature. Here, we have summed over the discrete spin
variables and we integrated the continuous strains.
Remark. It is important to point out that by following Refs. Efendiev and
Truskinovsky (2010), Florio et al. (2020), in order to obtain analytical
results we assume that the two wells are extended beyond the spinodal
point so that at the given conﬁguration s we may integrate all the strain
all over ℝ and avoid error functions. In Florio and Puglisi (2019) the
authors numerically showed that in the temperature regimes of interest
for real experiments this approximation does not inﬂuence the energy
minimization.
A straightforward evaluation of the Gaussian integral leads to
√
)
(
∑
(2𝜋)𝑛 −𝛽̃ − 12 𝑱 −1 (𝒎+𝜎𝟏)⋅(𝒎+𝜎𝟏)+𝑞
G (𝜎) =
𝑒
,
(24)
det(𝑱 )
{𝑆 }
𝑗

where, as expected, at the exponent we ﬁnd the equilibrium energy
in (13). Accordingly, preserving the same ﬁrst order approximation
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in (15) with 𝛼 kept small and by using (9), we obtain
√
{
}
∑ 𝛽̃ 1 [(𝜀0 𝒔+𝜎𝟏)⋅(𝜀0 𝒔+𝜎𝟏)−𝛼𝑨(𝜀0 𝒔+𝜎𝟏)⋅(𝜀0 𝒔+𝜎𝟏)]−𝑞
(2𝜋)𝑛
G (𝜎) ≃
𝑒 2
.
det(𝑰 − 𝛼𝑨) {𝑆 }

that takes the form
[
]
4𝛼
⟨𝜀̄ ⟩ = (1 − 4𝛼) 2𝜀0 ⟨𝜒⟩G + [𝜎 − 𝜀0 ] +
𝜎,
𝑛

(34)

𝑗

(25)
Remark. While (25) gives numerically the possibility of evaluating the
partition function, we may observe that by using (16), in the approximation of small 𝛼 the exponent in (25) reduces to the equilibrium energy
in (17). This expression depends on the conﬁguration Sj only by the
number of unfolded elements p, the number of interfaces i and by the
boundary phases S1 and Sn . In order to obtain explicit formulas of the
partition function and optimize the numerical calculation, we can neglect the contribution of the boundary energy terms in (17) given by
− 2𝑛𝛼 (𝑆1 + 𝑆𝑛 ), while keeping the contribution of S1 and Sn in the evaluation of the phase fraction 𝜒 = 𝑝∕𝑛 and of the number of interfaces i.
This is justiﬁed by the observation that this energy term is proportional
to 𝛼/n and can be shown to be small for large n and small enough 𝛼 as
compared with the other energy terms. We refer to Refs. Puglisi (2006,
2007) for a more detailed discussion about boundary eﬀects, that instead
can be particularly important when temperature eﬀects are neglected.
Under the described assumption we need to evaluate the combinatorial coeﬃcient 𝑝,𝑖 counting the number of conﬁgurations corresponding to the values of p and i. Following the approach in Refs. Denisov and
Hänggi (2005); Ising (1925); Seth (2016), it is possible to obtain that

𝑝,𝑖

⎧
⎪𝑜𝑑𝑑 (𝑝, 𝑖)
⎪ (𝑝, 𝑖)
= ⎨ 𝑒𝑣𝑒𝑛
⎪1
⎪0
⎩

with
𝑜𝑑𝑑 (𝑝, 𝑖) = 2

if
if
if
if

𝑖 odd,
𝑖 even,
𝑖 = 0, 𝑝 = 0 or 𝑝 = 𝑛,
𝑖 = 0, 0 < 𝑝 < 𝑛,

(
)(
)
) (
)
𝑝−1 𝑛−𝑝−1 (
𝑖+1
𝑖+1
Θ 𝑝−
Θ 𝑛−𝑝−
,
𝑖−1
𝑖−1
2
2
2

and
𝑒𝑣𝑒𝑛 (𝑝, 𝑖) =

(26)

(27)

2

(
)(
)
) (
)
𝑝−1 𝑛−𝑝−1 (
𝑖+2
𝑖
Θ 𝑛−𝑝−
Θ 𝑝−
𝑖
𝑖
2
2
−1
2
2
(
)(
) (
)
(
)
𝑛−𝑝−1
𝑝−1
𝑖
𝑖+2
+
Θ 𝑝−
Θ 𝑛−𝑝−
,
𝑖
𝑖
2
2
−1
2
2

(28)

where Θ is the Heaviside step function (Θ(𝑥) = 0 if x < 0 and Θ(𝑥) = 1 if
x ≥ 0).
Finally, using the combinatorial coeﬃcient in (26), we obtain the
canonical partition function in the Gibbs ensemble
G (𝜎) = G
where

√

G =

𝑛 ∑
𝑛−1
∑
𝑝=0 𝑖=0

𝑝,𝑖 𝑒

Γ𝑝,𝑖 (𝜎)

,

(2𝜋)𝑛
det(𝑰 − 𝛼𝑨)

(29)

By deﬁnition, the Gibbs free energy is (Manca et al., 2012; Weiner,
1983)
1
(𝜎) = − ln G (𝜎),
(32)
𝛽̃
and one may now evaluate the expectation value of the strain, which is
the conjugate variable (up to n since 𝛿 = 𝑛𝜀̄ ) to the applied force 𝜎, as
1 𝜕
1
𝜕
(𝜎) =
 (𝜎),
̃ G (𝜎) 𝜕𝜎 G
𝑛 𝜕𝜎
𝑛𝛽

𝑝=0

∑𝑛−1

𝑝,𝑖 𝜒 𝑒

𝑖=0

𝑝=0

∑𝑛−1
𝑖=0

𝑝,𝑖 𝑒

(33)

Γ𝑝,𝑖 (𝜎)

Γ𝑝,𝑖 (𝜎)

,

(35)

where ⟨𝜒⟩G is the expectation value of the phase fraction 𝜒 = 𝑝∕𝑛. Interestingly we formally obtain (up to the neglected boundary term) the
same expression of the zero temperature limit in (17) with the value of
𝜒 substituted by its expectation value. Moreover, we can also compute
the expectation value of the number of interfaces as
∑𝑛

∑𝑛−1

⟨𝑖⟩G = ∑
𝑛

∑𝑛−1

𝑝=0

𝑖=0

𝑝=0

𝑖=0

𝑝,𝑖 𝑖 𝑒
𝑝,𝑖 𝑒

Γ𝑝,𝑖 (𝜎)

Γ𝑝,𝑖 (𝜎)

.

(36)

In Fig. 3 we show the eﬀect of temperature and interfacial energy
on the phase transition strategy of the system. Observe that as the surface energy (measured by 𝛼) grows (at ﬁxed 𝑇̃ ) the cooperativity increases, whereas the expectation value of the number of interfaces ⟨𝑖⟩G
decreases and the transition is localized more and more around the
Maxwell stress 𝜎 = 0. In other words, the behavior is a remnant of the
one observed when temperature eﬀects are neglected, as can be seen
from Section 3 and from Fig. 3(d) at low values of 𝑇̃ . On the other
hand an opposite regime is obtained when the interfacial energy decreases (smaller values of 𝛼). In this case a non cooperative transition
may be observed, with a sloped transition plateau and a large number
of interfaces. The same eﬀect is attained by increasing the value of the
temperature due to the growing importance of the entropic energetic
component. Indeed, as we show in the discussion section, in several fundamental physical problems the eﬀective behavior can be inﬂuenced by
the competition between the entropic and interfacial energy terms.

5. Applied strain: Helmholtz ensemble
To study the system under isometric conditions (assigned displacement, hard device) and evaluate the canonical partition function in the
Helmholtz ensemble H , we may observe that it is related to the Gibbs
one through a Laplace transform (Manca et al., 2012; Weiner, 1983).
In particular, as well known, to switch from Gibbs to Helmholtz ensemble, we evaluate the inverse Laplace transform as a Fourier transform through the change of variable 𝜎 → 𝜄𝜔. Using the expression of G
in (24) we get
+∞

(30)

is a noninﬂuential constant and the exponent, by using (16), can be
written as
{
}
[ 𝑝
(
)2 ] 4𝛼 2
𝑛𝛽̃
4𝛼 2
+
Γ𝑝,𝑖 (𝜎) =
𝑖 𝜀0 − 𝜀20 +
(𝜀0 + 𝜎 2 ) .
(1 − 4𝛼) 4 𝜀0 𝜎 + 𝜎 − 𝜀0
2
𝑛
𝑛
𝑛
(31)

⟨𝜀̄ ⟩ = −

∑𝑛

⟨𝜒⟩G = ∑
𝑛

̃

G (𝜄𝜔) 𝑒 −𝛽𝜄𝜔𝛿 d𝜔
∫−∞
[
]
+∞
∑
𝛽̃ 1 𝑱 −1 (𝒎+(𝜄𝜔)𝟏)⋅(𝒎+(𝜄𝜔)𝟏)−𝑞 −𝜄𝜔𝛿
=
G
𝑒 2
d𝜔
∫
−∞
{𝑆 }

H (𝛿) =

𝑗

=

∑
{𝑆𝑗 }

=

∑
{𝑆𝑗 }

=

∑
{𝑆𝑗 }

G 𝑒

)
(
𝛽̃ 12 𝑱 −1 𝒎⋅𝒎−𝑞
(

G 𝑒

𝛽̃
2

√
G

𝑱 −1 𝒎⋅𝒎−2𝑞−

𝛽̃ [

+∞

𝑒2

∫−∞

2

(𝑱 −1 𝒎⋅𝟏−𝛿)
𝑱 −1 𝟏⋅𝟏

−𝑱 −1 𝟏⋅𝟏 𝜔2 +2(𝑱 −1 𝒎⋅𝟏−𝛿 ) 𝜄𝜔

)
+∞

∫−∞
(
𝛽̃

2
2𝜋
)𝑒
(
𝛽̃ 𝑱 −1 𝟏 ⋅ 𝟏

𝑱 −1 𝒎⋅𝒎−2𝑞−

𝑒

]

d𝜔

(
)2
−1
̃
− 𝛽2 𝑱 −1 𝟏⋅𝟏 𝜔−𝜄 𝑱 −1𝒎⋅𝟏−𝛿
𝑱

2

(𝑱 −1 𝒎⋅𝟏−𝛿)
𝑱 −1 𝟏⋅𝟏

𝟏⋅𝟏

d𝜔

)

.

(37)

In the perturbative regime of small 𝛼 given by (15) and based on the
hypothesis in (9) we get
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̃ on the transition behavior. We show the eﬀects of 𝛼 and 𝑇̃ on the
Fig. 3. Gibbs ensemble. Eﬀects of interfacial energy (measured by 𝛼) and temperature (𝑇̃ = 1∕𝛽)
stress–strain diagrams in (a) and (d), on the expectation value of the phase fraction 𝜒 in (b) and (e) and on the expectation value of the number of interfaces i in (c)
and (f), respectively. Parameters: 𝑛 = 10, 𝜀0 = 1. In the ﬁrst row 𝛽̃ = 30, 𝛼 = 0.0 → −0.05 with a step of 0.005. In the second row 𝛼 = −0.05, 𝛽̃ = 10 → 45 with a step
of 5.

√
H (𝛿) ≃ G

∑ 𝛽2̃
2𝜋
𝑒
̃ 𝟏 ⋅ 𝟏 − 𝛼𝑨𝟏 ⋅ 𝟏)
𝛽(
{𝑆𝑗 }

(
𝜀20 (𝒔⋅𝒔−𝛼𝑨𝒔⋅𝒔)−

(𝜀0 𝒔⋅𝟏−𝛼𝜀0 𝑨𝒔⋅𝟏−𝛿)2
𝟏⋅𝟏−𝛼𝑨𝟏⋅𝟏

)
−𝑛𝜀20

.

(38)
Once more, the exponent of (38) reduces to the equilibrium energy
(22) by applying the identities in (16). Following the same reasoning
of the Gibbs ensemble we may observe that if we neglect the boundary energy term depending on 𝑆1 + 𝑆𝑛 we may express the equilibrium
energy as a function of the phase fraction 𝜒 = 𝑝∕𝑛, of the number of
interfaces i and of the averaged strain 𝜀̄ = 𝛿∕𝑛, so that we obtain

𝑛𝛽̃
Ω𝑝,𝑖 (𝜀̄ ) = −
2

{[
]2
(1 − 4𝛼)(2 𝑝∕𝑛 − 1)𝜀0 − 𝜀̄
1−

4𝛼
(𝑛
𝑛

− 1)

)
4𝛼 (
+
𝑛 − 𝑖 − 1 𝜀20
𝑛

}
.

Accordingly, the canonical partition function is
𝑛 𝑛−1
∑
∑
𝑝=0 𝑖=0

𝑝,𝑖 𝑒 Ω𝑝,𝑖 (𝜀) ,

(40)

where

√
H = G

2𝜋
̃ 𝑛 − 4𝛼(𝑛 − 1))
𝛽(

1
1 𝜕
1
𝜕
 (𝜀̄ ) = −
H (𝜀̄ ),
𝑛 𝜕 𝜀̄
𝑛𝛽̃ H (𝜀̄ ) 𝜕 𝜀̄

that leads to
⟨𝜎⟩ =

[

1
1−

4𝛼
(𝑛
𝑛

− 1)

(41)

(42)

(
) ]
𝜀̄ − (1 − 4𝛼) 2⟨𝜒⟩H − 1 𝜀0 ,

(43)

(44)

where we have introduced the expectation value of the unfolded fraction
in the Helmholtz ensemble ⟨𝜒⟩H , deﬁned as
∑𝑛 ∑𝑛−1
Ω (𝜀̄ )
𝑝,𝑖 𝜒 𝑒 𝑝,𝑖
𝑝=0
𝑖=0
⟨𝜒⟩H = ∑ ∑
,
(45)
𝑛
𝑛−1
Ω (𝜀̄ )
𝑝,𝑖 𝑒 𝑝,𝑖
𝑖=0

with 𝜒 = 𝑝∕𝑛. Thus, also in the case of assigned displacement we obtain
formally, up to the neglected boundary term in 𝑆1 + 𝑆𝑛 , the same expression of the mechanical limit in (21), where we have to consider the
expectation value of the phase fraction in (45). The expectation value of
the number of interfaces, in the Helmoltz ensemble, using (38), is given
by
∑𝑛 ∑𝑛−1
Ω (𝜀̄ )
𝑝,𝑖 𝑖 𝑒 𝑝,𝑖
𝑝=0
𝑖=0
⟨𝑖⟩H = ∑ ∑
,
(46)
𝑛
𝑛−1
Ω (𝜀̄ )
𝑝,𝑖 𝑒 𝑝,𝑖
𝑝=0

is a noninﬂuential constant.
By deﬁnition, the Helmholtz free energy is (Manca et al., 2012;
Weiner, 1983)
1
 (𝜀̄ ) = − ln H (𝜀̄ ),
𝛽̃

⟨𝜎⟩ =

𝑝=0

(39)

H (𝜀̄ ) = H

so that the expectation value of the stress, conjugate variable to the
displacement 𝛿 = 𝑛𝜀̄ , is (Manca et al., 2012; Weiner, 1983)

𝑖=0

The eﬀect of temperature and interface energy in the case of assigned
displacement is described in Fig. 4. As in the isotensional setting, the
inﬂuence of temperature and interfacial energy terms aﬀect the cooperativity, that increases as 𝛼 grows and T decreases. The main diﬀerences
between isotensional and isometric boundary conditions reﬂect the discussion anticipated in the mechanical case in Section 3. Accordingly, in
the case of assigned displacement, the minimum expected value of interfaces, attained for larger values of 𝛼 and low values of 𝑇̃ during phase
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Fig. 4. Helmholtz ensemble. In the ﬁrst row we show the eﬀect of 𝛼 and in the second row the eﬀect of 𝑇̃ . In (a) and (c) we the stress-strain curves are represented,
in (b) and (e) the expectation value of ⟨𝜒⟩H and in (c) and (f) the expectation value of ⟨𝑖⟩H . Parameters: 𝑛 = 10, 𝜀0 = 1. In the ﬁrst row 𝛽̃ = 30 and 𝛼 = 0.0 → −0.05
with a step of 0.005. In the second row 𝛼 = −0.05 and 𝛽̃ = 10 → 45 with a step of 5.

nucleation is ⟨𝑖⟩H = 1. Moreover, the transition corresponds to sawtooth stress-strain diagrams. As Fig. 4(a) and (c) shows, due to the presence of non local energy terms, the nucleation and propagation stresses
may diﬀer considerably. Observe that also the size of the ﬁrst nucleated domain may be, when entropic eﬀects are considerd, signiﬁcantly
regulated by both parameters.
More in detail, in Fig. 5 we show how fundamental aspects such as
the diﬀerent nucleation and propagation stresses and the size of the
initial nucleation domain are aﬀected by variable interfacial energy,
temperature, and discreteness size. In particular, the nucleation peak is
strongly inﬂuenced by all these parameters and we observe that larger
values are obtained for high values of 𝛼 and low values of temperature.
On the other hand, the size of the ﬁrst nucleated domain grows as 𝛼 increases and 𝑇̃ decreases. Another important eﬀect is that by increasing
temperature the stress-strain diagrams attains a ‘wiggly’ shape instead
of ‘sawtooth’, as shown in Fig. 5(c). It is important to remark that these
diagrams represent expectation values and are a counterpart of the process of switching, due to temperature eﬀects, between solutions with
similar energy. Moreover, as the temperature grows we may observe
the transition from a constant average of the transition stress plateaux
to a sloped one. This behavior is limited by the presence of non-local
terms, as shown in Fig. 5(b). The eﬀect of discreteness is described in
Fig. 5(a) that shows decreasing values of the peak and increasing number of nucleated elements as n increases.

6. Comparison with Molecular Dynamics
In order to test the eﬀectiveness of the proposed model in deducing
the transition behavior taking into account the role of interfacial energy
and temperature eﬀects, we compare our theoretical results with numerical experiments based on Molecular Dynamics (MD) of shape memory

nanowires (NWs). These systems acquired large attention due their incredible properties in terms of energy storage (no hysteresis), large actuation strain ( > 30% as compared to ∼ 5% of the bulk ones) and stress
( > 3 GPa as compared to ∼ 0.5GPa of the bulk ones) (Li et al., 2010).
Several MD simulations, also supported by experimental tests (see e.g.
Refs. Ma et al., 2013; Seo et al., 2013), showed that such superior behavior results from a diﬀerent mechanism of microstructure evolution
during the phase transition. Indeed, in SMA nanowires the phase transition process is accompanied by a shear dominant diﬀusionless transformation, leading to the formation and the migration of defect-free twins
connecting the two (kinematically incompatible) phases. The typical applications are based on face-centered cubic (FCC) metallic (Cu, Ni, Au
and Ag) nanowires whose transition is simply accompanied by a crystal
reorientation enabled by the notion of coherent twin boundaries. This
leads to a diﬀerent type of pseudoelasticity, as compared to bulk materials, that is not regulated by martensitic phase transition, but by the propagation of twins leading to crystal reorientations (Liang et al., 2007). As
a result, the same bulk materials do not show a pseudoelastic behavior.
The energetic competition between dislocation and twinning nucleation
at a crack tip has also been described in bulk materials (Tadmor and Hai,
2003). In the case of nanowires, coherent twin interfaces are formed between the two phases that then propagates along the wire axis when the
average strain is increased. More detailed metallographic analysis on the
underlying mechanism of twin regulated deformation in nanowires can
be found e.g. in Ref. Park et al. (2006). This process is reversible and it
is responsible of the incredible pseudoelastic behavior observed in these
materials.
We begin by testing our model in predicting the behavior obtained
in the simulations performed on Ni-Co alloy nanowires in Ref. Lu et al.
(2019). Some remarks are in order. As previously stated, our model is
one-dimensional. On the other hand, as we deduce qualitatively in the
following, the role of the lateral size of the system can be related to
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Fig. 5. Nucleation of the ﬁrst phase in the Helmholtz ensemble. In the ﬁrst row the eﬀect of the increasing n is shown. In the second row the eﬀect of the strength
of the non local interactions is displayed. In the third row the eﬀect of the temperature is represented. Parameter on the legends.

the strength of non local interactions included in our model, but also
in the presence of non local interactions with the loading device. Moreover, it is important to stress that physical constitutive parameters of
the system such as the Young modulus depend on both temperature and
lateral size. This dependence is here used to ﬁt the numerical results in
MD. Among many eﬀects such as the presence of Co in the alloy and

the role of surface/internal defects, in Ref. Lu et al. (2019) the authors
study the temperature dependence of the stress behavior. They simulate
a nanowire with dimensions 2.465nm × 2.464nm × 19.712nm. In order
to adapt this system to our one-dimensional model, we consider a unit
reference length l equal to the lattice constant 𝑙 = 𝑎𝑁𝑖 = 0.3499 nm (for
Nickel) and, therefore, 𝑛 = 55 oscillators in our formulas. It is important
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Fig. 6. Comparison of results obtained from the model presented in the paper those from Molecular Dynamics (MD) simulations. Simulation adapted from Ref. (Lu
et al., 2019), published by the Royal Society of Chemistry. Details about the values of the parameters can be found in the main text. (a): Stress–strain curves. (b):
relevant quantities used for the comparison in panel (c) and (d), see main text for details. (c) dependence of the yield stress on temperature. (d) Dependence on
temperature of the strain corresponding to the drop of the yield stress.

to observe that in order to calibrate the system and ﬁt the experimental data
we have only two parameters to be ﬁxed: 𝛼 and 𝜀0 . Here we set the value
of the reference strain of the second phase 𝜀0 = 0.18 and 𝛼 = −0.2. The
values of the modulus E are the ones proposed in Lu et al. (2019) and accordingly we deduce 𝑘 = 𝐸𝐴 (with A the section considered in Lu et al.
(2019)). Similarly, given the temperatures, we may deduce the corresponding values of 𝛽̃ = 𝛽𝑘𝑙.
The comparison of the theoretical and numerical results are exibited in Fig. 6(a), where the stress-strain curves for diﬀerent values of
the temperature are represented. In particular, using Eq. (44) we obtain that 𝐸(1 − 4𝛼(𝑛 − 1)∕𝑛)⟨𝜎⟩ corresponds to the stress measured in the
MD simulations. We may observe that, despite the oversimpliﬁcation of
the model, the theoretical response is in a very good agreement with
the MD simulations. We remark that although we may observe that for
𝑇 = 500, 700, 900 K the description of the size of the ﬁrst stress drop is
not accurate, the authors show in the paper that eﬀects such as internal defects and the percentage of diluted Cobalt can be responsible for
this eﬀect. On the other hand, as shown Fig. 5(c) this value diﬀers from
the physically meaningful diﬀerence of the nucleation and propagation
stress (not reported by the authors), because it strictly depends on the
precise position of the ﬁrst drop.
In order to obtain a more clear comparison with the MD results, in
Fig. 6(c) and (d) we extracted the values of the nucleation stresses and
strains depending on temperature. It is important to remark that in our
model we assumed for simplicity of notation a zero Maxwell stress. To
reconcile the theoretical results and the MD experiments, in Fig. 6(b)
we show how we deduce the value of the propagation (Maxwell) stress

and the corresponding strain. The agreement between the MD results
(red triangles) and those obtained from the model (orange circles) is
excellent in both cases.
We have also tested our model to verify the possibility of describing the fundamental size eﬀects observed in shape memory nanowires,
showing an increasing role of the interface energy as the size of the
specimen decreases. In particular, we analyzed the size eﬀect on the
nucleation (yield) stress studied in Ref. Wu (2006). There, the author
performed MD simulations considering Cu nanowires with ﬁxed aspect
ratio 1:1:3 (𝛾 = 𝐿𝑠 ∕𝑏𝑠 = 3 in Fig. 7(a)) and variable lateral size. Following the same procedure described above, with the aim of ﬁtting the MD
results, we have ﬁxed the reference length l with the value of Copper
lattice constant 𝑙 = 𝑎𝐶𝑢 = 0.3609 nm, temperature 𝑇 = 1K (as indicated
in the paper) and 𝜀0 = 0.23. Thus, we need to consider a variable number of elements n ≃ Ls /l ranging from 14 to 77 where Ls is the length of
the sample considered in Ref. Wu (2006). Another important feature to
point out is that the (eﬀective) elastic modulus depends on the lateral
size 𝐸 = 𝐸(𝑏𝑠 ). This dependence is reported in the paper (Wu, 2006) and
is used in our computation to evaluate the stiﬀness 𝑘 = 𝑘(𝑏𝑠 ) = 𝐸(𝑏𝑠 )𝑏2𝑠 .
To evaluate how the change of length inﬂuences the parameter 𝛼 we
may, in a ﬁrst approximation, consider the following energy rescaling
reasoning. A rough estimate of the total energy density of the MD system
can be obtained, separating the contribution of bulk and surface energy,
as follows:

𝑀𝐷
Φ𝑀𝐷
+ Φ𝑀𝐷
=
𝑡𝑜𝑡 = Φ𝑏
𝑠

𝐸(𝑏𝑠 )𝛾𝑏3𝑠 + 𝐶 𝑏2𝑠
𝛾𝑏3𝑠

= 𝐸(𝑏𝑠 ) +

𝐶
,
𝛾𝑏𝑠

(47)
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Fig. 7. (a) One dimensional scheme of the shape memory wires. (b) Dependence of the nucleation (yield) stress on the lateral size bs (MD simulations reproduced
from Wu (2006)) and theoretical model (see the text for the deduction of the parameters from the MD experiments).

where C is the surface energy constant. In particular we have that the
relative role of the surface energy is
𝜉 𝑀𝐷 ∶=

Φ𝑀𝐷
𝑠
Φ𝑀𝐷
𝑏

=

𝐶
.
𝐸(𝑏𝑠 )𝛾𝑏𝑠

(48)

On the other hand, in the proposed model we have that the analogous
quantities are given by
Φ𝑀𝑜𝑑
= Φ𝑀𝑜𝑑
+ Φ𝑀𝑜𝑑
=
𝑡𝑜𝑡
𝑠
𝑏

𝑘(𝑏𝑠 )𝑛𝑙 + 𝛼𝑘(𝑏𝑠 )𝑙
𝑛𝑙𝑏2𝑠

𝛼
= 𝐸 (𝑏𝑠 ) + 𝐸 (𝑏𝑠 ) ,
𝑛

(49)

so that
𝜉 𝑀𝑜𝑑 ∶=

Φ𝑀𝑜𝑑
𝑠
Φ𝑀𝑜𝑑
𝑏

=

𝛼(𝑏𝑠 )
.
𝑛

(50)

We obtain then the main assumption for the comparison of molecular
dynamic and model rescaling eﬀects by comparing (48) and (50) that
𝛼(𝑏 )
gives 𝑛 𝑠 ∼ 𝐸(𝑏1 )𝑏 , and since 𝑏𝑠 = 𝛾𝐿𝑠 ∝ 𝑛, we get
𝑠

𝑠

1
𝛼(𝑏𝑠 ) ∼
.
𝐸(𝑏𝑠 )

(51)

The behavior resulting from this rescaling is reproduced in Fig. 7(b)
where according with the assumption (51) the parameter 𝛼 ranges in
the interval 𝛼 ∈ (−0.25, −0.215). Observe that again we have two only
parameters to ﬁt the experimental data, i.e. the value of 𝜀0 and the value
of the constant of proportionality in (51). Again, despite the simpliﬁcation of the model, we obtain a very satisfying agreement.
7. Discussion and conclusions
We derived a fully analytical approach to describe the competition
of entropic and interfacial energy terms in the transition strategy of a
bistable material. More speciﬁcally, we considered a prototypical system constituted by a lattice of bistable elements and non local NNN
interactions with a concave energy density reproducing the presence of
an interfacial energy term penalizing the formation of new interfaces.
The extension to the opposite case of NNN terms with convex energy,
playing the (antiferromagnetic) role of favoring the presence of interfaces is straightforward in our framework, but not explicitly discussed
and applied in this work. The presence of this energetic term plays an
important role leading in the case of isometric loading to the presence
of an initial stress-peak distinguishing the nucleation and propagation
stresses. Roughly speaking, due to the presence of interfacial energy

terms, the transition from a homogeneous reference phase to a two phase
conﬁguration is delayed because of the energetically unfavorable event
of nucleation of a new phase and the formation of interfaces. All these
features are observed in diﬀerent phase transition materials, some of
which are explicitly discussed in this section. On the other hand, the
presence of interfacial energy terms, in the absence of temperature effect or other non local interactions terms would lead to the possibility of
one single interface. The experimental behavior contradicts this result
and this eﬀect may be ascribed to several diﬀerent phenomena such
as interaction with the loading device (Puglisi, 2006; 2007; Ren and
Truskinovsky, 2000), compatibility and dynamical eﬀects (Abeyaratne
et al., 1996; Müller, 1999), inhomogeneities and rate eﬀects (Shaw and
Kyriakides, 1997) and temperature eﬀects as considered in this paper.
Speciﬁcally, we have introduced a model whose behavior is of interest in the physical cases where there are competing energy terms,
namely in situations where non-local interaction eﬀects are of the same
order of magnitude of temperature driven entropic eﬀects, such as in
nanowires or several biological materials discussed in the following. In
this cases the system behavior has to be described in the framework of
Equilibrium Statistical Mechanics. Hence, we are able to analytically describe the eﬀect of temperature, at least in the rate-independent regime.
The extension to include rate eﬀects can be attained by considering classical barrier dependent behaviors, as reported e.g. in Ref. Benichou and
Givli (2013).
The results of the model have been summarized in Fig. 8. Observe
that the behavior of the system when entropic energy terms can be neglected, coinciding with the system studied in Section 3 in the limit of
𝑇̃ = 1∕𝛽̃ → 0, is represented in the ﬁrst row of Fig. 8 with the ⋆ symbol.
The ﬁgure shows the fundamental role that may be played by entropic
eﬀects. In particular, the size of the ﬁrst nucleated domain is essentially temperature independent but, on the other hand, it strongly depends on the interfacial energy. On the other hand, both the stress peak
and the number of interfaces may strongly depend on temperature. In
particular, we may observe that the stress peak decreases as temperature grows whereas the cooperativity decreases, with an increasing
number of maximum number of interfaces. This is an expected result,
because by increasing the temperature the solution characterized by a
high values of the entropy –here measured by the number (26) of permutations corresponding to the same values of p and i– are energetically favored. In these cases we may interpret the experimental observation of less cooperative transition as induced by temperature entropic
eﬀects.
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Fig. 8. Synthetic description of the analytical results. We show the inﬂuence of the temperature T (top), of the interfacial energy parameter 𝛼 (middle) and of the
discrete parameter n (bottom) on the transition behavior in terms of nucleation peak (left), maximum number of interfaces (center) and size of the nucleated domain
(right). In the ﬁrst row we indicate with ⋆ the behavior of the system in Section 3 coinciding with the limit of 𝑇̃ → 0 when entropic eﬀects can be neglected.

As discussed in Section 6, our model can be considered as a prototype for the analysis of the temperature and size dependent transition
behavior of SMA nanowires. The main reason of the diﬀerent behavior
of SMA nanowires as compared with bulk materials is due to the well
known important role of surface energy terms as compared with the bulk
one as the scale of the specimens decreases. Speciﬁcally, two diﬀerent
scale eﬀects have to be considered (Seo et al., 2013). The ﬁrst one corresponds to the energy of the wire surface that regulates, together with the
bulk energy, the (diameter dependent) eﬀective energy of the phases. As
a result, the energy wells and, in particular, the Maxwell stress corresponding to the propagation threshold, are scale-dependent parameters.
Of course, since our model considers global energy minimizers only, we
neglect hysteretic eﬀects, but this is in agreement with the typical behavior of nanowires that often are characterized by a reversible (Lao
et al., 2013) transition. On the other hand, extensions to consider local energy minimizers can be considered (Benichou and Givli, 2013;
Puglisi and Truskinovsky, 2005) (see also the low scale interpretation
in Ref. Liang et al. (2007) of possible dissipation associated with the
discrete process of twin propagation). The second surface energy term,
important at these scales, is the interfacial energy associated with the

formation of a twin, here measured by non-local energy terms through
the parameter 𝛼. While the size dependence of this energy can be theoretically estimated depending on the speciﬁc twin connecting the two
phases (Zhang et al., 2008), in Section 6 we deduced this dependence in
our one dimensional setting by simple scaling arguments. When the size
of the wire is ﬁxed and the temperature is changed, we expect that the
bulk energy of the wires does not change whereas the nucleation stress
can be inﬂuenced by temperature eﬀects as measured by our model.
This is reﬂected by a variation of both the nucleation and propagation
stress with the size of the wire (both 𝛼 and the energy wells are modiﬁed), whereas temperature only inﬂuences the nucleation stress (see
Fig. 6). Such behavior, reproduced from our model, is reﬂected in diﬀerent papers based on MD simulations (Lao et al., 2013; Seo et al., 2011).
Moreover, as suggested by our model, the possibility of more twins formations has been described in several contributions (Guo et al., 2009;
Rezaei and Deng, 2017). Interestingly, as predicted from our results, the
experimental behavior (Guo et al., 2009) shows that also the number of
interfaces is inﬂuenced by temperature with a ‘Bell type’ growth as described in Fig. 4(c) and (f). We then considered explicitly the possibility
of describing the dependence of the nucleation and propagation stresses
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from the wire diameter. In this case, as described above, also the bulk
energy depends from the size and can be deduced from MD experiments.
Once the corresponding rescaling quantities are adopted in our model,
we showed the possibility of well describing the size dependent transition behavior (see Fig. 7).
A second important ﬁeld of application for the results of our model
that we would like just to sketch in this paper and that will be the subject of our future work is related to the important role that interdomains
interactions can play in the stability and cooperativity transition of multidomain proteins, undergoing a conformational folded → unfolded transition, as compared with the stability of isolated domains (Bhaskara
and Srinivasan, 2011; Law et al., 2003; Xu et al., 2013). This subject
has achieved in recent years increasing attention after a long period
when research was focussed only on single domains behavior both experimentally and theoretically (see Refs. Bhaskara and Srinivasan, 2011;
Law et al., 2003; Xu et al., 2013 and references therein). In this second
ﬁeld, the possibility of describing important experimental eﬀects in the
framework of Statistical Mechanics with non convex energies have been
shown in Refs. Bellino et al. (2019); De Tommasi et al. (2013); Florio
and Puglisi (2019); Giordano (2017); Manca et al. (2013). In these papers the two wells correspond to the folded and unfolded states. On
the other hand, in these models, no NNN interactions were considered.
Experimental and theoretical literature showed the important role of interdomain interactions in the unfolding behavior of proteins and their
possible roles in the insurgence of diseases (Bhaskara and Srinivasan,
2011). A typical well known example is the stabilization eﬀect in spectrin repeat unfolding. Thermal stability analysis clearly show the important stabilization eﬀects (MacDonald and Pozharski, 2001) due to non
local interactions between diﬀerent two-states domains. Single molecule
force spectroscopy shows that this eﬀect can induce a contemporary
transition of two domains at the ﬁrst stress peak (Rief et al., 1999). Interestingly, as theoretically deduced with our model, cooperativity is
lost if temperature is increased (Batey et al., 2005). Moreover, a similar behavior has been observed in Filamin A proteins, where domaindomain interactions lead to a hierarchy of unfolding forces that may be
properly studied by nonlocal models (Xu et al., 2013). A recent modeling approach of these macromolecular behaviors is based on an Ising
scheme suitably coupled with the chain of bistable units representing
the protein domains (Benedito and Giordano, 2018a). Our results show
the possibility of modeling such behavior in the framework of Statistical Mechanics based on the consideration of non local interactions. In
particular, beyond the possibility of the contemporary transition of domains, the model shows that cooperativity can be increased by the eﬀect
of NNN interactions whereas it can be hided by entropic eﬀects when
temperature increases. It is important anyway to remark that other important eﬀects, such as allosteric eﬀects of binding sites and fully non
local interactions in the tertiary and quaternary structures cannot be
described in the simple one dimensional setting here considered (Daily
and Gray, 2009). More detailed analysis and comparison with MD tests
and actual experiments will be considered in future works.
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