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ABSTRACT

In this work, we investigate the thermoacoustic generation and propagation of spherical waves in a viscous fluid induced by a laser-heated
spherical particle. Periodic laser excitation gives rise to two coupled mechanisms of acoustic emission. Heat transfer from the particle to the
surrounding fluid produces periodic compressions and rarefactions, giving rise to the thermophone effect, while periodic thermal expansion
of the solid particle modulates its radius and launches acoustic waves through a piston-like action, known as the mechanophone effect. The
thermophone contribution dominates at low frequencies, whereas the mechanophone mechanism becomes more relevant at higher frequen-
cies, with the crossover governed by the interfacial thermal resistance at the solid–fluid boundary. We investigate the effect of nanoparticle
embedding fluid viscosity on acoustic wave propagation. Viscous dissipation has a significant impact on attenuation and substantially alters
the acoustic penetration depth, thereby affecting the effectiveness of the signal transmission. Viscous damping plays a key role in the mecha-
nophone effect, where hypersonic frequency waves are generated, notably by photoacoustic excitation with picosecond and subpicosecond
laser pulses. We develop a theoretical model based on the coupled conservation equations of mass, momentum, and energy in both phases,
explicitly accounting for thermal diffusion and viscous losses. The reciprocal coupling between thermal and acoustic fields is fully described,
allowing us to quantify how frequency and fluid viscosity jointly control the penetration length of the generated acoustic waves in realistic
media. Finally, we discuss the implications for theranostics, highlighting how ensembles of laser-activated particles embedded in biological
tissue may be optimized for diagnostic and therapeutic applications.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0321555

I. INTRODUCTION

The generation of acoustic waves in fluids—whether liquid or
gaseous—is a fundamental phenomenon underlying a broad range
of technological and scientific applications. From traditional sound
emission systems to modern, non-invasive imaging and diagnostic
tools, acoustic generation plays a central role across disciplines such
as biomedicine, industrial non-destructive evaluation, and under-
water communication.1

Among the various mechanisms for producing acoustic
waves, the piezoelectric effect, discovered in 1880,2 has long

been the cornerstone of acoustic transduction technologies. Its
foundational principles, established through the works of
Lippmann, Voigt, Langevin, and others,3–8 have supported a
century of innovation in both sensing and actuation. Despite
the maturity of piezoelectric technology, limitations in fre-
quency bandwidth have motivated the exploration of alternative
approaches. In aqueous media, for example, the operational
range of the piezoelectric transducers typically remains con-
fined to 50–200 MHz, with only a few exceptional realizations
extending to about 300 MHz.9–11
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To overcome these constraints, novel strategies have been
introduced, notably capacitive micromachined ultrasonic transduc-
ers (CMUTs), where the acoustic signal is produced by the electro-
static attraction between capacitor plates.12 The issue of bandwidth
became particularly pressing with the development of nanoresona-
tors, whose dimensions—on the order of tens of nanometers—nat-
urally give rise to vibrational modes in the hypersonic frequency
range.13,14

The pursuit of broadband acoustic sources suitable for meso-
scopic and nanoscopic scales has consequently revived interest in
thermoacoustic mechanisms, in particular, the thermophone effect.
In its simplest description, a transducer periodically heated while in
contact with a fluid induces a temperature field oscillation within
the latter. The resulting thermal expansion and contraction gener-
ate pressure fluctuations that propagate as sound waves. Because it
does not rely on any resonance phenomenon, this mechanism
inherently supports a wide frequency spectrum.

Heat can be supplied to the transducer either by electrical
driving—where the conversion process is traditionally called the
thermophone effect—or by optical illumination, which gives rise to
the photophone, photothermal, or photoacoustic effects.
Interestingly, both concepts were discovered contemporaneously
with the piezoelectric effect but developed independently, forming
distinct research branches in acoustic generation: thermophone15–19

and photophone.20–27

For many decades, however, thermoacoustic generation
remained limited in efficiency due to the absence of suitable mate-
rials combining high thermal conductivity with low volumetric
heat capacity. The advent of nanotechnology has dramatically
changed this landscape. New classes of nanostructured materials—
exhibiting excellent thermomechanical properties—have enabled
efficient thermophone-based transducers.28–31 Examples include
carbon nanotube assemblies,32–38 metallic micro- and nanowires
made of aluminum, gold, or silver,39–41 as well as graphene films
and boron nitride foams.42–48

The resurgence of thermoacoustic approaches, often through
photoacoustic realizations, has, in turn, stimulated significant theo-
retical and modeling efforts aimed at optimizing energy conversion
efficiency. Early quantitative models—developed for photoacoustic
spectroscopy, microscopy, and imaging—provided a foundational
understanding of the coupling between thermal and acoustic
fields.49–52 Notably, the concept of the piston model established a
key framework for interpreting the emission dynamics of photo-
thermoacoustic sources.52

Subsequent investigations have focused on improving the
high-frequency response of the thermophone. It is now well estab-
lished that the thermal diffusion length in the fluid scales as ω�1=2,
where ω denotes the modulation angular frequency. As a result, at
increasing frequencies, the thermal wave becomes confined near
the solid–fluid interface, thereby reducing the amplitude of the gen-
erated acoustic wave and diminishing the overall efficiency of the
process.53–65

Recently, a complementary mechanism—termed the mecha-
nophone—has been proposed to explain thermoacoustic generation
in this high-frequency regime.66–68 In contrast to the thermophone,
where heat flux into the fluid directly drives compressional waves,
the mechanophone effect arises from the thermoelastic oscillations

within the solid itself. These internal stress–strain dynamics are
mechanically transmitted across the interface, launching acoustic
waves into the surrounding medium. Numerical and theoretical
studies have made it possible to understand certain aspects of this
process in the time domain or for one-dimensional structures.66–68

However, a complete analytical description is still lacking for spher-
ical nanoparticles, particularly concerning the effects of fluid vis-
cosity. Such a formulation would enable a clear identification of the
governing parameters that control the transition between the ther-
mophone and mechanophone regimes, ultimately guiding the ratio-
nal design of efficient thermoacoustic nanotransducers operating at
high frequencies.

This point is crucial since laser-activated particles have
emerged as versatile tools for biomedical applications, bridging
therapeutic and diagnostic domains through controlled energy con-
version at the microscale (see Fig. 1, left panel). When illuminated
by an external laser, these particles can efficiently transform optical
energy into localized heat or generate acoustic waves via thermo-
elastic transduction.69–73 Such dual functionality enables two com-
plementary applications: localized hyperthermia or photothermal
therapy for treatment and photoacoustic or ultrasonic imaging for
diagnosis.74–77

In therapeutic contexts, localized heating of tissue is used to
selectively ablate or weaken pathological cells while minimizing col-
lateral damage to healthy regions. The desired temperature range
typically lies between 42 and 45 �C for mild hyperthermia or
exceeds 50 �C for photothermal ablation.75,78 Gold-based nanopar-
ticles, including nanospheres, nanorods, and nanoshells, are partic-
ularly efficient photothermal transducers owing to their strong
plasmonic absorption in the near-infrared (NIR) spectral window,
where optical penetration in biological tissues is maximized.79,80

Other materials, such as iron oxide (Fe3O4), carbon nanotubes, or
semiconducting nanostructures, have also been employed for mag-
netothermal or photothermal treatments.81 Typical particle diame-
ters range from 5 to 700 nm, balancing optical absorption
efficiency, tissue penetration, and biocompatibility.82

Beyond therapy, these same particles serve as contrast agents.
Under pulsed laser excitation, transient heating induces rapid ther-
moelastic expansion, producing acoustic waves that can be detected
to reconstruct high-contrast images of tissue architecture and
molecular composition.83–88 Materials with high optical absorption
and low heat capacity—such as gold nanorods, carbon-based nano-
particles, or metalorganic frameworks—enhance the photoacoustic
signal intensity by efficiently coupling light absorption to acoustic
emission.89–91 In ultrasound imaging, micro- or nanoparticles can
also improve acoustic scattering contrast, providing complementary
diagnostic information.92

Using localized particles embedded in tissue offers substantial
advantages compared to external transducers or heating devices.
First, the spatial precision of energy deposition can be greatly
enhanced, enabling selective treatment or imaging of specific
microregions. Second, internal particles minimize attenuation
losses and thermal diffusion, allowing efficient heating or acoustic
generation even in optically or acoustically challenging environ-
ments. Third, these systems allow multimodal operation, where the
same agent can both generate diagnostic photoacoustic signals and
provide therapeutic heating—an approach often termed
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theranostics.93 Finally, the possibility of targeted delivery—through
surface functionalization with antibodies, peptides, or ligands—
enables selective accumulation in tumors or diseased tissues,
further enhancing treatment specificity.94

Nevertheless, several limitations must be considered.
Biocompatibility and toxicity remain major concerns, as metallic or
inorganic nanoparticles may induce oxidative stress, inflammation,
or long-term accumulation in organs such as the liver and
spleen.95,96 The heterogeneous distribution of particles within
tissues may lead to uneven heating and reduced therapeutic
control. Furthermore, the optical attenuation of tissues restricts
laser penetration depth, limiting the effective treatment or imaging
volume. Addressing these challenges requires careful design of par-
ticle size, coating, and composition to optimize stability, biodistri-
bution, and clearance.97,98

Overall, the use of embedded laser-activated particles repre-
sents a promising direction for localized and minimally invasive
photoacoustic and photothermal therapies. Understanding the
underlying thermoacoustic generation mechanisms—including
both heat diffusion-driven (thermophone) and particle expansion-
driven (mechanophone) effects—is crucial for optimizing their per-
formance and expanding their biomedical applicability.

In this work, we develop a theoretical framework to quantify
the thermoacoustic fields generated within and around a single
solid laser-excited particle, such as a gold sphere, embedded in a
surrounding viscous fluid, for example, water (see Fig. 1, right
panel). The model simultaneously accounts for the balance

equations of mass, linear momentum, and energy in both phases,
thereby capturing the full thermomechanical coupling of the
system.99,100 At the solid–fluid interface, we enforce the continuity
of the normal mechanical traction, thermal flux, and velocity field.
A temperature discontinuity is present, however, due to the effect
of an interfacial thermal resistance (also known as Kapitza resis-
tance), which quantifies the impediment to heat transfer
across the interface between dissimilar materials (see Fig. 1, right
panel).101–103 This effect can be regarded as one of the possible
boundary conditions describing an imperfect interface for transport
processes.104–106 A uniform time-harmonic heating condition at
angular frequency ω is imposed on the particle to represent the
energy input from a laser excitation source. The resulting coupled
field equations admit an analytical solution, from which the com-
plete temperature, heat flux, velocity, and pressure distributions—
both inside the solid particle and in the surrounding fluid—can be
explicitly determined. Importantly, the proposed model accounts
for the viscosity of the surrounding fluid medium (in addition to
that of the spherical particle, whose contribution is comparatively
minor). Viscous effects are examined in detail because they play a
central role in determining the penetration depth of acoustic waves
and, consequently, their potential therapeutic or diagnostic applica-
tions. We show how the interplay between frequency and viscosity
governs the acoustic penetration length in realistic media.

Frequency-sweep analysis remains a fundamental tool for
investigating photoacoustic phenomena induced by pulsed laser
excitation. Indeed, the present formulation is developed for

FIG. 1. Left panel: Population of spherical gold nanoparticles used for therapeutic and/or diagnostic (theranostic) biomedical applications, embedded in a biological tissue.
Right panel: Single spherical gold nanoparticle immersed in a viscous fluid (water), activated by a laser light pulse, and generating a thermoacoustic wave in the surround-
ing environment. The interfacial thermal resistance (also known as Kapitza resistance) regulates the heat flow between the particle and fluid by controlling the thermoa-
coustic generation process.
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monochromatic excitation, namely, for a single radiation frequency,
and yields the corresponding physical fields throughout the system.
This frequency-domain approach provides the fundamental build-
ing block for treating more general time-dependent excitations.
Indeed, once the incident spectrum is specified—irrespective of its
form, including arbitrarily shaped pulses—it can be decomposed
into its harmonic components via standard spectral techniques.
Each harmonic may then be analyzed independently within our
framework, exploiting the linearity of the governing equations. The
full response of the system could subsequently be reconstructed by
superposing the contributions of all harmonics, weighted according
to their spectral amplitudes. Finally, by performing a numerical
inverse transform, one can recover the complete time-dependent
evolution of the physical fields, thereby bridging the frequency-
domain solution with the temporal response of the system.
Examples of impulse responses over time can be found in the liter-
ature.67,68 A pulsed laser is composed of harmonic components
spanning a frequency range from 0 up to approximately τ�1, where
τ denotes the laser pulse duration. Since the hypersonic acoustic
modes associated with the mechanophonic effect extend up to the
frequency range of 1011 rad/s, the generation of such waves in water
requires laser pulses with a duration of the order of picoseconds or
less, rather than pulses of the order of nanoseconds. At these ultra-
high frequencies, dissipative effects arising from fluid viscosity
become crucial and must be explicitly accounted for in the acoustic
response.

As mentioned earlier, two distinct phenomena can be identi-
fied: At low frequencies, the thermoacoustic response is dominated
by the thermophone mechanism, whereas at high frequencies, the
mechanophone contribution becomes predominant.66–68 To dem-
onstrate this behavior, we perform two separate analyses. In the
first one, the thermal expansion coefficient of the solid is set to
zero so that acoustic waves in the fluid arise solely from thermal
compression and expansion within the fluid itself (pure thermo-
phone regime). In the second analysis, the thermal expansion coef-
ficient of the fluid is set to zero, allowing the generation of acoustic
waves only through the periodic modulation of the particle size
induced by internal thermal stresses (pure mechanophone regime).
When both thermal expansion coefficients are assigned their realis-
tic values, the full solution of the coupled problem is recovered.
This analysis is carried out over a broad frequency range, enabling
us to track how the crossover between the two mechanisms shifts
with the variation in the Kapitza resistance. The proposed solution
allows for the examination of all thermoacoustic fields within the
system and thus provides valuable insight for optimizing its perfor-
mance as a function of tunable parameters, such as particle radius,
interfacial (Kapitza) resistance—modifiable through surface func-
tionalization—the fluid viscosity, and the frequency and intensity
of the laser excitation. Finally, a refined analysis of the resonance
frequencies emerging in the high-frequency regime is presented,
and the effects of the fluid viscosity are examined.

II. PROBLEM STATEMENT

We introduce here the general balance equations describing
the coupling of the thermal and mechanical fields in fluid and solid
phases, respectively. Then, we show how these equations are

simplified for studying the time-harmonic regime in a spherical
geometry.

Concerning the fluid medium, the set of equations takes into
account the conservation of mass, momentum, and energy, which
can be written as99

1
B0

@p
@t

¼ α0
@T
@t

� ~∇ �~v,

ρ0
@~v
@t

¼ �~∇pþ η0∇2~v þ (ξ0 þ η0)~∇(~∇ �~v),

ρ0Cp0
@T
@t

¼ κ0∇2T þ α0Te
@p
@t

,

(1)

where the pressure p (Pa), the temperature variation T (K), and the
particle velocity vector~v (m/s) are the main variables depending on
time t (s) and space~r (m). Moreover, ρ0 is the density (kg/m3), B0

is the bulk modulus (Pa), α0 is the coefficient of volumetric expan-
sion (1/K), η0 and ξ0 are the first and second viscosity coefficients
(Pa s), Cp0 is the specific heat at constant pressure [J/(kg K)], Te is
the ambient or equilibrium temperature (K), and finally, κ0 is the
thermal conductivity [W/(m K)]. Subscript 0 means that the
parameters refer to the fluid phase outside the spherical particle.
Similar parameters with subscript 1 will be introduced for the par-
ticle itself. It is important to remark that the balance equations
given in Eq. (1) represent the combination of the linearized classi-
cal conservation laws with the linearized constitutive equations of
the material. This linearization can be easily justified in our context
since thermoacoustic waves are usually represented by small varia-
tions in the relevant quantities around given equilibrium values. As
an example, T is the variation of temperature with respect to its
equilibrium value Te (the actual temperature being equal to
T þ Te). This means that jTj � Te must always hold, and a similar
relationship must be verified for each physical field.

We underline that in the absence of the assumption of small
variations in the physical variables, the governing system becomes
strongly nonlinear and, consequently, amenable only to numerical
treatment. The objective of the present work is instead to derive an
analytical solution which provides a tractable framework and pre-
serves a clear interpretation of the underlying physical mechanisms.
Concerning the admissible ranges of the physical variables, it is
worth emphasizing that the fully coupled system, prior to lineariza-
tion, is already nearly linear with respect to temperature. By con-
trast, the full mechanical model exhibits pronounced nonlinear
behavior. As a result, after linearization, the regime of validity natu-
rally allows for comparatively larger variations in temperature than
in mechanical quantities such as forces and velocities, which must
remain within a genuinely small-perturbation regime. Moreover,
although all material parameters entering the model are, in princi-
ple, temperature-dependent, their variation remains moderate
within the range relevant to practical applications. This justifies
treating them as effectively constant to leading order, consistently
with the adopted linear approximation.

A similar set of equations can be written for the solid medium
by introducing the particle displacement vector ~u (m), the Lamé
elastic coefficients λ1 and μ1 (Pa), the specific heat at constant
volume Cv1 [J/(kg K)], the externally applied body forces ~b1 (N),

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 139, 135105 (2026); doi: 10.1063/5.0321555 139, 135105-4

Published under an exclusive license by AIP Publishing

 
0
6
 
A
p
r
i
l
 
2
0
2
6
 
0
7
:
4
5
:
5
4

https://pubs.aip.org/aip/jap


and the supplied thermal power density Q1 (W/m3). The other
parameters used for the solid have the same meaning as those
introduced for fluids, with the only change being the index from 0
to 1. The classical continuum mechanics delivers100

ρ1
@2~u
@t2

¼ (λ1 þ μ1)~∇(~∇ �~u)þ μ1∇
2~uþ~b1

þ(ξ1 þ η1)~∇(~∇ �~v)þ η1∇2~v � α1B1~∇T ,

ρ1Cv1
@T
@t

¼ κ1∇2T � α1B1
@

@t
~∇ �~u� �

Te þ Q1,

(2)

which is the system of equations governing the thermoelasticity
under the hypotheses of small deformation ε̂ ¼ 1=2(~∇~uþ ~∇~uT )
and small temperature variations T around Te. While the first
equation represents the momentum conservation, the second one
describes the energy balance. We remark that in the solid medium,
we always have ~v ¼ @~u=@t and B1 ¼ λ1 þ (2=3)μ1. Furthermore,
we underline that the power density Q1, entering the active solid
medium, will represent the energy supplied to the system and con-
verted into an acoustical wave through the photo-thermo-acoustic
coupling. Typically, Q1 will be generated by the photothermal
effect, induced by a laser pulse. Used in different applications, not
discussed in this context, we can also mention the Joule effect,
induced by an electric current applied to the active material.

We finally remember that in both fluid and solid media, the
thermodynamic relation ρi(Cpi � Cvi) ¼ α2

i BiTe (i ¼ 0, 1) is always
satisfied.

We now introduce the harmonic time-dependence through
the substitution @=@t ! iω and the spherical symmetry by means
of the results discussed in Appendix. For the fluid around the
spherical particle, we obtain

iω
B0

p ¼ α0iωT � 1
r2

d
dr

r2v
� �

, (3)

iωρ0v ¼ � dp
dr

þ (ξ0 þ 2η0)
d
dr

1
r2

d
dr

r2v
� �� �

, (4)

iωρ0Cp0T ¼ κ0
1
r2

d
dr

r2
dT
dr

� �
þ iωα0Tep: (5)

Similarly, for the spherical solid particle, we have under the same
assumptions

�ω2ρ1u ¼ λ1 þ 2μ1
iω

þ ξ1 þ 2η1

� �
d
dr

1
r2

d
dr

r2v
� �� �

� α1B1
dT
dr

,

(6)

iωρ1Cv1T ¼ κ1
1
r2

d
dr

r2
dT
dr

� �
� α1B1iωTe

1
r2

d
dr

r2u
� �þ Q1, (7)

where v ¼ iωu, and we assumed ~b1 ¼ 0, i.e., absence of body
forces.

It is important to stress that any thermoacoustic field F(r, t)
is finally obtained in the form Fðr; tÞ ¼ Fe þ Re FðrÞeiωt½ �, where
Fe is the equilibrium value used in the linearization of balance
and constitutive equations and F(r) is the complex solution
obtained from Eqs. (3)–(5) for the fluid and Eqs.(6) and (7) for the
solid particle. Of course, the field F corresponds to the tempera-
ture, the velocity, the normal stress, or the heat flux.

III. SOLUTION WITHIN THE EXTERNAL VISCOUS FLUID

We obtain here the general solution for the thermoacoustic
fields in the fluid phase described by Eqs. (3)–(5). From Eq. (3), we
get

p ¼ α0B0T � B0

iω
1
r2

d
dr

r2v
� �

, (8)

dp
dr

¼ α0B0
dT
dr

� B0

iω
d
dr

1
r2

d
dr

r2v
� �� �

: (9)

Now, we substitute Eq. (8) in Eq. (5) and Eq. (9) in Eq. (4).
In the relation obtained by substituting Eq. (8) in Eq. (5), we apply
the thermodynamic relation ρ0(Cp0 � Cv0) ¼ α2

0B0Te, and we
obtain

iωρ0Cv0T ¼ κ0
1
r2

d
dr

r2
dT
dr

� �
� α0B0Te

1
r2

d
dr

r2v
� �

: (10)

The relation obtained by inserting Eq. (9) in Eq. (4) can be simpli-
fied as follows:

iωρ0v ¼ �α0B0
dT
dr

þ B0

iω
þ ξ0 þ 2η0

� �
d
dr

1
r2

d
dr

r2v
� �� �

: (11)

At this point, we can determine the quantity 1
r2

d
dr (r

2v) from
Eq. (10), and we get

1
r2

d
dr

r2v
� � ¼ � iωρ0Cv0

α0B0Te
T þ κ0

α0B0Te

1
r2

d
dr

r2
dT
dr

� �
: (12)

Then, we substitute this result into Eq. (11), eventually obtaining
the expression of the velocity in terms of the temperature only. We
obtain

v ¼ Lα
0
dT
dr

þLβ
0
d
dr

DTð Þ, (13)

where we introduced the coefficients

Lα
0 ¼ � α0B0

iωρ0
� B0

iω
þ ξ0 þ 2η0

� �
Cv0

α0B0Te
, (14)

Lβ
0 ¼

1
iωρ0

B0

iω
þ ξ0 þ 2η0

� �
κ0

α0B0Te
, (15)
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and the operator

Df (r) ¼ 1
r2

d
dr

r2
df
dr

� �
: (16)

We can see from Eqs. (8) and (13) that if we know the tem-
perature profile T(r), then we can also calculate velocity and pres-
sure functions v(r) and p(r). Hence, we look for a pure equation
in the temperature. To do this, we apply the operator 1

r2
d
dr (r

2†) to
Eq. (11), and then we substitute Eq. (12) in the resulting
expression. We eventually obtain the following equation for the
temperature behavior:

B0

iω
þ ξ0 þ 2η0

� �
κ0D

2T

� iωρ0Cv0
B0

iω
þ ξ0 þ 2η0

� �
þ iωρ0κ0 þ α2

0B
2
0Te

� �
DT

� ω2ρ20Cv0T ¼ 0: (17)

This equation can be written in the simplified form
a0D

2T þ b0DT þ c0T ¼ 0, where a0, b0, and c0 can be identified
by means of Eq. (17). Interestingly, the same equation can be also
rewritten as (D� ϑ2

0T)(D� ϑ2
0A)T ¼ 0, where ϑ0T and ϑ0A are the

solutions of the algebraic equation a0ϑ
2 þ b0ϑþ c0 ¼ 0. The two

subscripts A and T identify the acoustic and thermal modes of the
process, respectively. This entails assuming ϑ2

0T = ϑ2
0A on the basis

of the typical physical parameters. We remark that the two opera-
tors D� ϑ2

0T and D� ϑ2
0A are commuting, as can be easily verified,

and therefore, the solutions of Eq. (17) are the linear combinations
of the solutions of the two reduced equations (D� ϑ2

0T )T ¼ 0 and
(D� ϑ2

0A)T ¼ 0.
Therefore, we search now the solution of the equation

(D� ϑ2)T ¼ 0, for an arbitrary ϑ, which corresponds to

1
r2

d
dr

r2
dT
dr

� �
� ϑ2T ¼ 0 (18)

or

d2T
dr2

þ 2
r
dT
dr

� ϑ2T ¼ 0: (19)

By using the substitution T(r) ¼ S(r)=r, we obtain the following
simple equation for S(r):

d2S
dr2

� ϑ2S ¼ 0, (20)

with solutions

S(r) ¼ e+ϑr , T(r) ¼ 1
r
e+ϑr: (21)

Finally, the general solution for Eq. (17) is given by

T(r) ¼ M0

r
eþϑ0T r þ E0

r
e�ϑ0T r þ N0

r
eþϑ0Ar þ F0

r
e�ϑ0Ar , (22)

where ϑ0T and ϑ0A are the roots of the associated second-degree
equation, and we introduced the unknown coefficients M0, E0, N0,
and F0. If we define the values of ϑ0T and ϑ0A such that
Re(ϑ0T) , 0, Im(ϑ0T) , 0 and Re(ϑ0A) , 0, Im(ϑ0A) , 0, we will
have E0 ¼ 0 and F0 ¼ 0. These signs derive from the following rea-
soning. First, it is assumed that there are only waves propagating
outward from the spherical particle. Therefore, the waves must be
progressive, i.e., they must propagate in the positive radial direc-
tion. The generic wave eþϑ0T r propagates in the direction of positive
r only if the imaginary part of ϑ0T is negative (please note that
eþϑ0T reiωt ¼ eRe(ϑ0T)rþiIm(ϑ0T)rþiωt). Furthermore, dissipation (induced
by viscosity and thermal conduction) must produce a decrease in
the same direction, and therefore, we must have a negative real part
of ϑ0T . This is true for both thermal and acoustic components. In
contrast, exponentials with a positive sign of real and imaginary
parts are regressive waves that are not physically acceptable in our
case, where the source is represented only by the central solid
sphere. Hence,

T(r) ¼ M0

r
eþϑ0T r þ N0

r
eþϑ0Ar: (23)

It means that we will have to determine the two constants M0 and
N0 to characterize the thermoacoustic response within the fluid.

We can use Eq. (13) to determine the velocity field. If we con-
sider the general expression T(r) ¼ 1

r e
þϑr , it can be easily proved

that

dT
dr

¼ 1
r2
eþϑr(ϑr � 1), (24)

d
dr

DTð Þ ¼ ϑ2 dT
dr

¼ ϑ2

r2
eþϑr(ϑr � 1): (25)

Therefore, the velocity assumes the form

v(r) ¼ M0

r2
eþϑ0T r Lα

0 þLβ
0ϑ

2
0T

� 	
(ϑ0Tr � 1)

þ N0

r2
eþϑ0Ar Lα

0 þLβ
0ϑ

2
0A

� 	
(ϑ0Ar � 1): (26)

We can also define the heat flux field through the relation
q(r) ¼ �κ0

dT
dr . By using Eqs. (23) and (24), we obtain

q(r) ¼ �κ0
M0

r2
eþϑ0T r(ϑ0Tr � 1)� κ0

N0

r2
eþϑ0Ar(ϑ0Ar � 1): (27)

To conclude, we can find the complete expression for the
pressure field. We use Eq. (8) combined with Eqs. (23) and (26),
and we get

p(r) ¼ M0B0

r
eþϑ0T r α0 � 1

iω
Lα

0 þLβ
0ϑ

2
0T

� 	
ϑ2
0T

� �

þ N0B0

r
eþϑ0Ar α0 � 1

iω
Lα

0 þLβ
0ϑ

2
0A

� 	
ϑ2
0A

� �
: (28)

An equivalent simplified form can be obtained by substituting
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Eq. (12) into Eq. (3) and using again ρ0(Cp0 � Cv0) ¼ α2
0B0Te, as

follows:

p(r) ¼ M0

r
eþϑ0T r

iωρ0Cp0 � κ0ϑ
2
0T

iωα0 Te

þ N0

r
eþϑ0Ar

iωρ0Cp0 � κ0ϑ
2
0A

iωα0 Te
: (29)

This quantity represents the pressure corresponding to the isotropic
stress tensor σ̂p ¼ �pÎ. However, it is important to also consider
the stress tensor σ̂v related to the viscous response of the fluid,
which is defined as

σ̂v ¼ 2η0D̂þ ξ0 ÎtrD̂, (30)

where D̂ ¼ 1
2 (
~∇~v þ ~∇~vT) is the rate of deformation (or strain rate

tensor). In our geometry with spherical symmetry, the velocity field
is given by~v ¼ ~r

r v(r), and therefore, we calculate the derivative

@vi
@xj

¼ δi,j
v
r
þ xixj

r dvdr � v

r3
, (31)

and therefore, we get

Di,j ¼ 1
2

@vi
@xj

þ @vj
@xi

� �
¼ δi,j

v
r
þ xixj

r dvdr � v

r3
: (32)

From this expression, we easily obtain the trace of D̂ as

trD̂ ¼ dv
dr

þ 2
v
r
¼ 1

r2
d
dr

r2v
� �

: (33)

Now, the total stress tensor in the fluid is given by σ̂tot ¼ σ̂p þ σ̂v,
and then, the total radial traction is calculated as ~p ¼~n � σ̂ tot~n,
where~n ¼~r=r. More explicitly, we have

~p(r) ¼ �pþ (ξ0 þ 2η0)
dv
dr

þ 2ξ0
v
r
, (34)

where we used the property~n � D̂~n ¼ Di,jninj ¼ dv
dr. By using Eq. (8)

and considering the second equality in Eq. (33), we obtain the trac-
tion expression

~p ¼ ξ0 þ 2η0 þ
B0

iω

� �
dv
dr

þ 2 ξ0 þ
B0

iω

� �
v
r
� α0B0T , (35)

which delivers the following final result:

~p(r)¼M0e
þϑ0T r

"
�α0B0

r
þ 2
r3

ξ0þ
B0

iω

� �
Lα

0 þLβ
0ϑ

2
0T

� 	
(ϑ0Tr� 1)

þ 1
r3

ξ0þ 2η0þ
B0

iω

� �
Lα

0 þLβ
0ϑ

2
0T

� 	
ϑ2
0Tr

2 � 2ϑ0Trþ 2
� �#

þN0e
þϑ0Ar

"
�α0B0

r
þ 2
r3

ξ0þ
B0

iω

� �
Lα

0 þLβ
0ϑ

2
0A

� 	
(ϑ0Ar� 1)

þ 1
r3

ξ0þ 2η0þ
B0

iω

� �
Lα

0 þLβ
0ϑ

2
0A

� 	
ϑ2
0Ar

2 � 2ϑ0Arþ 2
� �#

:

(36)

We will discuss the boundary conditions fulfilled by these fields
after the study of the same quantities within the solid spherical
particle.

IV. SOLUTION WITHIN THE SPHERICAL PARTICLE

We search now for the solution of the thermoelastic fields
within the spherical particle described by Eqs. (6) and (7).
To begin, we can determine the quantity 1

r2
d
dr (r

2v) from Eq. (7)
(we remember that v ¼ iωu), and we get

1
r2

d
dr

r2v
� � ¼ κ1

α1B1Te
DT � iωρ1Cv1

α1B1Te
T þ Q1

α1B1Te
: (37)

We suppose now that the heat source applied to the particle is uni-
formly distributed within the whole volume, and therefore, we
assume that dQ1

dr ¼ 0. We can now substitute Eq. (37) into Eq. (6),
eventually obtaining

v ¼ Lα
1
dT
dr

þLβ
1
d
dr

DTð Þ, (38)

where we introduced the coefficients

Lα
1 ¼ � α1B1

iωρ1
� λ1 þ 2μ1

iω
þ ξ1 þ 2η1

� �
Cv1

α1B1Te
, (39)

Lβ
1 ¼

1
iωρ1

λ1 þ 2μ1
iω

þ ξ1 þ 2η1

� �
κ1

α1B1Te
, (40)

and the operator DT is defined in Eq. (16). To obtain a pure equa-
tion in the temperature field, we can combine Eq. (38) with
Eq. (37), and we get

λ1 þ 2μ1
iω

þ ξ1 þ 2η1

� �
κ1D

2T

� iωρ1Cv1
λ1 þ 2μ1

iω
þ ξ1 þ 2η1

� �
þ iωρ1κ1

�

þ α2
1B

2
1Te

�
DT � ω2ρ21Cv1T ¼ iωρ1Q1, (41)
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which is the solid counterpart of Eq. (17), previously obtained for
the fluid medium. The only differences between the equations for
solid and fluid are the presence of λ1 þ 2μ1 instead of B0, and the
presence of the term depending on the heat Q1, entering the spherical
particle. As before, the obtained equation for T can be written in the
simplified form a1D

2T þ b1DT þ c1T ¼ 0, where a1, b1, and c1 can
be identified by means of Eq. (41). Therefore, the equation can be
also rewritten as (D� ϑ2

1T )(D� ϑ2
1A)T ¼ 0, where ϑ2

1T and ϑ2
1A are

the solutions of the algebraic equation a1ϑ
2 þ b1ϑþ c1 ¼ 0. We

remember that the two subscripts A and T identify the acoustic and
thermal modes of the process, respectively.

We can follow the same procedure introduced for the fluid
equation, and we obtain the following temperature solution for the
solid sphere:

T(r) ¼ V1

r
eþϑ1T r þ E1

r
e�ϑ1T r þW1

r
eþϑ1Ar þ F1

r
e�ϑ1Ar þ Q1

iωρ1Cv1
,

(42)

where we introduced the coefficients V1, E1, W1, and F1. We
remark that the particular solution (last term) has been obtained
by considering the homogeneity of Q1 within the sphere. We define
the values of ϑ1T and ϑ1A such that Re(ϑ1T) , 0, Im(ϑ1T) , 0 and
Re(ϑ1A) , 0, Im(ϑ1A) , 0. The negative sign of the real part, in
conjunction with the negative sign of the imaginary part, reminds
us that dissipation decreases the amplitude of the wave in the direc-
tion of propagation. Within the particle, we can consider both pro-
gressive and regressive radial waves (characterized by the positive
and negative sign in the exponent, respectively) as the interface
between the solid and fluid allows for thermal and mechanical
reflections. This means that we can keep all four terms in the
formula, two relating to the acoustic component and two relating
to the thermal component. By means of Eq. (38), we can find the
corresponding solution for the velocity field. Straightforward calcu-
lations based on Eqs. (24) and (25) deliver the expression

v(r) ¼ Lα
1 þLβ

1ϑ
2
1T

� 	V1eþϑ1T r(ϑ1Tr � 1)� E1e�ϑ1T r(ϑ1Tr þ 1)
r2

þ Lα
1 þLβ

1ϑ
2
1A

� 	W1eþϑ1Ar(ϑ1Ar � 1)� F1e�ϑ1Ar(ϑ1Ar þ 1)
r2

:

(43)

We remark that the entering heat Q1 does not directly affect the
velocity field since it is uniform, and v depends directly on the
derivative dT=dr. Within the particle, we need to avoid singularities
in both T(r) and v(r) for r ! 0, and then, there are some condi-
tions to be imposed on the introduced coefficients. Since for small
values of x we have ex � 1þ x, from Eq. (42), we obtain the first
order development

T(r)�V1þE1þW1þF1
r

þ (V1�E1)ϑ1T þ (W1�F1)ϑ1Aþ Q1

iωρ1Cv1
,

(44)

which is valid for small values of r. Therefore, we have to impose
the relationship V1 þ E1 þW1 þ F1 ¼ 0 to eliminate the

singularity for r ! 0 of type 1=r. We can perform a similar analysis
for the velocity field. In this case, the first-order development for
small values of r is given by

v(r) � Lα
1 þLβ

1ϑ
2
1T

� 	
(V1 þ E1)

ϑ2
1Tr

2=2� 1
r2

þ Lα
1 þLβ

1ϑ
2
1A

� 	
(W1 þ F1)

ϑ2
1Ar

2=2� 1
r2

: (45)

Therefore, to eliminate the singularity of type 1=r2, we have to
impose (LA

1 þLB
1ϑ

2
1T )(V1 þ E1)þ (LA

1 þLB
1ϑ

2
1A)(W1 þ F1) ¼ 0.

Combining the conditions obtained for the temperature and veloc-
ity fields, assuming that ϑ1T = ϑ1A, we deduce that we must satisfy
the relations

V1 þ E1 ¼ 0, (46)

W1 þ F1 ¼ 0: (47)

These conditions help us to simplify the form of Eqs. (42) and
(43). We introduce M1 ¼ 2V1 and N1 ¼ 2W1, finally obtaining

T(r) ¼ M1
sinh ϑ1Trð Þ

r
þ N1

sinh ϑ1Arð Þ
r

þ Q1

iωρ1Cv1
, (48)

v(r) ¼ M1 Lα
1 þLβ

1ϑ
2
1T

� 	ϑ1Tr cosh ϑ1Trð Þ � sinh ϑ1Trð Þ
r2

þ N1 Lα
1 þLβ

1ϑ
2
1A

� 	ϑ1Ar cosh ϑ1Arð Þ � sinh ϑ1Arð Þ
r2

: (49)

In addition to these fields, we can introduce the heat flow and
the radial traction, which are useful for imposing the boundary
conditions later. The heat flux is introduced through the relation
q(r) ¼ �κ1

dT
dr , and therefore, by using Eq. (48), we obtain

q(r) ¼ �M1κ1
ϑ1Tr cosh ϑ1Trð Þ � sinh ϑ1Trð Þ

r2

� N1κ1
ϑ1Ar cosh ϑ1Arð Þ � sinh ϑ1Arð Þ

r2
: (50)

Concerning the radial traction, we start by considering the total
stress tensor σ̂ tot inside the spherical particle, which is given by

σ̂ tot ¼ 2μ1ε̂þ λ1 Îtrε̂� α1 λ1 þ 2
3
μ1

� �
ÎT þ iω 2η1ε̂þ ξ1 Îtrε̂

� �
:

(51)

It is composed of elastic, thermal, and viscous contributions, men-
tioned in order of appearance. Here, ε̂ ¼ 1

2 (
~∇~uþ ~∇~uT ) is the infin-

itesimal strain tensor measuring the solid deformation. As
discussed in the case of the fluid medium, we are interested in the
total radial traction calculated as ~p ¼~n � σ̂tot~n, where ~n ¼~r=r.
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Since

εi,j ¼ 1
2

@ui
@uj

þ @uj
@xi

� �
¼ δi,j

u
r
þ xixj

r du
dr � u

r3
, (52)

we have that

trε̂ ¼ εk,k ¼ du
dr

þ 2
u
r

(53)

and εijninj ¼ du
dr . Summing up, we get the following expression for

the radial traction:

~p¼ ξ1 þ 2η1 þ
λ1 þ 2μ1

iω

� �
dv
dr

þ 2 ξ1 þ
λ1
iω

� �
v
r
� α1 λ1 þ 2

3
μ1

� �
T ,

(54)

where we introduced the velocity v ¼ iωu. By using Eqs. (48) and
(49), the previous relation assumes the following explicit form:

~p(r) ¼ M1 �α1B1
sinh ϑ1Trð Þ

r

�

þ 2 ξ1 þ
λ1
iω

� �
Lα

1 þLβ
1ϑ

2
1T

� 	ϑ1Tr cosh ϑ1Trð Þ � sinh ϑ1Trð Þ
r3

þ ξ1 þ 2η1 þ
λ1 þ 2μ1

iω

� �
Lα

1 þLβ
1ϑ

2
1T

� 	

� ϑ2
1Tr

2 þ 2
� �

sinh ϑ1Trð Þ � 2ϑ1Tr cosh ϑ1Trð Þ
r3

#

þ N1 �α1B1
sinh ϑ1Arð Þ

r

�

þ 2 ξ1 þ
λ1
iω

� �
Lα

1 þLβ
1ϑ

2
1A

� 	ϑ1Ar cosh ϑ1Arð Þ � sinh ϑ1Arð Þ
r3

þ ξ1 þ 2η1 þ
λ1 þ 2μ1

iω

� �
Lα

1 þLβ
1ϑ

2
1A

� 	

� ϑ2
1Ar

2 þ 2
� �

sinh ϑ1Arð Þ � 2ϑ1Ar cosh ϑ1Arð Þ
r3

#

� α1B1
Q1

iωρ1Cv1
:

(55)

These results will be used for imposing the pertinent boun-
dary conditions.

V. SOLUTION OF THE COUPLED THERMOACOUSTIC
PROBLEM

We have determined, in Secs. III and IV, the general solutions
for the thermoacoustic fields in each phase. Now, the general solu-
tion for the whole system can be obtained by imposing the inter-
face condition at the fluid–solid interface for r ¼ R.

These conditions represent the continuity of heat flux q, veloc-
ity v, and radial traction ~p: ⟦q⟧ ¼ 0, ⟦v⟧ ¼ 0, and ⟦~p⟧ ¼ 0.
Moreover, we have to impose the interface relation for the tempera-
ture jump ⟦T⟧, controlled by the Kapitza resistance,107 denoted by
τK [m2K/W], as follows:101–103

⟦T⟧ ¼ T(Rþ)� T(R�) ¼ �τKq(R), (56)

where

q(R) ¼ �κ1
dT(R�)

dr
¼ �κ0

dT(Rþ)
dr

: (57)

These four interface conditions allow for the computation of
the four unknown coefficients M0, N0, M1, and N1. They can
indeed be recast into the inhomogeneous linear system

A

M0

N0

M1

N1

0
BB@

1
CCA ¼

Q1
iωρ1Cv1

0
0

� α1B1Q1
iωρ1Cv1

0
BB@

1
CCA, (58)

with the matrix A defined as

A ¼
s0(ϑ0T ) s0(ϑ0A) �‘1(ϑ1T ) �‘1(ϑ1A)
g0(ϑ0T ) g0(ϑ0A) �g1(ϑ1T ) �g1(ϑ1A)
h0(ϑ0T) h0(ϑ0A) �h1(ϑ1T) �h1(ϑ1A)
f0(ϑ0T) f0(ϑ0A) �f1(ϑ1T) �f1(ϑ1A)

0
BB@

1
CCA, (59)

where to compact the notation we introduced the following func-
tions:

s0(ϑ) ¼ ‘0(ϑ)þ τKg0(ϑ), (60)

‘0(ϑ) ¼ eþϑr

r
, g0(ϑ) ¼ �κ0

eþϑr

r2
(ϑr � 1), (61)

h0(ϑ) ¼ Lα
0 þLβ

0ϑ
2

� 	 eþϑr

r2
(ϑr � 1), (62)

f0(ϑ) ¼ eþϑr � α0B0

r
þ 1
r3

ξ0 þ 2η0 þ
B0

iω

� ��

� Lα
0 þLβ

0ϑ
2

� 	
ϑ2r2 � 2ϑr þ 2
� �

þ 2
r3

ξ0 þ
B0

iω

� �
Lα

0 þLβ
0ϑ

2
� 	

(ϑr � 1)

�
, (63)

for the fluid phase, and

‘1(ϑ) ¼ sinh ϑrð Þ
r

, (64)

g1(ϑ) ¼ �κ1
ϑr cosh ϑrð Þ � sinh ϑrð Þ

r2
, (65)
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h1(ϑ) ¼ Lα
1 þLβ

1ϑ
2

� 	ϑr cosh ϑrð Þ � sinh ϑrð Þ
r2

, (66)

f1(ϑ) ¼ �α1B1
sinh ϑrð Þ

r
þ 2 ξ1 þ

λ1
iω

� ��

� Lα
1 þLβ

1ϑ
2

� 	ϑr cosh ϑrð Þ � sinh ϑrð Þ
r3

þ ξ1 þ 2η1 þ
λ1 þ 2μ1

iω

� �
Lα

1 þLβ
1ϑ

2
� 	

� (ϑ2r2 þ 2) sinh ϑrð Þ � 2ϑr cosh ϑrð Þ
r3

�
, (67)

for the solid phase. The linear system of equations defined in
Eq. (58) can obviously be solved numerically very easily using
classic linear algebra procedures for each frequency value.

VI. THERMOACOUSTIC BEHAVIOR OF GOLD
PARTICLES IN WATER

In this section, we build upon the results obtained previously,
which we briefly recapitulate here. In particular, we have derived
the exact solution for the four fundamental physical fields—veloc-
ity, force, temperature, and heat flux—in a spherical geometry,
both for the solid particle and for the surrounding fluid. These
solutions are now coupled through the boundary conditions in
order to investigate the dynamics of a spherical particle immersed
in a fluid. The two analytical solutions previously obtained allow us
to treat separately the two limiting configurations: (i) vanishing
thermal expansion in the fluid (α0 ¼ 0) and (ii) vanishing thermal
expansion in the solid (α1 ¼ 0). These limiting cases provide a
natural decomposition of the fully coupled thermomechanical
problem. It is important to recall that the general solution for each
physical field is constructed as the superposition of these two par-
ticular solutions. This superposition principle follows from the
linear structure of the governing equations under the adopted
approximation scheme and enables a transparent interpretation of
the respective contributions of solid and fluid thermal expansion.

We consider the thermoacoustic fields generated by a uniform
time-harmonic thermal source (laser) applied to a spherical golden
particle embedded in a water fluid matrix (see Fig. 1, right panel).
For gold and water, we adopted the parameters reported in Table I,
obtained from the literature.68,108–112 In addition, we have
considered a spherical particle with radius in the range
R ¼ 50�300 nm and an interface thermal resistance in the range
τK ¼ 10�9�10�6 m2 K/W.101–103

The parameters for the gold particle reported in Table I refer
to bulk gold. It is important to note that these parameters may
undergo changes at the nanometric level due to scale effects. For
example, Young’s modulus is typically observed to decrease as par-
ticle size is reduced while thermal expansion coefficient increases
with the decrease in the size of nanomaterials.113–115 However,
these behaviors vary greatly from case to case, and therefore, there
are no definitive laws that are universally accepted.116 Typically,
these variations are only relevant at sizes smaller than a few tens of
nanometers and can, therefore, be neglected, at least as a first

approximation, for particles of biomedical interest. Some experi-
ments on nanoparticle elastic vibrations have even highlighted the
absence of scale effects down to the nanometer scale.117,118

A comment is warranted regarding the assumption of a homo-
geneous power density Q1 when the heat is delivered to the nano-
particle by a laser beam. This assumption may appear questionable
for nanoparticles whose linear dimensions significantly exceed the
optical penetration depth within the material (on the order of a few
tens of nanometers for visible wavelengths). However, for nanopar-
ticle sizes of practical relevance, this issue can be neglected, since
both diffusive and hot electrons119–121 contribute to homogenizing
the absorbed power density Q1 throughout the particle on a time
scale shorter than the mechanical and thermal dynamical time
scales associated with the generation of the pressure wave in water.

In Fig. 2, we represent the generated acoustic pressure as a
function of the frequency for four different values of the Kapitza
resistances τK ¼ 10�9, 10�8, 10�7, and 10�6 m2 K/W [panels (a)–(d)].
In each plot, we have represented three different curves defined as
follows. The black curves represent the total pressure generated
within the system. The red curves represent the pressure generated
by the thermophone mechanism, obtained by setting to zero the
thermal expansion coefficient of the solid (α1 ¼ 0). So doing, the
acoustic waves in the fluid come solely from thermal compression
and expansion within the fluid itself. The blue curves represent the
pressure generated by the mechanophone mechanism. In this case,
the thermal expansion coefficient of the fluid is set to zero
(α0 ¼ 0), allowing the generation of acoustic waves only through
the size modulation of the particle. Of course, the sum of each red
curve and blue curve gives the black curve as a result. Importantly,
we observe that the Kapitza resistance is able to shift the crossover
between the thermophone and mechanophone mechanisms. The
thermophone behavior (red lines) is the dominant term at low fre-
quencies, whereas the mechanophone (blue lines) is dominant at
higher frequencies. Indeed, the heat flow decreases with increasing
Kapitza resistance.

Kapitza’s resistance can be modified by appropriately func-
tionalizing the particle surface.103,122,123 Specifically, increasing the
Kapitza resistance reduces the heat flux transferred to the fluid,
thereby limiting the temperature rise in the surrounding medium,
while the mechanophone contribution—being primarily driven by
elastic coupling—remains operative. This configuration may be

TABLE I. Physical properties of water and gold, used in the thermoacoustic model
(measured at room temperature).68,108–112

Water Gold

ρ0 = 103 kg/m3 ρ1 = 19.32 × 103 kg/m3

α0 = 3.03 × 10−4 1/K α1 = 0.42 × 10−4 1/K
Cp0 = 4400 J/(kg K) Cp1 = 130 J/(kg K)
κ0 = 0.607W/(m K) κ1 = 310W/(m K)
η0 = 0.894 × 10−3 Pa s η1≃ 0 Pa s
ξ0 = 1.5 × 10−3 Pa s ξ1≃ 0 Pa s
B0 = 2.15 × 109 Pa B1 = 178 × 109 Pa
μ0≃ 0 Pa μ1 = 27 × 109 Pa
λ0 = 2.15 × 109 Pa λ1 = 160 × 109 Pa
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FIG. 2. Pressure–frequency response for
the gold–water system with different
values of the Kapitza resistance between
the two phases. The four plots exhibit the
shift of the crossover between thermo-
phone and mechanophone behavior. The
interfacial thermal resistance does not
affect the resonance frequencies (more-
over, the thermophone resonances
change the sign with different values of
τK ). We adopted the radius R ¼ 300 nm
and the Kapitza resistances τK ¼ 10�9,
10�8, 10�7, and 10�6 m2 K/W corre-
sponding to panels (a), (b), (c), and (d),
respectively. The fields are measured at
the distance R þ 5Lth, where
Lth ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ0=(ωρ0Cp0)

p ¼ 0:16 μm is
the thermal length at ω ¼ 10 MHz (the
smallest frequency adopted).
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advantageous in diagnostic applications, where minimizing fluid
heating is desirable. Conversely, in therapeutic applications where
local temperature elevation is required, lower interfacial resistances
promote stronger thermal transfer to the fluid and are therefore
acceptable or even preferable.

To better explain this shift, we observe that the thermophone
mechanism becomes negligible at high frequencies since the pene-
tration length of the thermal wave in the fluid follows the approxi-
mated expression Lth ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ0=(ωρ0Cp0)

p
, decreasing as 1=

ffiffiffi
ω

p
.

The region identified by R , r , Rþ nLth (with n ¼ 3 or 5
depending on the considered approximation) is the active domain,
where the thermophone effect generates the acoustic wave.
Therefore, for high frequencies, Lth becomes very small, and the
thermophone mechanism is strongly reduced. In this high-
frequency region, the mechanophone mechanism (based on a
piston effect or dilation and compression of the solid particle)
becomes dominant. Note that at extremely high frequencies, even
the mechanophone mechanism is reduced, and this is due to the
viscosity of the fluid, as described below. Please note that the fields
represented in Fig. 2 are measured at the distance Rþ 5Lth, where
ω ¼ 10MHz (the smallest frequency adopted, i.e., the largest Lth),
and therefore outside the active region in any case. This means that
the pressure values represented are significant from an acoustic
point of view because they are measured far from the region of
generation.

For completeness, Fig. 3 shows the three-dimensional diagram
of pressure as a function of frequency and measurement position of
the acoustic field. It can be seen that as the frequency increases, the
fields are increasingly localized near the fluid–solid interface due to
the dissipation phenomena described below.

In Figs. 2 and 3, we also observe that for high frequencies, the
pressure–frequency response exhibits resonance peaks (correspond-
ing to the reflections of the elastic wave inside the particle).
Therefore, we can identify a sub-resonance and a resonance regime.

It is worth noting that small peaks are also observed in the
purely thermophone response (red curves in Fig. 2). In order to
isolate this contribution, we set the thermal expansion coefficient
of the solid particle equal to zero. Under this assumption, the

particle does not undergo thermally induced volumetric deforma-
tion, while remaining fully elastically deformable. Although
thermal expansion within the particle is suppressed, thermoacoustic
waves are still generated in the surrounding fluid. These elastic
waves exert a mechanical action on the particle surface, thereby
inducing spherical elastic waves within the solid. When the fre-
quency of the induced elastic waves approaches the characteristic
resonance frequencies of the particle, distinct peaks appear in the
response. Depending on the specific set of physical parameters,
these features may correspond either to resonances or to anti-
resonances. Indeed, parameters modify the fluid–solid coupling so
that the same mode may appear either as an enhanced (resonance)
or a suppressed (anti-resonance) response.

The resonance peaks depend on the size of the spherical parti-
cle. Indeed, to better understand this resonance behavior, in Fig. 4,
we plot the total pressure (thermophone plus mechanophone) vs
the frequency for different particle radii R ¼ 50, 75, 100,
150, 225, and 300 nm and different values of the Kapitza resis-
tances τK ¼ 10�9 and 10�7 m2 K/W [panels (a) and (b)]. We
observe effectively that the resonance frequencies are dependent on
the particle radius. In particular, we see that the first frequency res-
onance (highlighted by a dot) increases with a decreasing radius.
This behavior is described by the general relation
f1,res ¼ C=(2πR)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(λ1 þ 2μ1)=ρ1

p
, where C is a constant parame-

ter.124,125 It is straightforward to verify that the represented dots
follow this 1=R dependence exactly.

Furthermore, in Fig. 4, we observe that the pressure intensity
at the first resonance peak decreases as the radius decreases.
Consequently, it is interesting to note that there is a particle radius
below which this peak no longer represents the global maximum of
the pressure curve. We note that a radius of 300 nm has been
selected for most of the plots in order to illustrate more clearly the
behavior in the resonance region. In many practical applications,
the particle size is smaller—typically on the order of a few tens of
nanometers—but in such cases, it becomes significantly more chal-
lenging to disentangle and discuss all aspects of the system’s
physics, particularly at high frequencies. It should also be recalled
that the behavior of water in the ultrahigh-frequency regime is
extremely complex and not yet fully understood.126–130 For this
reason, we have represented the frequency diagrams with a
maximum frequency of around 1012 rad/s.

To further understand the thermoacoustic behavior of the par-
ticle, we represent in Fig. 5 some acoustic parameters that describe
the propagation inside and outside the particle itself. In panel (a),
we show the acoustic Lac ¼ �1=Re(ϑ0A) and thermal
Lth ¼ �1=Re(ϑ0T ) penetration lengths in the fluid phase. In panel
(b), we show the acoustic λac ¼ �2π=Im(ϑ1A) and thermal
λth ¼ �2π=Im(ϑ1T ) wavelengths within the solid particle. All these
parameters are represented vs the frequency ω. We also added a
dashed line corresponding to the radius R ¼ 300 nm, for the sake
of comparison. We recall here the approximate expression for the
acoustic characteristic length63

Lac ¼ 2C3
0

ω2

1
ξ0þ2η0

ρ0
þ Cp0

Cv0
� 1

� 	
κ0

ρ0Cp0

, (68)

where C0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(B0=ρ0)(Cp0=Cv0)

p
is the sound speed in the fluid

FIG. 3. Total pressure as a function of frequency ω and measurement position
r . We adopted the parameters of gold and water with a thermal resistance
τK ¼ 10�8 m2 K/W. Moreover, we considered a particle of radius R ¼ 300 nm
and R , r , 2 μm. Please note that the frequency axis is inverted with respect
to Fig. 2 to improve the graphical representation.
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phase, and the previously mentioned approximated expression
Lth ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ0=(ωρ0Cp0)

p
for the thermal characteristic length. In

Fig. 5 [panel (a)], we can see that the Lac curve follows the 1=ω2

trend, and the Lth curve follows the 1=
ffiffiffi
ω

p
trend, in agreement

with previous expressions. The physics of these curves can be sum-
marized as follows. The penetration depth of the acoustic wave Lac

describes the dissipation phenomena of the process (thermal

conduction and fluid viscosity) and therefore the decrease of the
acoustic wave as it progresses through the fluid medium. It can be
seen that this decrease is practically negligible at low frequencies
but becomes very important at high frequencies (trend 1=ω2),
where the propagation length becomes comparable to the particle
radius. We have already discussed the thermal penetration length
Lth and observed here that it is always less than the particle radius

FIG. 4. Pressure–frequency response for the gold–water system with different particle sizes and values of the Kapitza resistance between the two phases. A larger radius
gives larger resonance peaks at lower frequencies. In addition, there is a critical radius below which the first resonance peak is no longer the absolute maximum. We
adopted the radius values R ¼ 50 (blue), R ¼ 75 (yellow), R ¼ 100 (green), 150 (light purple), 225 (red), and 300 (dark purple) nm, and the Kapitza resistances
τK ¼ 10�9, 10�7 m2 K/W from the top [panel (a)] to the bottom [panel (b)]. The fields are measured at the distance R þ 5Lth, where
Lth ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ0=(ωρ0Cp0)

p ¼ 0:16 μm is the thermal length at ω ¼ 10 MHz (the smallest frequency adopted).
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(in the gold–water system). Furthermore, we can see that this
parameter decreases with frequency (trend 1=

ffiffiffi
ω

p
), driving the tran-

sition between the thermophone and mechanophone mechanisms.
Concerning panel (b) of Fig. 5, a simple approximation leads

to the expressions λth ¼ 2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ1=(ωρ1Cp1)

p
and

λac ¼ 2π=ω
ffiffiffiffiffiffiffiffiffiffiffiffi
B1=ρ1

p
, whose frequency trends (1=

ffiffiffi
ω

p
and 1=ω,

respectively) correspond perfectly to the curves shown. The
thermal wavelength λth is much larger than the particle radius at
low frequencies and becomes comparable to it only in the high-
frequency regime. Consequently, at low frequencies, the tempera-
ture and the associated heat flux remain nearly spatially uniform
within the particle. As the frequency increases and λth approaches
the particle size, increasingly pronounced spatial gradients develop
inside the particle. A similar scaling behavior characterizes the
acoustic wavelength λac, which likewise decreases with increasing
frequency. When it becomes comparable to the particle radius,
standing-wave conditions can be established, thereby accounting
for the appearance of high-frequency resonance peaks.

These concepts can be easily understood by observing the var-
iation in thermoacoustic fields as the radius varies for a fixed fre-
quency. In Fig. 6, we find the evolution of the four main
thermoacoustic fields (temperature, thermal flux, velocity, and pres-
sure) vs the radius of the system in the subresonance frequency
region. Similarly, in Fig. 7, we show the fields vs the radius of the
system in the resonance frequency region. In Fig. 6, we adopted the
frequencies ω ¼ 107, 108, 109, and 1010 rad/s, and in Fig. 7, the
values ω ¼ 5� 1010, 10� 1010, 15� 1010, and 20� 1010 rad/s. In
both figures, we have used a radius of 300 nm and the Kapitza
resistances τK ¼ 10�7 m2 K/W.

The first interesting point is that in both Figs. 6 and 7, in the
temperature plot, we can identify the jump at the solid–fluid inter-
face corresponding to the Kapitza resistance. Moreover, the (quite
constant) temperature within the solid is decreasing with an

increasing frequency of the supplied energy. This behavior is
explained by the last term in Eq. (43), describing the dynamic
effect of thermal capacity. Indeed, at high frequencies, the particle’s
energy absorption cannot follow the rapid temporal variations of
the source.

In Figs. 6 and 7, the temperature and heat flux plots, outside
the particle, show that the thermal effects penetrate the fluid with a
characteristic length Lth, inversely proportional to the square root
of ω. This result can also be compared with the behavior of Lth vs
ω, represented in panel (a) of Fig. 5. Once again, this variation is at
the origin of the transition between the thermophone and mecha-
nophone mechanisms.

In Fig. 6, we can also observe the behavior of the mechani-
cal fields outside the particle. It is important to remark that the
acoustic propagation length Lac is much larger than the thermal
propagation length Lth (at least in the low frequency regime, see
Fig. 5), and therefore, in the velocity and pressure plots, we see
long range acoustic fields. Of course, if the distance from the
spherical particle is very large, the dissipative phenomena (heat
conduction and viscosity) lead to a decreasing trend of these
mechanical fields.

The velocity curves in Fig. 6 describe an intricate non-
monotonic behavior (in terms of frequency), which can be
explained as follows. A key point is the interplay between the
thermal penetration depth Lth ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ0=(ωρ0Cp0)

p
, which charac-

terizes the region where thermoacoustic conversion effectively takes
place, and the acoustic wavelength in the fluid λ0 ¼ 2πC0

ω , where
C0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(B0=ρ0)(Cp0=Cv0)

p
is the adiabatic sound speed in the same

phase. On the one hand, thermoacoustic generation becomes less
efficient as the frequency increases, since the active thermal region
shrinks according to Lth � 1=

ffiffiffi
ω

p
. This reduction limits the effec-

tive volume contributing to pressure generation. On the other
hand, the ratio between the thermal depth and the acoustic

FIG. 5. Panel (a): acoustic Lac ¼ �1=Re(ϑ0A) and thermal Lth ¼ �1=Re(ϑ0T ) penetration lengths in the fluid phase. Panel (b): acoustic λac ¼ �2π=Im(ϑ1A) and
thermal λth ¼ �2π=Im(ϑ1T ) wavelengths within the solid particle. The dashed line corresponding to the radius R ¼ 300 nm has been added to the plots for the sake of
comparison.
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wavelength scales as Lth=λ0 �
ffiffiffi
ω

p
so that the thermal source

occupies an increasingly significant fraction of the acoustic wave-
length as frequency grows. This effect enhances the dynamical cou-
pling between thermal expansion and acoustic radiation. The
competition between these two trends naturally leads to the non-
monotonic behavior observed in the particle velocity in the near
field. At larger radial distances (not shown in the figure), the
behavior becomes asymptotically simpler. In the absence of strong
dissipative effects, one recovers the scaling v � ω, consistent with
the harmonic relation v ¼ iωu, where u is the displacement ampli-
tude. However, at sufficiently high frequencies, this asymptotic
trend is progressively modified by viscous and thermal dissipation,
which damp the fluid motion and reduce the velocity amplitude.
The combined action of geometric features, frequency-dependent
thermal penetration, and dissipative mechanisms thus accounts for
the apparent complexity of the velocity curves.

In Fig. 7, we show the behavior of the thermoacoustic fields in
the resonance region. In this case, both the thermal and acoustic
propagation lengths are very small, and therefore, all the thermoa-
coustic fields decay exponentially near the solid–fluid interface.
These decreasing trends are governed by the length Lth for the
temperature and heat flux fields and by Lac for the velocity and
normal traction fields.

In these plots, the behavior at the interface appears rather
intricate, as the solution must simultaneously satisfy all boundary
conditions while remaining consistent with the internal resonant
structure of the system. This necessarily leads to a nontrivial fre-
quency dependence of the fields in the vicinity of the interface.
Despite this apparent complexity, the boundary conditions are fully
satisfied: All fields remain continuous across the interface, with the
sole exception of the temperature, which exhibits the expected dis-
continuity induced by the finite interfacial thermal resistance.

FIG. 6. Spatial distribution of the thermoacoustic fields in the sub-resonance frequency region (ω ¼ 107, 108, 108, 1010 rad/s). Temperature T (a), heat flux q (b), velocity
v (c), and total normal traction ~p (d) are represented as a function of radial position r . Fields are normalized with respect to the supplied thermal power density Q1 and
given in a logarithmic scale. We adopted the radius R ¼ 300 nm and Kapitza resistances τK ¼ 10�7 m2 K/W.
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Moreover, the increasing slope of the curves in the fluid region at
higher frequencies clearly reflects the progressive spatial attenuation
of the fields. In particular, as the frequency increases, the exponen-
tial spatial decay becomes more pronounced, leading to stronger
localization of all quantities near the interface.

In this high frequency range (resonance regime), the thermoa-
coustic fields shown in Fig. 7 exhibit large oscillations (pronounced
spatial gradients) within the solid particle since the wavelength is of
the same order of magnitude as the particle radius. For the chosen
frequencies, it is possible to identify an increasing number of oscil-
lations (from 1 to 4) within the particle. This behavior can be
better understood by observing the plot of the acoustic and thermal
wavelengths in the solid gold particle, as reported in Fig. 5 [panel
(b)]. It can be seen here that these wavelengths are effectively com-
parable to or smaller than the radius of the particle in the reso-
nance region.

To conclude the description of the system’s behavior, Fig. 8
shows the effect of viscosity on thermoacoustic generation, bearing
in mind that viscosity is often neglected in this type of analysis.
Panel (a) shows the frequency response for four different viscosity
values. We consider a fluid with no viscosity (black curve), a fluid
with the viscosity of water (red curve), and two cases in which the
viscosity is one-third (green curve) and three times (blue curve)
that of water. Please note that the pressure in these plots, as before,
is measured at the distance Rþ 5Lth, where Lth is the thermal
length (ω ¼ 10MHz is fixed to determine Lth). It is clear that at
high frequencies, acoustic generation is degraded more significantly
as viscosity increases (once the measurement position has been
set). This behavior is explained by Eq. (68), which describes the
variation in the acoustic penetration Lac as a function of frequency
and the two sources of dissipation, namely, viscosity and thermal
conduction. In this expression, it is easy to see that Lac decreases

FIG. 7. Spatial distribution of the thermoacoustic fields in the resonance frequency region (ω ¼ 5� 1010, 10� 1010, 15� 1010, 20� 1010 rad/s). Temperature T (a),
heat flux q (b), velocity v (c), and total normal traction ~p (d) are represented as a function of radial position r . Fields are normalized with respect to the supplied thermal
power density Q1 and given in a logarithmic scale. We adopted the radius R ¼ 300 nm and Kapitza resistances τK ¼ 10�7 m2 K/W.
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FIG. 8. Effect of the viscosity on the thermoacoustic generation. Panel (a): pressure–frequency response for the system with different values of the viscosity (a case
without viscosity, a case with the viscosity of water, and two cases with the viscosity of water divided and multiplied by 3). The fields are measured at the distance
R þ 5Lth , where Lth ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ0=(ωρ0Cp0)

p
is the thermal length calculated for ω ¼ 10 MHz. Panel (b): spatial distribution (over the range 0 , r , R þ 50R) of the nor-

malized pressure for different values of the viscosity and two values of frequency ω ¼ 108 and ω ¼ 1010 rad/s (sub-resonance region). Panel (c): spatial distribution (over
the range 0 , r , R þ 50R) of the normalized pressure for different values of the viscosity and one value of frequency ω ¼ 1011 rad/s (resonance region). In all plots,
we adopted the radius R ¼ 300 nm, and the Kapitza resistances τK ¼ 10�7 m2 K/W.
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with both frequency and viscosity, consistent with what can be
observed in Fig. 8 [panel (a)].

In panels (b) and (c) of Fig. 8, we show the spatial variation of
pressure with different viscosities and frequencies. In particular,
panel (b) considers the sub-resonance frequencies ω ¼ 108 rad/s
and ω ¼ 1010 rad/s and panel (c) considers the frequency
ω ¼ 1011 rad/s in the resonance region.

In panel (b), for the curves corresponding to ω ¼ 1010 rad/s, it
can be seen that the pressure decreases more rapidly as the measur-
ing distance increases when the viscosity is higher. We also observe
that for the lower frequency ω ¼ 108 rad/s, this phenomenon
cannot be observed because the frequency is not high enough, and
therefore, the curves with different viscosities overlap in the dis-
tance range considered (deviations can only be observed at larger
distances). In panel (c), we see that at even higher frequencies, the
decrease in pressure is even stronger and amplified by higher vis-
cosity values. Furthermore, at these frequencies, pressure oscilla-
tions are also observed inside the sphere, typical of the resonance
region.

In conclusion, we can say that fluid viscosity plays an essential
role in determining the penetration length of the acoustic wave
generated by the photothermal effect. If we consider the viscosity
of water, this penetration length can vary from a few meters at low
frequencies to just a few nanometers at high frequencies. As we
have just seen, these values can vary with the viscosity of the
medium, and this observation is therefore particularly important
for therapeutic or diagnostic applications where a localized effect of
the waves used is desired.

VII. CONCLUSIONS

In this work, we have developed a theoretical framework for
the thermoacoustic emission generated by a single laser-heated
solid particle embedded in a viscous fluid environment, with refer-
ence to the wide range of photoacoustic applications. By solving
the fully coupled thermoelastic and thermoacoustic field equations
in both phases and by incorporating the effect of interfacial
thermal resistance, we obtained an analytical description of the
temperature, heat flux, velocity, and pressure distributions that
emerge under harmonic excitation. This formulation provides a
unified perspective on the interplay between heat diffusion, thermal
expansion, and elastic stress generation at mesoscopic and nano-
scopic scales. No approximations were introduced at the level of
the continuum model. In particular, the viscosity of both media
was fully accounted for, and the effects of fluid viscosity, in particu-
lar, have been studied in great detail to show how this viscosity
strongly modifies the acoustic penetration length in the fluid itself.
Moreover, the formulation incorporates not only the influence of
thermal fields on mechanical behavior but also the reciprocal effect
of mechanical deformations on heat transport—an aspect that is
often neglected in standard theoretical treatments. The model is
easy to implement numerically and can therefore be readily
exploited for biomedical and other applications. We would like to
point out that the work is based on the study of frequency response
in a stationary harmonic regime. Nevertheless, the results obtained
are significant in photoacoustics for studying the temporal response
to a given laser pulse by adopting classical techniques based on

Fourier series or Fourier transforms. When viewed in the frequency
domain, pulsed laser excitation provides access to a broad spectral
content, enabling the generation of hypersonic acoustic modes only
when ultrashort pulses are employed. In this regime, which far
exceeds that of nanosecond excitation, viscous dissipation in the
fluid becomes a dominant factor shaping the acoustic response,
highlighting the need to explicitly account for dissipative effects in
high-frequency thermoacoustic modeling.

Our analysis demonstrates that two distinct physical mecha-
nisms—the thermophone and the mechanophone—govern acoustic
emission depending on the frequency regime. At low modulation
frequencies, thermal diffusion in the fluid dominates, giving rise to
pressure oscillations driven primarily by the periodic heating and
cooling of the surrounding medium. At high frequencies, however,
thermal penetration depths become small and thermoelastic defor-
mations within the solid become the leading source of acoustic
radiation. By selectively suppressing either the solid or the fluid
thermal expansion coefficient, we isolated the individual contribu-
tions of these two mechanisms, thereby clarifying their roles and
identifying the frequency range in which each one prevails.

The general solution presented here also highlights the crucial
influence of the Kapitza interfacial resistance. By controlling the
rate of heat exchange between the particle and the fluid, interfacial
resistance shifts the frequency crossover between the thermophone-
and mechanophone-dominated regimes, with potentially important
consequences for the design of nanoscale photoacoustic sources.
Because the Kapitza resistance can be modulated through material
choice, surface chemistry, or functionalization, it represents an
accessible and powerful tuning parameter for optimizing device
performance.

Beyond mapping the thermophone–mechanophone transition,
the analytical framework developed in this study allows for the pre-
diction of resonance frequencies in the high-frequency regime,
where the particle’s intrinsic elastic modes significantly enhance
the generated acoustic field. These resonances, and their sensitivity
to particle radius and material parameters, offer further opportuni-
ties for tailoring acoustic response for specific applications.
Another crucial aspect is the interaction between the applied fre-
quency (or pulse duration) and the fluid viscosity, which deter-
mines the length of acoustic penetration into the fluid and
therefore implicitly controls the therapeutic and diagnostic func-
tions of the system under examination.

In the present work, we have restricted the analysis to a single
spherical particle in order to isolate the fundamental thermoacous-
tic mechanisms and to derive an exact analytical solution of the
coupled problem. This approach allows us to clearly disentangle
the interplay between thermal diffusion, elastic response, and
acoustic radiation, without additional collective effects.
Nevertheless, the proposed framework can be extended to a popu-
lation of particles in a natural way (see Fig. 1, left panel). In the
dilute regime, where the interparticle distance is large compared to
both the thermal diffusion length and the acoustic wavelength,
thermal overlap and multiple-scattering effects remain negligible.
Under these conditions, owing to the linearity of the governing
equations, the overall response of the suspension can be approxi-
mated as the linear superposition of the fields generated by the
individual particles. Accordingly, within the limits of weak
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interparticle coupling (low volume fraction and negligible multiple
scattering), the single-particle solution derived here constitutes the
fundamental building block for describing dispersed systems. Only
at higher concentrations, where collective thermal or acoustic inter-
actions become significant, would a more refined effective-medium
or multiple-scattering description be required.

Overall, the present work provides a rigorous foundation for
understanding photo-thermo-acoustic generation from laser-
activated particles, bridging thermal, mechanical, and acoustic per-
spectives into a single coherent model. The resulting insights can
inform the rational design of broadband nanotransducers and
enable more efficient exploitation of photo-thermo-acoustic phe-
nomena in emerging biomedical and technological applications,
including localized imaging, targeted hyperthermia, and multifunc-
tional theranostic systems.
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APPENDIX: DIFFERENTIAL OPERATORS UNDER
SPHERICAL SYMMETRY

If a scalar function (e.g., the pressure p) is characterized by a
spherical symmetry p ¼ p(r), the gradient operator simplifies as
follows:

~∇p ¼ @p
@xi

~ei ¼ dp
dr

@r
@xi

~ei ¼ xi
r
dp
dr
~ei ¼~r

r
dp
dr

, (A1)

where ~e1, ~e2, and ~e3 are the unit vectors along the axes of the
orthogonal frame, ~r ¼ (x1, x2, x3) ¼ xi~ei and r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x21 þ x22 þ x23
p

.

We can also determine the Laplacian operator as

∇2p ¼ @

@xi

@

@xi
p ¼ @

@xi

xi
r
dp
dr

� �
¼ 1

r2
d
dr

r2
dp
dr

� �
: (A2)

If a vector field (e.g., the velocity field) exhibits spherical sym-
metry, it can be written as

~v ¼~r
r
v(r), vi ¼ xi

r
v(r): (A3)

The following derivative (without summation over i)

@vi
@xi

¼ v
r
þ x2i

r2
dv
dr

� v
x2i
r3

(A4)

is useful to obtain the simplified divergence operator

~∇ �~v ¼ 2
v
r
þ dv

dr
¼ 1

r2
d
dr

r2v
� �

: (A5)

We can also define the Laplacian of~v as

∇2~v ¼ ∇2 ~r
r
v

� �
(A6)

or in components

∇2~v
� �

j¼
@

@xi

@

@xi

xj
r
v

� 	� �
, (A7)

with summation over i. By performing the derivatives, we get

∇2~v
� �

j ¼
@

@xi
δij

v
r
þ xixj

r2
dv
dr

� xixj
v
r3

� �
¼ xj

r
d2v
dr2

þ 2
r
dv
dr

� 2
v
r2

� �
,

(A8)

and therefore,

∇2~v ¼~r
r

d2v
dr2

þ 2
r
dv
dr

� 2
v
r2

� �
¼~r

r
d
dr

1
r2

d
dr

r2v
� �� �

: (A9)

Similarly, we can also calculate the gradient of the divergence as

~∇ ~∇ �~v� � ¼ ~∇ 2
v
r
þ dv

dr

� �
, (A10)

from which an arbitrary component is given by

~∇ ~∇ �~v� �� �
i ¼

@

@xi
2
v
r
þ dv

dr

� �
¼ xi

r
d2v
dr2

þ 2
r
dv
dr

� 2
v
r2

� �
, (A11)

and therefore with spherical symmetry

~∇ ~∇ �~v� � ¼ ∇2~v ¼~r
r
d
dr

1
r2

d
dr

r2v
� �� �

: (A12)
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