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A material composed of a mixture of distinct homogeneous media can be considered as a
homogeneous one at a sufficiently large observation scale. In this work, the problem of
the elastic mixture characterization is solved in the case of linear random mixtures, that
is, materials for which the various components are isotropic, linear, and mixed together
as an ensemble of particles having completely random shapes and positions. The proposed solution of this problem has been obtained in terms of the elastic properties of each
constituent and of the stoichiometric coefficients. In other words, we have explicitly given
the features of the micro-macro transition for a random mixture of elastic material. This
result, in a large number of limiting cases, reduces to various analytical expressions that
appear in earlier literature. Moreover, some comparisons with the similar problem concerning the electric characterization of random mixtures have been drawn. The specific
analysis of porous random materials has been performed and largely discussed. Such an
analysis leads to the evaluation of the percolation threshold, to the determination of the
convergence properties of Poisson’s ratio, and to good agreements with experimental
data. 关DOI: 10.1115/1.2400282兴
Keywords: heterogeneous media, random mixtures, elastic moduli homogenization

Introduction
A widely dealt-with topic concerning the physical behavior of
heterogeneous materials 共mixtures兲 is that of calculating their
elastic moduli starting from the knowledge of the moduli of each
medium composing the mixture as well as of the structural properties of the mixture itself 共percentage of each medium, shapes
and relative positions of the single parts of the various media兲
关1,2兴. Clearly, it concerns isotropic linear media, which combine
to form linear mixtures. We find in the literature a large number of
exact and approximate analytical expressions for the effective
moduli of composed media as a function of the moduli of their
homogeneous constituents and some stoichiometric parameters.
At present, it is well known the details of the micro-geometry play
a crucial role in determining the overall properties, particularly
when the crystalline grains have highly anisotropic behavior or
when there is a large difference in the properties of the constituent
materials. Therefore, the elastic 共thermal, electrical, and so on兲
properties of composite materials are strongly microstructure dependent. So, each approximate analytical expression, which appears in the literature, yields accurate predictions only for a particular kind of microstructure of the heterogeneous material. The
most frequently analyzed elastic mixture theory regards a composite material formed by spherical inclusions embedded in a solid
matrix. The related results have been reported by several authors
共see, for example, Refs. 关1,3兴兲. Furthermore, the differential approach has been used to adapt this theory to higher volume fraction of the embedded inclusions 关4–6兴. Recent developments in
the vast field of the homogenization in composite materials can be
found in Ref. 关7兴. This work is devoted to an investigation on the
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linear random mixtures 共perfectly random microstructure兲.
Roughly speaking, a random 共or statistical兲 mixture is a material
composed of little particles, having completely haphazard sizes,
positions, and shapes; each particle is entirely composed of one of
some given homogeneous isotropic materials. This definition has a
clear intuitive meaning, though it does not withstand an accurate
criticism. In a recent paper 关8兴 the same problem has been addressed for the linear electrical conductivity and a generalization
to nonlinear electrical mixtures has been made. In such a work, in
the linear case, the authors dealt with random mixtures composed
of N homogeneous media, having volume fractions c1, c2 , . . . , cN
共兺ci = 1兲 and conductivities 1, 2 , . . . , N, respectively. They
found an expression of the effective mixture conductivity  in
terms of the above quantities. This result depends on the dimensionality of the mixture. In the three-dimensional case, the equation for the effective conductivity is the following:
1
=
3

N

兺
k=1

ck
k + 2

共1兲

Similarly, for two-dimensional mixture the result is given by:
1
=
2

N

兺
k=1

ck
k+

共2兲

In this paper we study similar relationships, which describe a
random mixture from the elastic point of view. In other words, we
obtain some results, similar to Eq. 共1兲 or 共2兲, that allow us to
estimate the elastic moduli 共or more generally, the stiffness tensor兲
concerning the overall elastic behavior of a linear elastic random
mixture.

From Diluted Dispersions to Random Mixtures
A composite material can be thought of as a heterogeneous
solid continuum that bonds together different homogeneous continua: each part of the media has a well-defined sharp boundary.
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The bonding at the interfaces remains intact in our models when
the whole mixture is placed in an equilibrated state of infinitesimal elastic strain by external loads or constraints. So, the boundary conditions require that both the vector displacement and the
stress tensor be continuous across any interfaces. Each separate
homogeneous region has its characteristic stiffness tensor, which
describes the stress-strain relation. If the materials are linear, isotropic, and homogeneous this relation is given by:
s
Tij = Lijkl
Ekl

s = 1,2, . . . ,N

共3兲

where T is the stress tensor, E is the strain tensor, and L is the
constant stiffness tensor, which depends on the medium considered 共s = 1 , 2 , . . . , N with N different phases兲. For isotropic media
the latter is written, for example in terms of bulk modulus and
shear modulus, as follows:

冉

1
s
Lijkl
= ks␦ij␦kl + 2s ␦ik␦ jl − ␦ij␦kl
3

冊

s = 1,2, . . . ,N

共4兲

where ks and s are the bulk and shear moduli of the sth medium
and ␦nm is the Kronecke delta. For preliminary analysis of tensors
and generic elastic behavior one can see Refs. 关2,9兴.
To solve a mixture problem consists in finding the equivalent
macroscopic stiffness tensor for the whole composite material
and, then, for overall isotropic behavior, this means that we have
to evaluate the equivalent k and  constants.
The most famous and studied elastic mixture theory regards a
composite material formed by spherical inclusions of medium 2
embedded in a solid matrix of medium 1. In this case the theory
can be outlined as follows: first, one has to study the behavior of
a single spherical inclusion inserted in a homogeneous matrix.
This problem has been completely solved by Eshelby 关10兴, who
obtained the following fundamental result: if the strain tensor is
constant in the matrix 共whole three-dimensional space兲 before inserting any inclusion, when we embed a sphere of different material we obtain a constant strain inside the sphere itself. This result
may be generalized to ellipsoidal inclusions and to the computation of the strain field outside the inclusions 关10,11兴. The relation
between the constant strain inside the embedded inclusion and the
constant bulk strain 共in the matrix before the sphere embedding兲,
obtained by Eshelby, allows the characterization of the dilute mixture of spheres in terms of equivalent bulk and shear moduli k and
:
k = k1 +

 = 1 +

41 + 3k1
共k2 − k1兲c + O共c2兲
41 + 3k2

51共41 + 3k1兲共2 − 1兲
c + O共c2兲
1共9k1 + 81兲 + 62共k1 + 21兲

共5兲

This is the exact result for a material composed of a very dilute
concentration of spherical inclusions 共medium 2 with moduli k2
and 2 and volume fraction c dispersed in a solid matrix 共medium
1 with moduli k1 1 and volume fraction 1-c. The result is attributed to numerous authors 关1兴. A similar result holds on for the
two-dimensional case 共circles in the plane兲 关12兴:
k = k1 +

1 + k1
共k2 − k1兲c + O共c2兲
1 + k2

21共1 + k1兲共2 − 1兲
 = 1 +
c + O共c2兲
1共k1 + 2兲 + 2共k1 + 1兲

冏 冏
G
c

冏 冏
F
c

=
c=0

=
c=0

41 + 3k1
共k2 − k1兲
41 + 3k2

51共41 + 3k1兲共2 − 1兲
1共9k1 + 81兲 + 62共k1 + 21兲

共7兲

Similarly, for the two-dimensional case:

共6兲

It should be noted that the bulk modulus k, in Eq. 共6兲, is not the
same as the customarily used three-dimensional bulk modulus;
however, for the problem of generalized plane stress where a thin
plate of uniform thickness is deformed in its own plane, they are
related by the formula: k2D = 93Dk3D / 共43D + 3k3D兲. Moreover,
we remember that the shear modulus has the same definition in
two or three dimensions: 2D = 3D. Throughout this paper we
454 / Vol. 129, JULY 2007

omit the indication 2D or 3D, adopting the convention that k
represents k2D in all two-dimensional relationships. For more explanations one can see, for example, Ref. 关9兴.
The higher orders terms, in the c expansions given in Eqs. 共5兲
and 共6兲, describe the interaction between particles, and so are
negligible in the dilute limit and not necessary for our purposes.
In the sequel, these results will be used to derive some exact
properties of two-phase random mixtures, that is, materials for
which the components are isotropic, linear, and mixed together as
an ensemble of particles having random shapes and positions. We
consider the case of a random mixture 共either two-dimensional or
three-dimensional兲 composed by two media with concentrations
c1 = 1 − c and c2 = c, respectively. We assume by hypothesis that the
only structural information on the mixture is the volume fraction
of the second medium, since either medium is composed of particles completely randomized in size, position, and shape. In this
problem we may not distinguish between the matrix and the inclusions. For example, in a polycrystalline media, each crystal
may be treated as an inclusion embedded in the remaining crystals
and, hence, all crystals have the same significance. So, there is
complete symmetry in treating each crystal as an inclusion. Therefore, the concept of a matrix with embedded inclusions is no
longer relevant. Nevertheless, it is possible to use Eqs. 共5兲 and 共6兲,
in order to find some properties of a random mixture. For such a
mixture we may use relations of this kind for the average moduli:
k = F共k1 , k2 , 1 , 2 , c兲 and  = G共k1 , k2 , 1 , 2 , c兲. Functions F and
G completely define the overall behavior of the random two-phase
mixture and they are, for the moment, unknown in structure. This
statement is actually a definition of random mixture: a mixture
composed by parts so randomized, as stated above, that the only
significant structural information is merely the volume fraction c
of the second medium 1-c for the first medium兲. This definition is
heuristically useful to calculate average parameters, as it is shown
in the sequel. We search for some mathematical properties of
functions F and G, which may be used in the following derivations to find out their complete analytical structure. Let us examine the situation for very low values of c; we may think that a low
value of c is reached when the structure contains only a single
very small element of the second medium embedded in the matrix
of the first medium. In this limiting case, Eqs. 共5兲 and 共6兲, obtained for diluted suspensions of spheres, hold on even for random
mixture: i.e., the very small concentration behavior of functions F
and G must be the same of that exhibited by Eqs. 共5兲 and 共6兲.
More precisely, we think of a single embedded sphere with infinitesimal volume 共or radius兲: this very small sphere represents a
single point defect in the solid matrix and then it describes a
random mixture with a single very small element of the second
medium. Therefore, we may write down the derivatives of the
functions F and G with respect to the volume fraction c, calculated for c = 0. In the three-dimensional case we have:

冏 冏
冏 冏
F
c

G
c

=

c=0

=
c=0

1 + k1
共k2 − k1兲
1 + k2

21共1 + k1兲共2 − 1兲
1共k1 + 2兲 + 2共k1 + 1兲

共8兲

Equations 共7兲 and 共8兲, holding true for two-phase random mixtures, play an essential role in the further development of the
theory. By using these expressions, we may solve the complete
problem of a random mixture composed by N different homogeneous components randomly mixed together to yield an overall
Transactions of the ASME
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isotropic medium. In the sequel, to apply Eqs. 共7兲 and 共8兲, the
significance given to the matrix 共medium 1兲 must be removed.

N

兺
j=1

Elastic Multiphase Random Mixtures

N

This section deals with random mixtures composed of N homogeneous media, having volume fractions c1, c2 , . . . , cN 共兺ci = 1, i
= 1 , . . . , N兲 and moduli 共k1 , 1兲, 共k2 , 2兲 , . . . , 共kN , N兲, respectively. Our aim is to find the expressions of the mixture moduli in
terms of the above quantities. We consider these assumptions on
the statistical composition of the random heterogeneous material:
we subdivide the whole medium in many smaller pieces having
completely random shape and position; each of these parts is homogeneous and has moduli 共k j ,  j兲 with probability c j. The values
of the moduli in a given little piece are statistically independent of
the values assigned in the other pieces. This means, by using the
law of large numbers, that the stoichiometric coefficient of the jth
components is c j. In other words, the density probability of the
values of the elastic moduli in a given piece of material has the
form W共k , 兲 = 兺Nj=1c j␦共k − k j兲␦共 −  j兲, where the k j’s, the  j’s,
and the c j’s are the above defined quantities and ␦共x兲 is the Dirac
delta function: this means that the probability for 共k , 兲 to assume
values in the set 共k , k + dk兲 艛共 ,  + d兲 is exactly W共k , 兲dkd.
These values are statistically independent for different parts of the
whole material. This is the definition of the N-phase elastic random medium used to obtain the following results. Note that all the
constituents have the same significance to define the whole heterogeneous material. It is only the volume fractions that are of
concern.
Now, we are ready to consider a generic mixture with N different media. Each medium, in the generic mixture, has moduli ki
and i and volume concentration ci 共i = 1 , . . . , N兲; k and  are the
equivalent moduli of the mixture. If we add to the mixture a little
volume dc with moduli k j and  j, we create a new heterogeneous
material formed by the original mixture 共moduli k and 兲 and a
volume with moduli k j and  j; this new mixture can be analyzed
considering it as a two-component one; therefore, its moduli, referred to as k⬘j and ⬘j , are given by:

冉
冉

k⬘j = F k,k j, ,  j,

冊
冊

dc
⬵ F共k,k j, ,  j,dc兲
1 + dc

dc
⬘j = G k,k j, ,  j,
⬵ G共k,k j, ,  j,dc兲
1 + dc

N

共9兲

兺
j=1
N

=

兺
j=1

N

k⬘j c j =

冋

兺
j=1
N

=

兺
j=1

j

j

j=1

F共k,k j, ,  j,0兲 +

N

=

兺 F共k,k , ,  ,dc兲c

冏

j

F共k,k j, ,  j,c兲
c

冏 册

dc c j

c=0

N

⬘j c j =

冋

兺 G共k,k , ,  ,dc兲c
j

j=1

G共k,k j, ,  j,0兲 +

j

冏

j

G共k,k j, ,  j,c兲
c

冏 册

dc c j 共10兲

c=0

By using the relations F共k , k j ,  ,  j , 0兲 = k, G共k , k j ,  ,  j , 0兲 = ,
and 兺Nj=1c j = 1, we obtain, after some straightforward calculations:
Journal of Engineering Materials and Technology

j=1

F共k,k j, ,  j,c兲
c

冏

c=0

冏

G共k,k j, ,  j,c兲
c

冏

c=0

cj = 0

共11兲

cj = 0

For three-dimensional random mixture we use Eq. 共7兲 and we
obtain:
N

4 + 3k

兺 4 + 3k 共k − k兲c = 0
j

N

j

j

j=1

5共4 + 3k兲共 j − 兲

兺 共9k + 8兲 + 6 共k + 2兲 c = 0

共12兲

j

j

j=1

Similarly, for two-dimensional random mixtures, by using Eq. 共8兲
we have:
N

+k

兺  + k 共k − k兲c = 0
j

N

j

j

j=1

2共 + k兲共 j − 兲

兺 共k +  兲 +  共k + 兲 c = 0

共13兲

j

j

j=1

j

These results may be rearranged as follows for the threedimensional case:
1
=
3k + 4
1
=
5共3k + 4兲

N

兺 3k + 4
cj

j

j=1

N

兺 3k共2 + 3兲 + 4共2 + 3 兲
cj

j

j=1

共14兲

j

For the two-dimensional case, we obtain:
1
=
k+

This procedure is not new in principle, since it has been used, e.g.,
by Bruggemann 关13兴 for little volumes of the medium added to
the original mixture. Anyway, let us suppose that the procedure of
adding a volume dc is made for each medium 共j = 1 , 2 . . . , N兲, giving a probability c j to the case of moduli 共k j ,  j兲. The average
moduli are clearly the very same k and  of the original mixture,
hence one may state that:
k=

兺

冏

1
=
2共k + 兲

N

兺 k +
cj

j

j=1

N

兺 k共 + 兲 + 2 
j=1

cj

j

共15兲

j

Equations 共14兲 and 共15兲 completely describe the elastic behavior
of a random mixture and allow us a fast determination of the
overall bulk and shear moduli of the overall structure. So, such
expressions represent the explicit relation among the microscopic
properties of the material and the macroscopic ones, which can be
measured on a large region of medium. These are the main results
of this work and, as we show in the following, they collect and
unify many elastic relations that can be found in literature. Moreover, we may observe that each component intervenes in the same
way, to define the whole structure of the formulas, exhibiting the
complete symmetry among the constituents of the random medium. Finally, we may observe that Eqs. 共14兲 and 共15兲 are the
elastic counterpart of the electrical relationships given by Eqs. 共1兲
and 共2兲. A particular case is given by the two-phase random medium: in such case we write down explicit expressions for threeand two-dimensional structures. By using Eq. 共14兲, after some
manipulations, we obtain, for three-dimensional two-phase mixtures, the equivalent shear modulus by means of the following
fourth degree algebraic equation:
324 + ␣3 + ␤2 + ␥ + ␦ = 0

␣ = 12ck2 + 482 + 36k1 − 321 − 12ck1 − 80c2 + 80c1 + 24k2
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␤ = 27k1k2 − 4812 − 48c2k1 + 72c1k1 + 481ck2 − 722ck2
− 361k1 + 242k1 + 362k2 − 241k2

␥ = 182k1k2 − 271k1k2 − 2412k1 − 3612k2 − 1212ck1
+ 1212ck2 − 45c2k1k2 + 45c1k1k2

␦ = − 1812k1k2

共16兲

Once the value of  is computed, this relation directly gives the
value of the equivalent bulk modulus k:
k=

4关共1 − c兲k1 + ck2兴 + 3k1k2
3共1 − c兲k2 + 3ck1 + 4

共17兲

In two-dimensional two-phase structures, Eq. 共15兲 yields the following third degree algebraic equation for the equivalent shear
modulus :

␣3 + ␤2 + ␥ + ␦ = 0
␣ = 2c2 − 2c1 − ck2 − k1 + ck1 − 22

共infinite bulk modulus兲 and it is formed by a mixture between two
media with shear moduli 1 and 2 and infinite bulk modulus.
The duality theorem can be stated as follows. We may write the
effective shear modulus  as a function h共1 , 2兲 of the shear
moduli of the phases and it exactly satisfies the phase interchange
relation:
h共1, 2兲h共2, 1兲 = 12

 = 冑12

␥ = − 2k1k2 + 1k1k2 + 12k1 + 2c2k1k2 − 2c1k1k2 + 212k2
− 12ck2 + 12ck1

␦ =  1 2k 1k 2

共18兲

Once again, the bulk modulus k is directly given by the following
relationship:

关共1 − c兲k1 + ck2兴 + k1k2
k=
 + 共1 − c兲k2 + ck1

共19兲

In following sections we describe some comparison and agreement with various expressions, which appear in literature.

4

Equal Shear Modulus

When all constituents of an elastic composite have the same
shear modulus , Hill 关14,15兴 has shown that the effective modulus k, in three-dimensional structures, is given by the exact formula:
1
=
3k + 4

冓

1
3k共x兲 + 4

冔

共20兲

where 具f共x兲典 represents the average value of the function f共x兲 over
the entire mixture volume. This result is true for any microstructure and may be also formulated for two-dimensional mixtures:
1
=
k+

冓

1
k共x兲 + 

冔

共21兲

This two-dimensional version of the theorem may be verified by
means of the invariant properties of the stress in plane elasticity,
which have been described by Cherkaev-Lurie-Milton 关16兴 and
Milton 关17兴.
Both these exact results, being independent on the microstructure, in particular, should be correct in the case of random mixtures. In effect, they are in complete agreement with the first expression in Eqs. 共14兲 共three-dimensional problem兲 or Eq. 共15兲
共two-dimensional problem兲. When we deal with two-phase mixtures the above relations became identical to Eqs. 共17兲 and 共19兲,
where  assumes the meaning of the common shear modulus.

5

Results Based on Duality for Planar Elasticity

The duality theory for incompressible planar elastic media discussed here is due to Berdichevski 关18兴. We consider an isotropic
planar random elastic medium. It is incompressible at each point
456 / Vol. 129, JULY 2007

共23兲

By using the translation method 关16,17兴 they generalized this result to two-dimensional structures composed of compressible media having the same bulk modulus and they found that the effective shear modulus  of the mixture is given by:

=

␤ = − 2k1 − 22k2 + 32ck2 + 1k1 + c2k1 − 3c1k1 − k1k2
+ 212 − 1ck2

共22兲

In particular, if the composite is phase interchange invariant, i.e.,
h共1 , 2兲 = h共2 , 1兲, like a two-dimensional checkerboard or like
a two-phase two-dimensional equal fraction random mixture, then
Eq. 共22兲 implies the following formula of Lurie and Cherkaev
关19兴:

k

− 1 + 冑共k + 1兲共k + 2兲/12

共24兲

where k, 1, and 2 are the common planar bulk and two shear
moduli of the components. One can observe that Eq. 共24兲, in the
limiting case of k → ⬁, reduces to Eq. 共23兲 as expected.
Now, we can simply show that our Eq. 共15兲 yields the same
results. To describe a phase interchange invariant structure we
consider a two-phase two-dimensional random mixture with c1
= c2 = 1 / 2 and we suppose k1 = k2 = k. In these conditions the second relationship in Eq. 共15兲 gives:
1/2
1
1/2
+
=
2共k + 兲 k共1 + 兲 + 21 k共2 + 兲 + 22

共25兲

The positive solution of Eq. 共25兲 is exactly given by Eq. 共24兲. If
we let k → ⬁, we simply obtain, after some straightforward calculations, Eq. 共23兲. Therefore, we have shown that, also in this case,
our theory yields results in agreement with those available in literature.

6

Porous Random Materials

The proposed approach may be applied to the elastic characterization of porous materials when the voids 共zero stiffness inclusions兲 are randomly distributed and have random shape. From a
general point of view we expect the equivalent Young’s modulus
E and the Poisson’s ratio  to depend on properties of the solid
matrix E1 and 1. Therefore, the final mixing rules should appear
as E = E1 f共c , 1兲 and  = g共c , 1兲. Here c is the voids volume fraction 共porosity兲 and the mathematical structure of the dimensionless functions f and g depend on the microstructure of the pores.
For example, in Ref. 关5兴 one can find the explicit solutions for
randomly oriented ellipsoidal voids embedded in an isotropic matrix. Many theorems concerning this topic are well known and
largely discussed in the literature. It is important to recall that, in
two dimensions, the functions f and g satisfy two remarkable
properties 关20兴. First, the Young’s modulus is independent of 1
共Poisson’s ratio of the solid matrix兲, i.e., f共c , 1兲 = f共c兲. Second, if
the porosity c increases up to the percolation threshold c0, the
effective Poisson’s ratio converges to a fixed point independently
on the solid Poisson’s ratio, or g共c , 1兲 → 0 as c → c0. Both results
have been proved analytically in Refs. 关16,21兴. In the sequel we
show that these two properties are exactly satisfied by the proposed approach for two-dimensional random porous materials.
In three-dimensional porous materials this behavior is not
thought to hold rigorously. However, these results approximately
hold also in three dimensions. In Refs. 关5,22兴 it has been shown
that although E cannot be independent on 1 in three dimensions,
it is nearly so for materials with spheroidal voids over the range
Transactions of the ASME
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0 ⬍ 1 ⬍ 1 / 2. Moreover, in Ref. 关5兴 it has been verified that the
differential effective medium theory leads to a convergent behavior of the Poisson’s ratio for a high volume fraction of randomly
oriented generally shaped ellipsoidal voids, being the limiting
value of the Poisson’s ratio dependent only on the eccentricities of
the embedded ellipsoidal voids. In the following we show the
behavior of E and  for a random three-dimensional porous material and we draw a comparison with experimental results.
We begin the analysis with two-dimensional random porous
structures; so, Eqs. 共18兲 and 共19兲 are applied with a zero stiffness
phase 共k2 = 0 and 2 = 0兲. Equation 共18兲 has two possible solutions,
one equal to zero and another different from zero: since it is
reasonable to assume that the shear modulus be a non-negative,
continuous function of c, the true solution is given by the following relationship:

冦

1k1共1 − 3c兲
1
if c 艋
3
k1共1 − c兲 + 2c1
=
1
0
if c ⬎
3

冧

冦

冧

共27兲

In order to obtain the behavior of the porous planar random medium in terms of the Young’s modulus and the Poisson’s ratio we
recall the relationships among the two-dimensional elastic constants:
E=

4k
;
+k

=

k−
E
⇔=
;
k+
2共1 + 兲

k=

E
共28兲
2共1 − 兲

共we remember that the two-dimensional bulk modulus k is not the
same as the customarily used three-dimensional bulk modulus and
the relation between them is given in a previous section; this is
coherent with Eq. 共28兲兲. So, applying Eq. 共28兲 to Eqs. 共26兲 and
共27兲, we may write the following very simple formulas describing
the equivalent elastic behavior of a planar random structure in
terms of the elastic properties of the solid matrix and the volume
fraction of the voids c 共porosity兲:

冦

1
E1共1 − 3c兲 if c 艋
3
E=
1
0
if c ⬎
3

冦

冦

1
3
1
1
1共2 − 5c兲 − k1共3 − c兲 + R if c 艋
4
16
16
2
=
1
0
if c ⬎
2

冧

共31兲

Here we have defined the quantity R as follows:
共26兲

Therefore, for two-dimensional structure, we observe a percolation threshold given by c0 = 1 / 3. Similarly, Eq. 共19兲 allows us to
find out the expression for the two-dimensional bulk modulus as
follows:

1k1共1 − 3c兲
1
if c 艋
3
1共1 − 2c兲 + ck1
k=
1
0
if c ⬎
3

converges to the fixed point 0 = 1 / 3 when c → c0 = 1 / 3. The value
c0 = 1 / 3 corresponds to the two-dimensional percolation threshold.
Now, we may analyze the three-dimensional case: we have to
solve Eqs. 共16兲 and 共17兲 considering k2 = 0 and 2 = 0. The fourth
degree algebraic equation for the equivalent shear modulus 共Eq.
共16兲兲 has a double solution equal to zero and two different solutions of opposite sign. As before, assuming that the shear modulus
is a non-negative, continuous function of the porosity, the correct
solution is given by the following relationship:

冧
冧

1
c + 1共1 − 3c兲 if c 艋
3
=
1
1
if c ⬎
3
3

共29兲

R = 冑1621共2 − 5c兲2 + 24k11共2 + c兲共3 − 5c兲 + 9k21共3 − c兲2
共32兲
The bulk modulus, defined by Eq. 共17兲, may be developed obtaining the final expression:

k=

冦

k1共1 − c兲
0

E=

9k
;
 + 3k

=

3k − 2
E
⇔=
;
2共 + 3k兲
2共1 + 兲

共33兲

k=

E
3共1 − 2兲
共34兲

By using Eq. 共34兲, we may transform Eqs. 共31兲 and 共33兲 in the
following ones:

冦

3E1共1 − c兲 1 − 9c + 共21c − 11兲1 + Q
1
if c 艋
2
1 − 21 17 − 21c + 共5 + 9c兲1 + Q
E=
1
0
if c ⬎
2

=

冦

7 − 3c + 共19 − 33c兲1 − Q
if c 艋
17 − 21c + 共5 + 9c兲1 + Q
1
if c ⬎
5

1
2
1
2

冧

冧

共35兲

共36兲

where we have defined the quantity Q:

Q = 冑21共441c2 − 270c + 25兲 − 141共9c − 5兲共3c − 1兲 + 共81c2 − 114c + 49兲
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冧

Finally, we are interested in the elastic behavior, described in
terms of the Young’s modulus and the Poisson’s ratio; to this aim
we take into account the relationships among the threedimensional elastic constants:

共30兲

These relations exactly exhibit the two general properties reported
above for the functions f and g: the Young’s modulus is independent on the solid Poisson’s ratio and the equivalent Poisson’s ratio

41共2 − 5c兲 − 3k1共3 − c兲 + R
1
if c 艋
2
41共2 − 5c兲 − 3k1共3 − 5c兲 + R
1
if c ⬎
2

共37兲
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Fig. 1 Young’s modulus for a random porous material versus
the elastic moduli of the pure matrix and the porosity. Dashed
line corresponds to the two-dimensional case, Eq. „29…, continuous lines correspond to the three-dimensional case, Eq.
„35…. The two-dimensional result is independent on the matrix
Poisson’s ratio while the three-dimensional result is parameterized by the matrix Poisson’s ratio „15 different values uniformly
spaced ranging from −1 to 1 / 2… but is practically independent
on it in the range from 0 to 1 / 2.

The Young’s modulus exhibits a behavior analytically depending
on the solid matrix Poisson’s ratio; however, in the range 0 ⬍ 1
⬍ 1 / 2 the values of the equivalent Young’s modulus are quite
independent of 1. Moreover, this approach shows a convergent
behavior of the equivalent Poisson’s ratio to the value  = 1 / 5
when the porosity assumes the value c0 = 1 / 2, which represents
the three-dimensional percolation threshold. For instance, we observe that a similar convergence of the equivalent Poisson’s ratio
共to the value 1 / 5兲 has been obtained by means of differential
techniques for high concentration of spherical pores 关5兴.
In Figs. 1 and 2 one can find the behavior of the Young’s modulus and the Poisson’s ratio for a random porous material, both in
two- and three-dimensional cases.
Finally, we may draw a comparison with experimental data
obtained on sintered glass beads 关23兴. The bulk and shear moduli
of pure glass were k1 = 46.06 GPa and 1 = 29.24 GPa. These values correspond to the Young’s modulus E1 = 72, 39 GPa and to the
Poisson’s ratio 1 = 0.23. Bulk modulus was measured for porosity
ranging from 0 to 0.43 关22兴. In Fig. 3 a comparison between
experimental data and values obtained by means of Eq. 共33兲
共three-dimensional case兲 is shown. We note that for sintered glassbead samples the model based on the completely random porous
microstructure predicts well the elastic behavior. In Refs. 关5,22兴 it
is shown that for porous glass foam the better model is the differential one. Probably, this happens because of the different microstructure that characterizes sintered glass and glass foam: the
former contains a completely random structure of the pores due to
the sintering process; the latter is a sort of dispersion of spheroidal
voids, eventually overlapping. So, this is a good example of different microstructures captured by different theoretical approaches
for evaluating the corresponding elastic properties.
The ceramic materials give some other examples of porous materials that are well described by the present theory. In this field
one of the most common procedures is sintering. During sintering
a ceramic material is heated in a furnace or ovenlike device,
where it is exposed to high temperatures. The sintering process
has been used to produce ceramics with different porosity and the
corresponding elasticity modulus has been measured in many different cases 关24–26兴. We draw a comparison between four types
458 / Vol. 129, JULY 2007

Fig. 2 Poisson’s ratio for a random porous material versus
matrix Poisson’s ratio and porosity. Dashed lines correspond
to the two-dimensional case, Eq. „30…, continuous lines correspond to the three-dimensional case, Eq. „36…. In both cases 15
different values of the matrix Poisson’s ratio are considered
ranging from −1 to 1 / 2. The intercepts of the lines at zero porosity „c = 0… correspond to the solid matrix Poisson’s ratio.
Note the convergence of the equivalent Poisson’s ratio for c
= 1 / 3 to the value v = 1 / 3 „2D… and for c = 1 / 2 to the value v
= 1 / 5 „3D….

of ceramic oxides and the theory here outlined. In Fig. 4共a兲 the
properties of holmium oxide, Ho2O3 共holmia, 关24兴, diamonds in
figure兲, and that of ytterbium oxide, Yb2O3 共ytterbia, 关25兴, plus in
figure兲, are represented. Moreover, in Fig. 4共b兲 the properties of
yttrium oxide, Y2O3 共yttria, 关24兴, triangles in figure兲, and that of
samarium oxide, Sm2O3 共samaria, 关26兴, circles in figure兲, are reported. The plots correspond to the values of the Young’s modulus
measured and calculated by means of the theory. A good agreement is quite evident.

Fig. 3 Bulk modulus k in GPa of sintered glass „circles…, measured „see Ref. †22‡… for different values of the porosity c, compared with data obtained by Eq. „33… „solid line…. Bulk and shear
moduli of the pure glass were measured to be k1 = 46.06 GPa
and 1 = 29.24 GPa.
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x = 1 + c −

c共1 − c兲 2
 + O共3兲
3

共39兲

and by the following one for the two-dimensional case:
x = 1 + c −

c共1 − c兲 2
 + O共3兲
2

共40兲

It has been verified 关27兴 that the coefficients for the O共3兲 and
higher order terms involve details of the microstructure and are
given in terms of various correlation functions over the phase
geometry. We make a comparison between these results and ours.
The effective conductivity in two-phase random threedimensional mixtures, as reported in Eq. 共1兲, may be written in
terms of the dimensionless variables defined in Eq. 共38兲:
1
1−c
c
=
+
3x 1 + 2x 1 +  + 2x

共41兲

The solution may be developed in series of the variable , obtaining:
x = 1 + c −
+

c共1 − c兲 2 c共1 − c2兲 3 c共1 − c兲共1 + 4c − c2兲 4
 +
 −

3
9
27

c共1 − c2兲共1 + 8c − 5c2兲 5
 +¯
81

共42兲

Similarly, in two-phase random two-dimensional mixtures, as reported in Eq. 共2兲, we have:
1 1−c
c
=
+
2x 1 + x 1 +  + x

共43兲

The series solution is the following:
x = 1 + c −
+

Fig. 4 Young’s modulus of different ceramic oxides. In „a… the
properties of holmium oxide, Ho2O3 „holmia, †23‡, diamonds…,
and those of ytterbium oxide, Yb2O3 „ytterbia, †24‡, plus…, are
represented. Moreover, in „b… the properties of yttrium oxide,
Y2O3 „yttria, †23‡, triangles…, and those of samarium oxide,
Sm2O3 „samaria, †25‡, circles…, are reported.

Small Contrast of Properties
When the difference between the properties of a two-phase material is small, some approximate relations may be useful to capture the effective behavior of heterogeneous materials. For example, a power series expansion in terms of this difference can be
adopted to quantify the effective properties of a given composite
materials. One of the first attempts to analyze heterogeneous materials from this point of view has been made by Brown 关27兴. He
has verified a property for the electric conductivity of composite
materials, which is true for general two-phase isotropic microstructures. We define the dimensionless quantities:

=

2 − 1
,
1

x=


1

共38兲

Here 1 and 2 are the conductivities of the two phases and  is
the effective conductivity of the whole material. The result of
Brown is given by the following expansion for the threedimensional case:
Journal of Engineering Materials and Technology

c共1 − c兲 2 c共1 − c兲 3 c共1 − c兲共1 + c − c2兲 4
 +
 −

2
4
8

c共1 − c兲共1 + 3c − 3c2兲 5
 +¯ .
16

共44兲

The expansions given in Eqs. 共42兲 and 共44兲 have the first and
second order terms in perfect agreement with the results of Brown
given in Eqs. 共39兲 and 共40兲. These terms are independent of the
micro-geometry of the mixture. The higher order terms depend on
the microstructure of the composite material, i.e., on the correlation functions over the phase geometry. It is interesting to observe
that the ones appearing in Eqs. 共42兲 and 共44兲 are typical for random electric microstructure and thus they contain all the characteristic features of this kind of heterogeneous medium 共percolative
behavior, percolation threshold, and so on兲.
The same procedure can be carried out for the elastic moduli. A
simple way to derive the elastic counterpart of the Brown expansion, at least up to second order in the modulus contrasts, is to
take Hashin’s bounds 关1兴, which bound the effective properties
between an upper and lower limit, and expand them to second
order in the modulus differences. These bounds are known to be
exact to second order in the modulus differences, and in fact the
upper and lower bounds agree exactly to this order. We may define
the difference of the elastic moduli as ⌬k = k2-k1 and ⌬ = 2-1.
This procedure leads to the following results in three-dimensional
elasticity:
k = k1 + c⌬k −

 = 1 + c⌬ −

3c共1 − c兲 2
⌬k + O共⌬k3兲
3k1 + 41

6c共1 − c兲共k1 + 21兲 2
⌬ + O共⌬3兲
51共3k1 + 41兲

共45兲

and to the following ones in two-dimensional elasticity:
k = k1 + c⌬k −

c共1 − c兲 2
⌬k + O共⌬k3兲
k1 + 1
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 = 1 + c⌬ −

c共1 − c兲共k1 + 21兲 2
⌬ + O共⌬3兲
21共k1 + 1兲

共46兲

As before, the third order coefficients and higher order terms involve details of the microstructure. Now, we may draw a comparison between Eqs. 共45兲 and 共46兲 and the random model described
in this paper. Therefore, from Eq. 共14兲 we may write the following
equations for the two-phase three-dimensional case:
1−c
1
c
=
+
3k + 4 3k1 + 4 3k1 + 3⌬k + 4
1
1−c
=
5共3k + 4兲 3k共21 + 3兲 + 4共2 + 31兲
+

c
3k共21 + 2⌬ + 3兲 + 4共2 + 31 + 3⌬兲
共47兲

After a very long but straightforward calculation, the series solutions in the differences ⌬k and ⌬ have been computed as follows:
k = k1 + c⌬k −
−

3c共1 − c兲 2 12c2共1 − c兲 2
⌬k +
⌬k ⌬
3k1 + 41
共3k1 + 41兲2

24c2共1 − c兲关3k1共1 − c兲 + 21共2c + 3兲兴 2 2
⌬k ⌬ + ¯
51共3k1 + 41兲3

 = 1 + c⌬ −

6c共1 − c兲共k1 + 21兲 2
12c2共1 − c兲
⌬k⌬2
⌬ +
51共3k1 + 41兲
5共3k1 + 41兲2

36c2共1 − c兲
−
⌬k2⌬2 + ¯
5共3k1 + 41兲3

共48兲

In two-dimensional mixture, the main equations are derived from
Eq. 共15兲:
1−c
1
c
=
+
k +  k1 +  k1 + ⌬k + 
1
1−c
c
+
=
2共k + 兲 k共1 + 兲 + 21 k共1 + ⌬ + 兲 + 2共1 + ⌬兲
共49兲
As before the expansions are given by:
k = k1 + c⌬k −
−

c2共1 − c兲关k1共1 − c兲 + 21兴 2 2
⌬k ⌬ + ¯
21共k1 + 1兲3

 = 1 + c⌬ −
−

c共1 − c兲 2 c2共1 − c兲 2
⌬k +
⌬k ⌬
k1 + 1
共k1 + 1兲2

c共1 − c兲共k1 + 21兲 2
c2共1 − c兲
⌬k⌬2
⌬ +
21共k1 + 1兲
2共k1 + 1兲2

c2共1 − c兲
⌬k2⌬2 + ¯
2共k1 + 1兲3

共50兲

In Eqs. 共48兲 and 共50兲 the first and second order terms are the same
that one can obtain from the Hashin’s bounds 共see Eq. 共45兲 and
共46兲兲. They are independent of the geometry of the mixture. Just
as in the electric case, the coefficients of higher order terms involve details of the microstructure and are given in terms of various correlation functions over the phase geometry 关28兴. The
present study has been conducted to obtain the explicit expressions of the high terms, which are representative for the given
microstructure. The high order terms appearing in Eqs. 共48兲 and
共50兲 are typical for a completely random elastic microstructure
and therefore they contain all the peculiar characteristics of this
composite material.
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Conclusions
The present work describes the derivation of a theory, which
characterizes linear random mixtures from the elastic point of
view. The term “random mixture” represents a particular class of
microstructures, which often appears in heterogeneous materials.
It means that the whole medium is subdivided in many very small
pieces, and each of this part is homogeneous and has given elastic
moduli with a given probability 共stoichiometric coefficient兲. The
values of the moduli in a given little piece are statistically independent of the values assigned in the other pieces and each part of
the material has random shape and position inside the whole structure. The results are concerned with the relation between the microscopic properties of the mixture 共elastic response of the components and microstructure兲 and the macroscopic mechanical
behavior of the overall composite material. The proposed solutions for the effective elastic moduli of the overall heterogeneous
medium are in complete agreement with various properties well
established in scientific literature. When all the phases composing
the mixture have the same shear modulus the exact solution obtained by Hill leads to the same results obtained with our approach. In planar elasticity the duality theorem and the translation
theorem lead to conclusions in perfect agreement with our mixing
laws. The analysis of random porous materials reveals a good
agreement with experimental data based on sintered glass and
ceramics. Finally, the well-known expansions used when we are
dealing with a small contrast of the properties are in perfect agreement with those obtained in the present work.
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