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Membrane extrusion experiments offer a powerful framework for investigating cell surface mechanics.
However, providing a robust physical interpretation of the observed force-extension curves (FECs) remains a
significant challenge. In this work, we introduce a minimal statistical-mechanical model for cellular membrane
extrusion that accounts for discrete lipids, adhesion molecules, and the finite-size elasticity of the loading
device. Focusing on a peeling geometry to isolate the essential physics of extrusion, we derive exact analytical
expressions for the force-extension relations under two loading conditions: isometric (constant extension)
and isotensional (constant force). Our results elucidate how lipid-lipid interactions, adhesion energies, and
device stiffness govern the emergence of a mechanically induced conformational transition, providing a formal
interpretation of the characteristic mechanical signatures reported in membrane-extrusion experiments, including
force peaks, plateau regimes, and relaxation patterns. A central outcome of our analysis is that the isometric and
isotensional conditions provide qualitatively different FECs of the same membrane system. This finding carries
profound physical implications, suggesting that distinct experimental protocols applied to the same membrane
may yield different mechanical responses.
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I. INTRODUCTION

Cell surface mechanics is generally attributed to the inter-
action between the cell membrane and the underlying actin
cortex [1]. The mechanical properties of the membrane-cortex
system can be probed through membrane extrusion experi-
ments, in which the membrane detaches from the cortex and
is subsequently driven into a highly curved shape, commonly
referred to as a membrane tube or tether [2]. Various force-
spectroscopy techniques, including atomic force microscopy
(AFM), biomembrane force probe (BFP), magnetic tweezers
(MT), and optical tweezers (OT), have been employed to
extract membranes, both in living cells [3–7] and in model
membrane systems [8–13].

Extrusion can be performed from pure membranes,
such as giant unilamellar vesicles [14,15], or even arti-
ficial membranes [16]. Interestingly, pulling experiments
performed on pure membranes composed of ternary lipid
mixtures—typically cholesterol, saturated lipids, and un-
saturated lipids—highlighted that extrusion can induce the
coexistence of two distinct phases, namely, the liquid–ordered
and the liquid-disordered phases [17–22]. The ordered phase,
enriched in saturated lipids, exhibits higher lipid packing and
more ordered acyl chains than the disordered phase, which
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is rich in unsaturated lipids. Consequently, ordered phases
are thicker and stiffer than disordered phases [10,19,23], and
the distance between neighboring phospholipid molecules is
smaller in ordered than in disordered phases [23]. Various
structural rearrangements of the lipids may occur during
pulling, including stretching and tilting of the ordered acyl
chains, as well as flip–flop events between the two membrane
leaflets [20,23–25]. Such a complex scenario becomes even
more intricate in the case of adhesive membranes, where the
lipid bilayer is anchored to a substrate. This situation is char-
acteristic of cellular membranes, which are connected to the
cell cortex through a variety of linkers. These include specific
transmembrane complexes such as the T Cell Receptor (TCR)
in T cells [26], as well as nonspecific membrane-to-cortex
attachments (MCA), which bind membrane phospholipids to
the cell cortex [27,28]. It is still unclear how these linkers
affect the force to extrude the membrane. While, in some
cases, membrane adhesion to the cytoskeleton appears to
provide additional mechanical resistance [29,30], in other
cases, the extrusion force is similar to that of the pure
membrane [31,32]. Despite all the efforts in the literature,
understanding how tension across the plasma membrane is
propagated remains challenging [1,6,33].

The characterization of the force-extension curve (FEC),
associated with the pulling process, provides a powerful tool
for elucidating the underlying physics of membrane extrusion.
The extrusion FECs of pure membranes have been extensively
studied, both experimentally and theoretically [10,16,34,35].
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The combined use of experiments and theory has permitted
the investigation of both the entropic and elastic regimes of
a pulled membrane, which are respectively governed by the
bending rigidity (associated with membrane curvature) and
the membrane tension (associated with membrane area varia-
tions) [10]. On the one hand, experimental FECs of pure lipid
bilayers exhibit a small force peak (typically �10%) relative
to the force plateau associated with membrane extrusion [34].
On the other hand, experimental FECs of membrane extracted
from living cells display much larger force peaks during
tether formation (�10%). Such pronounced force overshoots
are commonly attributed to the additional adhesion energy
arising from membrane interactions with the underlying cy-
toskeleton [4,6,10,36]. In a recent study, involving nanotubes
extruded from T-cell membranes, we showed that the ampli-
tude of the force peak serves as a characteristic mechanical
signature for distinguishing nonadhesive from adhesive mem-
branes [37]. Notably, the interaction between the membrane
and the cortex (mediated by the TCR) was revealed by the
presence of a large and abrupt force peak in the extrusion FEC,
referred to as the “rupture” signature. In contrast, disruption
of the cytoskeleton resulted in nonadhesive membranes ex-
hibiting a force discontinuity and no peak, termed “slippage”
signature. Similar transitions from slippage to rupture FECs
have also been reproduced in numerical simulations at a criti-
cal threshold density of adhesions [38,39].

From a theoretical point of view, the interplay be-
tween the cellular membrane and adhesion proteins poses
a significant challenge. This difficulty stems from the inti-
mate mechanical coupling between the membrane and the
underlying cell cortex, whose respective molecular contribu-
tions are arduous to disentangle and to account explicitly.
Typically, the pure membrane is modeled as a contin-
uous elastic medium [31,34,35,40–50], while the effects
of membrane-cortex interactions are usually incorporated
through coarse-graining approaches [37,38,51,52]. Most of
these works rely on different variants of the standard Helfrich
Hamiltonian [40]. Such continuum frameworks typically fo-
cus on the competition between membrane deformation and
adhesion energies, while more advanced chemo–mechanical
approaches extend this picture by coupling nonlinear elasticity
to diffuse–interface dynamics [53,54]. Concurrently, several
membrane transformation processes, such as extrusion and
fusion, are intrinsically discrete phenomena that are often
initiated by a very small number of lipids or surrounding
molecular components [55–57]. Commonly, the approaches
including a discrete and explicit description of the molecular
components are based on simulations [38,39,52–54,58–61].
Notably, numerically obtained FECs also display the charac-
teristic “peak-then-plateau” profile [38,39,60], as well as the
transition from slippage to rupture FECs for different areas of
membrane-device attachment [35]. However, the initial force
peak and the corresponding transition are often overlooked,
with only the force plateau being used to estimate membrane
tension and/or MCA energy. The precise physical origin of
the force peak, and the other mechanical signatures encoded
in the FEC, has rarely been addressed in detail, either exper-
imentally or theoretically [35,37–39,44,62]. Moreover, these
studies generally neglect the effects of finite-size elasticity
introduced by the experimental setup itself. Such effects can

be crucial for the interpretation of experimental data. In par-
ticular, AFM, BFP, MT, and OT impose distinct mechanical
constraints [63,64], and may therefore access qualitatively dif-
ferent responses of the same system [65,66]. While numerical
approaches provide valuable comparisons with experiments,
analytical insight can offer complementary physics under-
standing. To date, a minimal analytical model accounting for
the discrete nature of the adhesive membrane and the finite-
size elasticity of the experimental setup is still lacking.

To address this gap, we introduce here a paradigmatic
membrane system in which lipids and adhesions are de-
scribed explicitly, together with the elastic stiffness of the
loading device. To isolate the essential physics underlying
membrane extrusion, we focus on the simplest extrusion ge-
ometry, namely, the peeling process, in which only one end
of the membrane is extracted, and no cylindrical tube is
formed [38,67,68]. This is a simplified model of the real
extrusion process that avoids introducing additional geometric
variables while retaining the essential physical mechanisms
that govern extrusion, i.e., the interplay between lipid-lipid
interactions, adhesion energies, and thermal fluctuations. This
makes the peeling a minimal framework to investigate mem-
brane extrusion. Our objective is therefore to identify the
physical mechanisms of membrane extrusion, rather than
quantitatively reproducing a specific experiment.

For this purpose, we use the classical formalism of equilib-
rium statistical mechanics. The main result of the paper is the
derivation of exact analytical solutions for cellular membrane
extrusion under two distinct loading conditions: isometric
loading (constant extension), and isotensional loading (con-
stant force). The proposed model provides direct access to the
microscopic mechanisms governing membrane extrusion and
offers a rigorous interpretation of the mechanical fingerprints
commonly observed in experimental FECs. These include: (i)
the force overshoot observed upon retraction before the emer-
gence of a plateau regime, (ii) the complex relaxation patterns
that precede membrane scission, and (iii) the evidence that the
FECs obtained under different loading conditions are qualita-
tively different.

The model assumptions and theoretical framework are in-
troduced in Sec. II. Section III presents a compact expression
for the total energy of the system, followed by exact analytical
solutions for the force-extension curves under isometric and
isotensional loading in Secs. IV and V. A parametric analysis
is given in Sec. VI, and the conclusions are presented in
Sec. VII.

II. MOLECULAR DESCRIPTION
OF CELL-MEMBRANE EXTRUSION

We consider the process of cell-membrane peeling shown
in Fig. 1(a). The membrane consists of a discrete sequence of
phospholipids, which are connected to the cell cortex through
adhesion proteins (shown in blue). The phospholipid bilayer
is pulled by an external device by means of molecular handles
(in green) [69,70].

Upon pulling, each phospholipid can switch from a closed-
ordered state (in orange) to an open-disordered state (in red).
These two states are associated with different equilibrium
lengths between neighboring phospholipid molecules, with a
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(a) (b)

(c) (d)

FIG. 1. Peeling extrusion of a cellular membrane and the underlying molecular processes. (a) Schematic of a membrane pulled by an
optical trap via molecular handles (in green). The phospholipids of the membrane are bound to the cell cortex via a sequence of adhesion
proteins (in blue). Upon slow pulling, adhesions detach sequentially from the cortex, while phospholipids switch from a closed-ordered state
(in orange) to an open-disordered state (in red). Not drawn to scale. (b) One-dimensional model of membrane extrusion. The cell membrane
is represented as a chain of N lipid units, each one described by a bistable spring that can occupy two harmonic states: “c” (closed, kc) and
“o” (open, ko). The black arrows denote the lipid state: downward for closed, upward for open. Neighboring lipids interact via an Ising-like
coupling modulated by the constant λ. Phospholipids are linked, in turn, to the membrane cortex (rigid backbone) by a series of N adhesions
with spring constants ka, which can also be in two states: “a” (attached) or “d” (detached). Both lipids and adhesions experience a bending
potential characterized by the bending rigidity kb. A spring kT , in series with the whole system, accounts for the combined elasticity of the
experimental trap and the molecular handle. The continuous variable x describes the evolution of the system along an effective one-dimensional
energy landscape. The single boundary between closed and open lipids is specified by the discrete variable ξ (zipper assumption). Accordingly,
N − ξ units are in the closed state, and ξ units are in the open state. (c) Two classes of energy models describing the metastability of lipids and
adhesions. A pair of outer–inner lipids is treated as a single unit that can switch between a ground (closed) state and a metastable (open) state,
with rest length �o and energy bias �E . In contrast, adhesions can either be in a ground state (attached) or in a constant energy state (detached),
with detachment length �d and energy bias �Ed . (d) Schematic FEC typically observed in membrane extrusion experiments (bottom).The
illustration shows how the mechanical signatures that emerge at the macroscopic scale (e.g., peak, plateau, scission) might be related to the
microscopic configurations of individual units (top).

smaller length in the closed-ordered phase than in the open-
disordered phase (see inset) [23,71]. We assume the existence
of a single boundary separating closed from open lipids and
attached from detached adhesion proteins. Such a config-
uration has been reported experimentally under quasistatic
(slow-pulling) condition [17–21], which is also the regime
in which the equilibrium zipper description is expected to be
applicable. The presence of a single boundary assumes lipid
domains opening together with adhesions detachment in a
sequential manner. This corresponds to the so-called zipper
assumption, typically used to describe helix-coil transitions
in SNARE proteins [72], denaturation of DNA [73,74], and
decohesion of elastic films [75–77]. Moreover, the cortex
is modeled as a rigid backbone, reflecting the fact that its

stiffness is much larger than that of the lipid bilayer (rigid cor-
tex assumption) [39,78]. As a consequence, the characteristic
length scale associated with cortex deformation is assumed to
be negligible compared with the typical size of the extruded
membrane.

A. Total energy of the system

The theoretical methodology is designed to study the
pulling procedure on a coarse-grained chain of N discrete
units, which embody an on-site potential energy, as depicted
in Fig. 1(b). The first terminal of the membrane is fixed at
the reference position x0 = 0. The position of the end ter-
minal is denoted by xN , while the position of the trapping
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device is denoted by xT . Increasing and recording the trap
position in the x direction allows for measuring the statistics
of the fluctuations associated with the extrusion event. Given
the symmetrical geometry of the system with respect to the
pulling axis, we focus on a minimal quasi-one-dimensional
model where x represents an effective order parameter that
captures the evolution of the system in an effective energy
landscape.

The total Hamiltonian of the system is given by Eq. (1).
It accounts for (i) the elastic energy associated with increas-
ing the distance between neighboring lipids, (ii) the bending
energy of the membrane, (iii) the energetic contribution of
adhesions to the cell cortex, and (iv) the elastic energy of the
experimental trapping device.

Etot = Elipids + Ebending + Eadhesions + Etrap. (1)

Such a simplified quasi-one-dimensional Hamiltonian re-
tains the dominant energetic contributions of an adhesive
membrane and provides a minimal framework for capturing
its mechanical response to an external loading. Effects such as
interleaflet friction, membrane scission, or diffusion of MCA
proteins are not taken into account.

The energetic terms are discussed in detail below and are
given, respectively, by Eqs. (3), (4), (5), and (7).

B. Energy of the lipids

As shown in Fig. 1(c), a pair of phospholipids “outer-
inner” is modeled as a single unit and described by the
harmonic potential el (x) having two metastable states: “c”
(closed-ordered) and “o” (open-disordered). The arrows de-
note bistability in the potential: down and up orientations
indicate closed and open states, respectively (top). For both
states, the stretching energy is assumed to be elastic over an
extended range of separations x (bottom). This means that
the deformation of a lipid, in both the “c” and “o” states, is
associated with the quadratic energy el (x), with stiffnesses kc

and ko, minima located at x = �c, �o, and an energy bias �E .
These two states are associated with the structural changes

observed in pulled membranes (tilting of the ordered acyl
chains or lipid flip-flop between the leaflets) [20,23,24]. As
the membrane is pulled, its longitudinal area deviates from
the optimal packing–area of its lipids, until the ordered state
becomes less stable and a conformational transition brings
the system to an open-disordered configuration. The two en-
ergetic minima are directly related to the distances between
neighboring phospholipid molecules in the liquid-ordered and
liquid-disordered phases, respectively. Taking �c = 0 as ref-
erence length, the liquid-disordered phase has a longer rest
length between lipid acyl chains (�o > �c), which is associated
with the smallest lipid packing caused by pulling [20,71].
Further, kc and ko are the compression-expansion moduli re-
lated to the second derivative of the potential [23], while �E
represents the energy bias for tilting the ordered chains to an
open-disordered state.

Such an energetic model corresponds to the so-called
“snap-spring” or “spin-variable” approach, which consists of
employing a discrete spin variable Si to define the phase
of each unit [77,79–84]. In particular, we assign the values
Si = −1 and Si = +1 to the closed and open domains,

respectively. The two potential wells are therefore char-
acterized by the equilibrium length �(Si ), the elas-
tic constant k(Si ), and the basal energy v(Si ). As
shown in Fig. 1(c), we have �(−1) = �c = 0, k(−1) =
kc, v(−1) = 0, and �(+1) = �o, k(+1) = ko, v(+1) = �E ,
where �E is the energy jump between the two en-
ergy states. Such an Ising-like variable enables the direct
implementation of nonlocal interactions between adjacent
lipid domains using a classical Ising scheme [77,85–88].
Therefore, we consider the overall energy of the lipid
chain as

Elipids =
N∑

i=1

{
v(Si ) + 1

2
k(Si )[xi − xi−1 − �(Si )]

2

}

− λ

N−1∑
i=1

SiSi+1,

where the first sum represents the energy of the bistable
domain series, and the second term—the interface function—
represents the lipid-lipid interactions controlled by the param-
eter λ. Notice that while λ > 0 triggers two adjacent lipid
units to be in the same state (either open or closed), λ < 0 has
the opposite effect. Hence, a positive value of λ maximizes
the probability of having a single interface between the closed
and open lipids. This is analogous to the ferromagnetic and
antiferromagnetic interactions in magnetism [89]. This im-
plies that the constant λ modulates the contact energy between
neighboring domains in the open (“o”) and closed (“c”) states,
and effectively mimics a mixing energy penalty [19,58]. In
other words, the λ term accounts for the energetic cost asso-
ciated with the creation of an interface between two distinct
lipid phases. As such, it controls the degree of cooperativity
(or noncooperativity) in the phase separation process, depend-
ing on the balance between the interaction energy of unlike
neighboring units (c–o) and the corresponding self-interaction
energies of like units (c–c and o–o). This interpretation
can be made more explicit by considering the number of
interfaces. Configurations containing multiple interfaces pos-
sess a higher interfacial free energy than the corresponding
single-interface configuration. More generally, for a con-
figuration with m interfaces,

∑N−1
i=1 SiSi+1 = (N − 1) − 2m,

so that each interface created beyond m = 0 carries an
energetic cost 2λ. Restricting the system to m ∈ 0, 1 there-
fore amounts to retaining the energetically favored con-
figurations. This picture is further supported by previous
statistical-mechanics studies, in which the number of inter-
faces emerges as an equilibrium variable rather than being
imposed a priori [88,90].

Following the zipper assumption [77], we consider the
existence of a single moving interface between closed and
open domains. We denote this interface using the discrete
variable ξ [see again Fig. 1(b)], which takes values in
the set {0, 1, . . . , N}. In this case, it is easy to show that∑N−1

i=1 SiSi+1 = N − 1 − 2I (ξ ), where I (ξ ) is the interface
function and is defined such as

I (ξ ) =
{

0, ξ = {0, N} (no interface),
1, 0 < ξ < N (single interface). (2)
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On the basis of these considerations, the energy of the lipid
chain is finally expressed as

Elipids = −λ[N − 1 − 2I (ξ )] +
N−ξ∑
i=1

{
1

2
kc(xi − xi−1)2

}

+
N∑

i=N−ξ+1

{
�E + 1

2
ko[(xi − xi−1) − �o]2

}
. (3)

The first term in Eq. (3) accounts for the energetic cost
associated with the lipid-lipid interface, whereas the two sum-
mations account for the distinct energetic contributions of
phospholipids in the “closed” and “open” states, respectively.
Note that, in the limit of large N and small lipid extension
(�o = L/N → 0, at fixed total membrane extension L), the
stretching contribution of a lipid domain can be interpreted
as the classical one-dimensional elastic energy [91]. How-
ever, identifying the appropriate large-N limiting procedure,
together with the corresponding rescaling of the relevant
coupling constants, is itself a highly nontrivial theoretical
task. A naive continuum or thermodynamic limit generally
changes the competition between bulk and interfacial energy
contributions, potentially eliminating the cooperativity and
multistability of the discrete model. An appropriate scaling
of the interaction parameters is therefore necessary to recover
these properties and the coexistence of distinct membrane
phases in the large-N limit, as discussed in Refs. [92,93].

Within the zipper assumption, the complete set of N spin
variables Si is thus reduced to a single collective variable ξ ,
which specifies the position, expressed in terms of lipid units,
of the moving boundary separating the two phases. Specifi-
cally, we assume that N − ξ units belong to the closed phase,
while the remaining ξ units are in the open, metastable phase.

As schematically illustrated in Fig. 1(d), the microscopic
bistability of individual lipid units, together with the existence
of the phase boundary, is manifested at the macroscopic scale
through the characteristic FECs observed in membrane extru-
sion experiments.

C. Bending energy

The second term in Eq. (1) accounts for the energetic
cost associated with lipid deflections induced by the applied
loading and is given by

Ebending =
N−1∑
i=1

1

2
kb(xi+1 + xi−1 − 2xi )

2. (4)

Here, kb denotes the bending rigidity. The one-dimensional
bending energy employed here can be interpreted as a re-
duced formulation of the Helfrich model [40], retaining its
fundamental curvature elasticity while adopting a simplified
description of the membrane geometry. It is worth noting
that this simplified one–dimensional bending energy depends
on a single parameter, whereas additional geometric features
present in two–or three–dimensional descriptions, such as
spontaneous curvature, are not included [24]. Furthermore,
for simplicity, and in keeping with the minimal character of
the model, we assume the same effective bending rigidity
for the liquid-ordered and liquid-disordered phases, thereby

avoiding the introduction of an additional free parameter.
While ordered and disordered membrane phases generally
possess different bending moduli [19], introducing phase-
dependent bending rigidities primarily renormalizes the force
peak of the FEC, without modifying the general physical
mechanisms of the extrusion process, as discussed in more
detail later on.

D. Energy of the adhesions

The lipid bilayer is coupled to the cell cortex (rigid
backbone) through a series of N adhesion domains (MCA
proteins). Each adhesion can exist in two states: “a” (attached)
or “d” (detached), depending on its extension x. The corre-
sponding energy, denoted by ea(x) in Fig. 1(c), has a single
minimum located at x = 0 and stiffness ka. In this case, only
the attached state is assumed to be elastic over x, whereas
the detached state is modeled as a force–free configuration
with constant energy. In particular, attachments are assumed
to detach when the extension x satisfies |x| � �d .

In analogy with the procedure adopted for the lipids, we
associate the spin variable Si = {−1,+1} to the attached and
detached domains, respectively. Within this representation,
the energy of adhesions reads

Eadhesions =
N∑

i=1

[
(1 − Si )

1

4
kax2

i + (1 + Si )
1

4
ka�

2
d

]
,

which, under the zipper assumption, simplifies to

Eadhesions =
N−ξ∑
i=1

1

2
kax2

i + ξ�Ed , (5)

where �Ed is the energetic bias between the attached and the
detached state, representing the energy required to detach each
bond between the lipids and the rigid cortex

�Ed = 1
2 ka�

2
d , (6)

representing the energy required to detach each bond between
the lipids and the rigid cortex (local unbinding energy). Again,
we consider a configuration in which N − ξ units are in the at-
tached state, while the remaining ξ units are detached. Hence,
ξ represents the discrete position of the interface separating
closed lipids with attached proteins from open lipids with
detached proteins.

E. Trap energy

Finally, the energy associated with the experimental trap-
ping device is assumed to be

Etrap = 1
2 kT (xT − xN )2. (7)

Here, kT represents the effective elastic constant of the trap-
ping device together with the molecular handle connected
in series. Importantly, introducing the finite stiffness of the
loading device provides a natural way to theoretically inves-
tigate the different loading conditions used in experiments, as
distinct single–molecule techniques inherently probe different
thermodynamic ensembles [65].

In particular, AFM experiments typically employ a can-
tilever with a sharp tip (kT ∼ 10–103 pNnm−1) [63,94],
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which effectively fixes the end–to–end extension xN of
the system. This configuration corresponds to an isometric
loading of the membrane, namely, the Helmholtz ensem-
ble in equilibrium statistical mechanics. In this ensemble,
the system can explore regions of negative stiffness, giv-
ing rise to the characteristic sawtooth pattern observed in
FECs [95,96]. In contrast, MT provides very soft traps (kT ∼
10−4–0.01 pNnm−1), and applies a nearly constant force f
(force-clamp loading) to a magnetic bead through a magnetic
field [63,94]. Hence, MT naturally operates an isotensional
loading protocol, or the Gibbs ensemble in statistical me-
chanics. As a consequence, the corresponding FECs generally
display force plateaus rather than sawtooth-like peaks [97].
Finally, BFP and OT operate in an intermediate rigidity
regime, as they rely on a tunable trap stiffness kT that
acts as a harmonic potential over several orders of magni-
tude [13,37,62]. As a result, neither the extension nor the
force is strictly fixed, unless a force–clamping protocol is
implemented.

III. COMPACT ENERGY FUNCTION

Under the previous definitions, the total energy of the sys-
tem in Eq. (1) is fully described by the continuous position
variables xi and the discrete boundary variable ξ . To reproduce
the experimental conditions, we set x0 = 0 and xT ≡ xN+1,
thereby imposing the displacement of the trapping device. Ex-
plicitating and expanding the terms of Eq. (1), the total energy
of the system can be expressed in the following compact form

Etot(x, ξ ; xT ) = 1
2 kcx�A (ξ )x − kov(ξ )� · x + ϕ(ξ )

+ 1
2 kT x2

T − λ(N − 1), (8)

where

ϕ(ξ ) = ξ
[
�E + 1

2 ko�
2
o + �Ed

] + 2λI (ξ ), (9)

and I (ξ ) given in Eq. (2). Here, we in-
troduced x = (x1, x2, . . . , xN )� ∈ RN as the
vector of the position variables and the vector
v(ξ ) = (0, . . . , 0, δ, 0, . . . , 0, δT )� ∈ RN , which con-
tains the lengths δ = −�o at the (N − ξ )th position,
and δT ≡ δT (xT ) = �o + kT

ko
xT at the N th position

(vN−ξ = δ, vN = δT ). Further, A (ξ ) ∈ RN×N is a symmetric
and positive-definite pentadiagonal matrix that encodes the
normalized stiffness parameters of the system. It results from
the sum of the three contributions due to lipids, bending, and
adhesions, and is explicitly defined as

A (ξ ) := Al (ξ ; ηo, ηT ) + Ab(ξ ; ηb) + Aa(ξ ; ηa).

In particular, we introduced the nondimensional stiffnesses
ηo = ko/kc, ηT = kT /kc, ηb = kb/kc, and ηa = ka/kc, which
are relative to the stiffness of the closed lipid state. Impor-
tantly, we assume that all system parameters are real and
positive.

The first matrix encodes the lipid contributions and is rep-
resented by the tridiagonal matrix

Al (ξ ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0 0 · · · 0

−1 2 −1 . . . 0 0 · · · 0

0 −1 . . .
. . .

...
...

...
...

. . .
. . . 1 + ηo −ηo 0 · · · 0

0 0 · · · −ηo 2ηo −ηo 0 0

0 0 · · · 0 −ηo
. . .

. . . 0
...

...
... 0 . . . 2ηo −ηo

0 0 · · · 0 0 0 −ηo ηo + ηT

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Here Al (ξ ) ∈ RN×N , and denoting, Nξ = N − ξ

the number of closed-attached domains, the size of
the four submatrices composing Al (ξ ) is respectively
A11 ∈ RNξ ×Nξ , A12 ∈ RNξ ×ξ , A21 ∈ Rξ×Nξ , A22 ∈ Rξ×ξ .
The coupling between the last closed unit (Nξ ) and
the first open unit (Nξ + 1) arises from the units
(Nξ , Nξ + 1), which describes the off–diagonal terms
Al (Nξ , Nξ + 1) = Al (Nξ + 1, Nξ ) = −ηo. Furthermore,
Al (Nξ , Nξ ) = 1 + ηT , for ξ = 0.

The second matrix represents the bending contributions
and is pentadiagonal, with nonzero entries along the main
diagonal and the two diagonals above and below it. It reads

Ab(ξ ) = ηb

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

5 −4 1 0 0 · · · 0
−4 6 −4 1 0 · · · 0
1 −4 6 −4 1 · · · 0
0 1 −4 6 −4 · · · 0
...

. . .
. . .

...

0 · · · 0 1 −4 5 −2
0 · · · 0 0 1 −2 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ RN×N .

Finally, the third matrix accounts for the adhesion units and
is defined as follows:

Aa(ξ ) = ηa

(
diag(wa) [0]Nξ ×ξ

[0]ξ×Nξ
[0]ξ×ξ

)
∈ RN×N ,

with

wa = (1, 1, . . . , 1) ∈ RN−ξ . (10)

Such a definition idealizes the adhesive coupling by assuming
a one-to-one correspondence between lipids and adhesions.
However, for a more general distribution of adhesions, the
vector wa can be chosen arbitrarily as a sequence of ones and
zeros. In this case, a zero at a given position i would mimic
the absence of the adhesion at the ith location.

Note that Eq. (8) only depends on the microscopic vari-
ables x and ξ , while xT is imposed by the experimental setup,
and acts as a macroscopic variable. Importantly, such an en-
ergy function is constituted by the sum of a quadratic form
and a linear form in x, with an additional term independent of
x. This structure allows for an exact Gaussian integration of
the partition function, as detailed in the following.

IV. CONSTANT-EXTENSION LOADING

We consider the extrusion process illustrated in Fig. 1(b)
under a prescribed extension xT of the trapping device. As
already discussed, this loading protocol corresponds to the

034409-6



FORCE-EXTENSION MODEL OF CELLULAR MEMBRANE … PHYSICAL REVIEW E 114, 034409 (2026)

isometric condition (Helmholtz ensemble). Accordingly, the
expectation values of physical observables are obtained from
the probability density of the microstates x and ξ ,

P (x, ξ ; xT ) = 1

ZX (xT )
e−βEtot (x,ξ ;xT ), (11)

and the associated partition function ZX (xT ), with the sub-
script “X” denoting the constant-extension ensemble. Here,
β = 1/(kBT ) is the inverse temperature, kB the Boltzmann
constant, and T the absolute temperature.

A. Isometric partition function

The partition function is obtained by integrating over all
continuous degrees of freedom x = (x1, x2, . . . , xN )� ∈ RN

and by summing over the discrete variable ξ , namely,

ZX (xT ) =
N∑

ξ=0

∫
RN

e−βEtot (x,ξ ;xT )dx. (12)

Substituting Eq. (8) into Eq. (12), and performing a multidi-
mensional Gaussian integration (see Appendix A for details),
we obtain

ZX (xT ) = eβλ(N−1)

(
2π

βkc

) N
2

N∑
ξ=0

�(xT , ξ ), (13)

with

�(xT , ξ ) = e−βϕ(ξ )

√
det[A (ξ )]

e
β

2 koηoγ (xT ,ξ )e− βkT
2 x2

T , (14)

where ϕ(ξ ) is given in Eq. (9), and

γ (xT , ξ ) = δ2A −1
[Nξ ,Nξ ] + 2δδT A −1

[Nξ ,N] + δ2
T A −1

[N,N]. (15)

Here, the notation A −1
[.,.] states for an element of the inverse

matrix A −1. Notice that A −1
[Nξ ,N] = A −1

[N,Nξ ] for symmetrical
matrices.

The partition function in Eq. (13) allows to compute the
average values of all relevant macroscopic observables char-
acterizing the extrusion process.

B. Isometric force-extension relation

From Eq. (13) and its explicit derivative, the mean force-
extension relation associated with the extrusion can then be
expressed [83,98] as

fX := 〈 f (xT )〉X = − 1

β

1

ZX (xT )

∂ZX (xT )

∂xT
.

By making the expression explicit, we finally obtain

fX = kT xT − 1

2
koηo

∑N
ξ=0 �(xT , ξ ) ∂γ (xT ,ξ )

∂xT∑N
ξ=0 �(xT , ξ )

, (16)

where �(xT , ξ ) and γ (xT , ξ ) are given in Eqs. (14) and (15),
respectively, and

∂γ (xT , ξ )

∂xT
= 2

kT

ko

[(
�o + kT

ko
xT

)
A −1

[N,N] − �oA
−1

[Nξ ,N]

]
.

Another important quantity useful to characterize the ex-
trusion process is the average number of open lipids and

TABLE I. Physical parameters of the model.

Parameter Symbol Value Units

Closed lipid stiffness kc 200 pNnm−1

Opened lipid distance �o 1 nm
Opened lipid stiffness ko 50 pNnm−1

Energy lipid bias �E 13 kBTa

Mixing interaction λ 2 kBTa

Bending stiffness kb 5 pNnm−1

Adhesion stiffness ka 0.1 pNnm−1

Adhesion distance �d 20 nm
Trap stiffness kT 200 pNnm−1

a1 kBT ≈ 4.2 pNnm.

detached proteins 〈ξ (xT )〉. From Eqs. (11) and (13) we can
easily compute this quantity as

ξX := 〈ξ (xT )〉X =
∫
RN

N∑
ξ=0

ξ P (x, ξ , xT )dx.

Hence, we obtain

ξX =
∑N

ξ=0 ξ �(xT , ξ )∑N
ξ=0 �(xT , ξ )

. (17)

Following the same reasoning, we obtain the expectation
value of the interface function, which is useful for character-
izing the nucleation and coalescence of the interface

IX := 〈I (xT )〉X =
∑N

ξ=0 I (ξ ) �(xT , ξ )∑N
ξ=0 �(xT , ξ )

. (18)

C. Isometric force-extension curve

Here, we examine the mechanical signature of the FEC for
the membrane extrusion under isometric loading. For this pur-
pose, we choose the system parameters to be consistent with
literature estimates (see details in Sec. VI) and report them
in Table I. The average values fX [Eq. (16)], ξX [Eq. (17)]
and IX (ξ ) [Eq. (18)] are represented as a function of the
membrane extension

xN = xT − fX /kT . (19)

In Fig. 2(a), we show the FECs of the extruded membrane
for three different decreasing values of the trap stiffness kT

(black, blue, red lines), and N = 10. For each curve, three
distinct regimes of the force fX can be observed. First, an
initial linear regime corresponding to a fully closed lipid state,
followed by a force peak. Second, a plateaulike regime, ex-
hibiting the characteristic saw-tooth pattern associated with a
nonsynchronized transition of individual units. Third, a final
linear regime preceded by a pronounced force drop. Impor-
tantly, the extrusion process is governed by a mechanically
induced conformational transition. Such a transition is char-
acterized by the coexistence of two distinct phases separated
by a finite free-energy barrier, and by a discontinuous change
of the fraction of opened-attached lipid units, ξ/N , which
plays the role of order parameter. At small extensions, the
membrane is predominantly in the closed-attached phase,
whereas increasing the imposed deformation progressively
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FIG. 2. Behavior of the adhesive membrane under isometric
loading, with N = 10 units and variable trap stiffness kT . The mean
force fX , the average number of open-detached units ξX , and the
expectation value of the interface function IX (ξ ) are plotted as
functions of the membrane extension xN , defined in Eq. (19). (a)
Force-extension curves obtained from Eq. (16). The mechanical sig-
natures of the curve vary with the trap stiffness. Importantly, the
model captures the transition from “rupture” (black and blue curves)
to “slippage” (red curve) patterns observed in experimental [37]
and numerical [39] FECs. Three distinct stages are identifiable: nu-
cleation, propagation, and coalescence. The force peak reflects the
energetic cost of creating an interface between the closed and open
lipid phases, and the attached and detached adhesion phases (nucle-
ation). The saw-tooth pattern regime reflects the nonsynchronized
conformational transition of individual units (propagation). The final
linear regime, preceded by a pronounced force drop, represents the
end of the two-phase coexistence and the attainment of the fully
open-detached state of the membrane (coalescence). In experiments,
this final regime may lead to membrane scission, which is beyond
the scope of the present study. (b) Average number of open-detached
units ξX [Eq. (17)]. The steplike behavior of ξX indicates the non-
cooperative opening of the units for large kT (black and blue). (c)
Expectation value of the interface function IX given in Eq. (18). IX

exhibits a pronounced squarelike profile for large kT and becomes
progressively smoother as kT decreases (red). The adopted parame-
ters are listed in Table I.

stores elastic energy in the system. Once this elastic cost
compensates the intrinsic energetic bias �E , the lipid-lipid
interaction penalty λ, and the detachment bias �Ed it be-
comes energetically favorable to nucleate a localized domain
of open-detached lipids. The formation of this first interface
between closed and open domains constitutes the nucleation
event and requires overcoming a finite energy barrier, which
is directly reflected in the emergence of a pronounced force
peak in the FEC. Upon further extension, the system enters
a regime of phase coexistence, during which the interface

experiences a propagation along the membrane and the force
oscillates around a constant value (sawtooth pattern). This
stage persists until the closed-attached phase is eliminated and
the membrane becomes fully open, marking the completion of
the transition, which constitutes the coalescence. Notice that
the downward force peak is originated by the theoretical open-
ing of the last lipid unit. Nevertheless, in real experiments,
this peak is rarely observed, as it is typically preceded by the
scission of the membrane.

The asymmetry of the curves is related to the different
elastic constants characterizing the closed and open units.
Moreover, the shape of the FEC also depends sensitively on
the trap stiffness. Notably, the model qualitatively captures
the characteristic “rupture” to “slippage” transition reported in
experimental [37] and numerical [38,39] FECs. Specifically,
for low values of kT , the force peaks are reduced, leading to
a significant smoothing of the FEC. This effect arises because
thermal fluctuations of the trap are amplified at smaller kT ,
which increases the cooperativity of the domains. In other
words, as the stiffness of the device decreases, the extrusion
process becomes less localized, making the mechanical signa-
tures in the FECs more difficult to identify.

In Fig. 2(b), the average number of open-detached units
ξX is shown. The steps revealed in ξX for large kT , high-
light the noncooperative behavior of the units, which open or
detach sequentially due to the prescribed total elongation of
the membrane (black and blue curves). This steplike behavior
becomes progressively smoothed as kT decreases (red curve).
In Fig. 2(c), the average interface function IX is shown. Simi-
larly to the evolution of ξX , here IX evolves from a squarelike
profile to a bell-shaped function as kT decreases (red curve).
Note that a single domain interface is maintained throughout
the entire unfolding process (IX � 1), which is in accordance
with the zipper assumption.

V. CONSTANT-FORCE LOADING

We now consider the case in which the membrane is ex-
truded under a constant applied force f , corresponding to
the isotensional loading condition (Gibbs ensemble). In this
scenario, the total energy of the system defined in Eq. (8) is
modified as Etot = Etot(x, ξ ; xT ) − f xT .

A. Isotensional partition function

The partition function of the system is then given by

ZF ( f , ξ ) =
∫
RN+1

N∑
ξ=0

e−β[Etot (x,ξ ,xT )− f xT ]dx dxT

=
∫ +∞

−∞
ZX (xT )eβ f xT dxT . (20)

Here, the subscript “F” in ZF denotes the constant-force en-
semble. Notice that the expression in Eq. (20) corresponds
to the Laplace transform of the Helmholtz partition function
ZX (xT ) [98,99]. Using Eqs. (13) and (14) in Eq. (20), we then
obtain

ZF ( f ) = eβλ(N−1)

(
2π

βkc

) N
2

N∑
ξ=0

�(ξ ; f ),
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where

�(ξ ; f ) =
√

2πko

β

e−βϕ(ξ )

√
det[A (ξ )]

1√
ω1(ξ )

e
β

2
ω2 ( f ,ξ )
ω1 (ξ ) .

Here, we defined

ω1(ξ ) = kT
(
ko − ηokT A −1

[N,N]

)
,

ω2( f , ξ ) = ko f 2 + 2 ηokokT �o f
(
A −1

[N,N] + A −1
[Nξ ,N]

)
+ koη

2
ok2

T �2
o

[(
A −1

[Nξ ,N]A
−1

[Nξ ,N] − A −1
[N,N]A

−1
[Nξ ,Nξ ]

)
+ 1

ηT

(
A −1

[N,N] − 2A −1
[Nξ ,N] + A −1

[Nξ ,Nξ ]

)]
.

B. Isotensional force-extension relation

Following the same rationale used for the isometric ensem-
ble, we also determine the isotensional mean force-extension
relation [83,98] as

〈x( f )〉F = 1

β

1

ZF ( f )

∂ZF ( f )

∂ f
.

Hence, we obtain

〈x( f )〉F = β

2

∑N
ξ=0 �( f , ξ ) 1

ω1(ξ )
∂ω2( f ,ξ )

∂ f∑N
ξ=0 �( f , ξ )

. (21)

Finally, the average number of open lipids and detached
proteins is

ξF := 〈ξ ( f )〉F =
∑N

ξ=0 ξ �( f , ξ )∑N
ξ=0 �( f , ξ )

, (22)

and the expectation value of the interface function is given by

IF ( f ) := 〈I ( f )〉F =
∑N

ξ=0 I (ξ ) �( f , ξ )∑N
ξ=0 �( f , ξ )

, (23)

which is useful, again, for characterizing the nucleation and
coalescence of the interface.

C. Isotensional force-extension curve

In Fig. 3(a), we show the comparison between isotensional
and isometric FEC, for N = 10 units and varying trap stiffness
kT . The behavior of the mean membrane extension xN in the
isotensional ensemble is shown as a function of the applied
force f (dotted lines). In this case, xN = 〈x( f )〉F − f /kT , with
〈x( f )〉F given by Eq. (21). The corresponding mean force
〈 f (xT )〉X in the isometric ensemble [Eq. (16)] is also plotted
(continuous lines).

On the one hand, under isotensional loading, the force
peak observed in the isometric ensemble is absent, and the
three curves for different kT collapse onto a single profile,
exhibiting a sharp force plateau with a near-zero slope. This
is because, in the isotensional ensemble, thermal fluctuations
allow the system to explore a larger portion of the energy
landscape, smoothing the FEC. This is a clear signature of a
synchronized opening of the units, in contrast to the sequential
opening seen under isometric loading. On the other hand, as
kT decreases, the isometric FECs approach the isotensional

FIG. 3. Comparison of the membrane response under isoten-
sional loading (dotted lines) and isometric loading (continuous lines),
for N = 10 units and varying trap stiffness kT . The two black curves
represent the two ensembles for kT = kc, and serve as a reference
throughout the whole manuscript. In the isotensional case, the mean
extension of the membrane xN = 〈x( f )〉F − f /kT is plotted as a
function of the applied force f , with 〈x( f )〉F given in Eq. (21).
The average number of open-detached units ξF from Eq. (22), and
the expectation value of the interface number IF from Eq. (23),
are also shown. These quantities are compared to their conjugate
isometric counterparts (solid lines), already shown in Fig. 2. (a)
Force-extension curves for both isotensional and isometric loading.
Notice how the FEC signatures vary depending on the loading con-
dition. The isotensional FEC exhibits the same profile for different
values of kT , whereas the isometric FEC converges toward the isoten-
sional curve for small kT . Unlike the isometric case, the isotensional
FEC does not display any force peak and instead presents a single
force threshold (plateau) separating the fully closed and fully open
domains. Such a force plateau is a signature of the synchronized
conformational transition of the units. (b) Average number of open-
detached units ξF given in Eq. (22). The flat profile of ξF compared
to the isometric case further indicates the cooperative behavior of the
opening units. (c) Average number of interfaces IF from Eq. (23).
The low mean value of the interface function (IF 
 IX ) is a sig-
nature of the cooperativity nature of the isotensional extrusion. The
adopted parameters are listed in Table I.

curve, since soft traps enhance membrane fluctuations. Such
a framework provides a unified description of different exper-
imental observations.

In Fig. 3(b), the flat curve of the average number of
open-detached units ξF (dotted lines) emphasizes their co-
operative behavior. This cooperativity is further evidenced
in Fig. 3(c) by the low mean value of the interface func-
tion throughout the entire unfolding process. The propagation
of the interface is effectively unobservable, as the number
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of open-detached units undergoes an abrupt transition from
ξ = 0 to ξ = 10 once the applied force reaches its plateau
value.

VI. MODEL PARAMETERS

To dissect the effects of variations in the model param-
eters, we perform a parametric study under both isometric
and isotensional loading conditions. We begin by discussing
how parameters have been fixed, and then explore how
their variations affect the system. The parameter values are
chosen to be compatible with literature estimates and are
intended to provide representative estimates for a broad class
of membrane-extrusion experiments, rather than a quantitative
fit to a particular experimental dataset. They are reported in
Table I.

For phospholipids, we associate the closed and open
states with the liquid-ordered and liquid-disordered phases,
respectively, as observed in DPPC/DOPC/cholesterol model
membranes. In particular, we consider different lipid ar-
eas per molecule for the closed and open phase, fixing
Ac,o ≈ 0.5, 0.7 nm2 , and hc,o ≈ 1.5, 0.7 nm for their re-
spective bilayer thicknesses. These values are consistent
with the orders of magnitude reported in Refs. [23,100].
From these values, a simple estimate of the distance be-
tween neighboring lipid acyl chains yields �c,o = Ac,o/hc,o ≈
0.33, 1 nm. For simplicity, we take �c = 0 as the reference
rest length and fix �o = 1 nm. Furthermore, based on mea-
surements of the Young’s modulus of closed-ordered and
open-disordered membranes, we estimate the correspond-
ing compression–expansion moduli using thin-shell theory
as kc,o = Ec,ohc,o/(1 − ν2) [101]. Here, ν denotes the Pois-
son’s ratio, which is set to 0.5, appropriate for incompressible
materials. Taking Ec = 100 MPa and Eo = 50 MPa leads to
kc ≈ 200 pNnm−1 and ko = kc/4 ≈ 50 pNnm−1. These val-
ues are of the same order of magnitude as those reported in
Refs. [24,71,100,102–104]. Note that the inequality kc > ko is
assumed to hold throughout.

The energy bias �E between the closed and open states
is determined from the experimentally observed force plateau
in pure membranes, which is reported to lie in the range
fP ≈ 1 − 80 pN [10,16,35,105]. Accordingly, we set �E ≈
13 kBT, where kBT = 4.2 pNnm (T = 305 K). With this
choice, the model reproduces an intermediate force plateau
value of fP ≈ 40 pN when ka = 0, thereby mimicking the
behavior of a membrane in the absence of adhesions. Such
a choice should therefore be viewed as fixing an intermediate
representative energy scale based on the experimentally ob-
served range of force plateaus.

The mixing constant has been set to λ = 2 kBT, which lies
within the range of threshold values associated with complete
phase separation in lipid mixtures [106,107]. This choice is
also consistent with the positivity of λ set for the zipper
assumption (ferromagnetic-like behavior).

To estimate the one-dimensional bending rigidity, we
employ the relation kb = Eh/[24(1 − ν2)], obtained by adapt-
ing the shell model to the one-dimensional case [23,100].
Here, the one-dimensional bending coefficient is related to
the Helfrich bending modulus through the discretization

length a according to kb � Kb/a2. Throughout this work,
we adopt a = h, the bilayer thickness, as the characteris-
tic coarse-graining length. Besides being the natural length
scale associated with the continuum elastic properties of
the membrane, it is also of the same order of magnitude
as the conformational length change, h � �o − �c. Recalling
that we assumed identical bending rigidities for both phases,
but different Young’s moduli (Ec,o) and bilayer thicknesses
(hc,o), we fix the bending stiffness to the corresponding av-
erage value kb = [k(c)

b + k(o)
b ]/2 ≈ 5 pNnm−1. This choice is

not expected to affect the general conclusions. Introducing
phase-dependent bending rigidities would primarily renor-
malize the energetic cost of the interface between the two
phases and, hence, the nucleation barrier and the associated
force peak, while leaving the general analytical framework
unchanged.

For adhesions, we set ka = 0.1 pNnm−1 and �d = 20 nm,
which are of the same order of magnitude as those in
Ref. [39]. These parameters determine the energy bias as-
sociated with the detached state, �Ed = 1

2 ka�
2
d ≈ 5 kBT,

which is comparable to �E and therefore leads to an ener-
getic competition between closed/attached and open/detached
states.

Finally, we set the trap stiffness to kT = kc. This choice
allows us to mimic both isometric and isotensional loading
conditions within the two theoretical formulations described
above. In the parametric analysis, kT will be varied to investi-
gate intermediate loading regimes.

To conclude, the parameter values reported here should
be regarded as physically consistent order-of-magnitude esti-
mates obtained from experiments. Their role is to place the
model within a realistic mechanical regime rather than to
quantitatively reproduce a particular membrane system.

A. Model predictions: Number of units

We start the parametric study by analyzing the behavior
of the FEC as a function of the number of units N . Since
the study of membrane scission lies beyond the scope of this
work, from now on, we focus on the first portion of the FEC
before coalescence.

In Fig. 4, different FECs are shown as a function of the nor-
malized membrane extension x̄N = xN/(N�o), for a variable
N . We compare the FECs for both adhesive membranes (ka >

0) and pure membranes (ka = 0). In Fig. 4(a) the black curves
represent the two ensembles for N = 10, and are identical to
those shown in Figs. 2(a) and 3(a). We observe that for a fixed
kT , increasing N (i.e., approaching the thermodynamic limit)
causes the response of the system in the isometric ensem-
ble to progressively approach the isotensional behavior, but
remaining thermodynamically inequivalent. In particular, the
FEC displays a systematic reduction of the nucleation force
peaks, with the characteristic sawtoothlike pattern gradually
flattening into a force plateau. Remarkably, for a variable
N , the isometric and isotensional FECs exhibit a first linear
regime whose slope increases with N , while the corresponding
nucleation peak and force plateau decrease and converge to-
ward a constant value as N grows. This feature leads to a force
plateau whose magnitude exceeds that of the pure membrane,
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(a)

(b)

FIG. 4. Comparison of the FECs for adhesive and pure mem-
branes under isotensional loading [Eq. (21), dotted lines] and
isometric loading [Eq. (16), continuous lines], for varying numbers
of N units at fixed trap stiffness kT = kc. The curves are shown as
a function of the normalized membrane extension x̄N = xN/(N�o),
for N = {10, 20, . . . , 100}. The black curves for both ensembles are
those obtained for N = 10. The characteristic point (xP, fP ) for the
force plateau, given in Eqs. (24) and (25) (red squares), and for
the force peak (x∗, f ∗), given in Eqs. (26) and (27) (black circles),
are also indicated for the curve with N = 10. In the inset, the two
characteristic force magnitudes, fP and f ∗, are reported as a function
of N . Here N = {10, 20, . . . , 100, 150, 200, . . . , 500}. (a) Adhesive
Membrane (ka > 0). For increasing N , the isometric response pro-
gressively approaches the isotensional behavior, with nucleation
peaks diminishing and the sawtooth pattern flattening into a plateau.
The initial linear regime becomes steeper, while both fP and f ∗

decrease as N increases, converging to a different constant value
at large N (inset). (b) Pure Membrane (ka = 0). In contrast to the
adhesive case, the prenucleation linear regime collapses onto a single
curve for all N , and isotensional FECs are nearly indistinguishable,
indicating an extensive scaling with N . Note that the magnitude of
the force plateau ( fP = 40 pN) is lower than that of the adhesive
membrane ( fP ∼ 50 pN). Moreover, fP remains constant, while f ∗

approaches this value for large N (inset). The adopted parameters are
listed in Table I.

as discussed below. Accordingly, adhesions act as additional
springs that resist membrane extraction, effectively increasing
the energy required for membrane extrusion.

Given the importance of the force plateau and the nucle-
ation force peak, we evaluate their amplitudes as a function of
N . In particular, we define a specific location of the plateau in
the FEC as the point (xP, fP ), where

xP := 1

N�o

(
〈x( fP )〉F − fP

kT

)
, (24)

fP :=
{

∂〈x( f )〉F

∂ f
= 0

}
. (25)

Here, the quantity fP is defined as the value of the applied
force f at which the derivative of the mean extension 〈x( f )〉F

with respect to f vanishes, with 〈x( f )〉F given in Eq. (21).
This point is shown in the main figure for N = 10 (red square).
From its definition, xP is located between the nucleation
and coalescence peaks, approximately midway between them.
Similarly, for the isometric FEC, we determine the charac-
teristic point for the force peak (x∗, f ∗), corresponding to
the first relative maximum of the isometric force-extension
relation in Eq. (16). In particular, we define

x∗ := 1

N�o

(
x∗

T − f ∗

kT

)
, (26)

f ∗ := 〈 f (x∗
T )〉X . (27)

Here, the quantity x∗
T is defined as the smallest value of the ex-

tension xT at which the derivative of the mean force (with re-
spect to xT ) vanishes, such as x∗

T := min{xT : [ ∂〈 f (xT )〉X

∂xT
] = 0},

and 〈 f (xT )〉X given in Eq. (16). The location of the force-peak
is shown for N = 10 (black circle). The inset of Fig. 4(a)
shows the magnitudes of the two characteristic points as a
function of N , for the adhesive membrane case (ka > 0). As
N increases, both fP (red squares) and f ∗ (black circles)
decrease and progressively converge to two different asymp-
totic values.

In Fig. 4(b), different FECs of the pure membrane (adhe-
sion stiffness set to ka = 0) are shown as a function of the
normalized membrane extension for different N . The charac-
teristic points (xP, fP ) associated with the force plateau (red
square) and (x∗, f ∗) corresponding to the force peak (black
circles) are also indicated for the curve with N = 10. Note that
the magnitude of the force plateau is fP = 40 pN, consistent
with the parameter choice discussed in Sec. VI. Also, the
force-peak amplitude remains clearly identifiable despite the
absence of adhesions. In this case, the nucleation peak reflects
the purely energetic cost associated with its bending and the
creation of an interface between closed and open lipid states.
The inset of Fig. 4(b) shows f ∗ and fP as a function of N ,
for the pure membrane case (ka = 0). In this scenario, as N
increases, the force peak f ∗ gradually approaches the force
plateau fP, which is independent of N . Consequently, the two
characteristic forces converge to the same asymptotic value,
indicating that, for a pure membrane, the distinction between
the force plateau and the force peak is a purely finite-size
effect.

Notably, for the pure membrane (ka = 0), the linear regime
preceding nucleation collapses onto a single curve for all
the FECs with different N and for both loading conditions.
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Furthermore, under isotensional loading, the FECs of the
pure membrane are nearly indistinguishable from one an-
other. This behavior contrasts qualitatively with the adhesive
case and indicates that the isotensional response of the pure
membrane retains an extensive character, with the relevant
elastic response depending on the system size. The origin
of this system-size dependence can be traced to the simple
structure of the closed-phase stiffness network in the absence
of adhesion. The closed branch then consists of N − ξ units
connected in series with the ξ open units, so that its effective
stiffness decreases with increasing system size and vanishes
asymptotically. Consequently, in the thermodynamic limit, the
closed phase of the pure membrane becomes infinitely com-
pliant, allowing the total extension to be redistributed among
the closed units.

By contrast, for the adhesive membrane, the closed-
attached branch of length N − ξ constitutes a discrete ladder
network, in which every unit of stiffness kc is additionally
grounded to the rigid cortex through an adhesion spring ka.
Solving the corresponding equilibrium equations (see Ap-
pendix B) yields the effective end-to-end stiffness of this
branch in closed form, Eq. (B4), valid for arbitrary system
size and adhesion strength. For ka = 0, K̃c(ξ ) → kc/(N − ξ ),
recovering the softening of a chain of springs in series, which
vanishes in the thermodynamic limit (N → ∞). For any ka >

0, however, the effective stiffness saturates to the finite value

K̃∞
c := lim

N→∞
K̃c(N − ξ ) = 1

2

(
ka +

√
k2

a + 4kakc
)
.

As a consequence, adding further membrane units no longer
softens the system. In this regime the closed-attached phase
becomes effectively rigid as N increases, and the total exten-
sion of the membrane is no longer an extensive fluctuating
variable. This means that even weak adhesions can qualita-
tively alter the thermodynamic behavior of the membrane,
thereby modifying the macroscopic mechanical response of
the extrusion process. Moreover, as shown in the inset of
Fig. 4(a) for increasing N , fP and f ∗ converge to two different
asymptotic values. This separation between the nucleation
force peak (characteristic of the isometric ensemble) and the
force plateau (characteristic of the isotensional ensemble) in-
dicates a breakdown of the ensemble equivalence between
isometric and isotensional conditions. As a matter of fact,
two conjugate statistical ensembles are considered equiva-
lent when they produce identical macroscopic force-extension
relations in the thermodynamic limit [66,83,99,108]. In the
present framework, our analysis indicates that this condition
is violated in the presence of adhesions. Similar forms of
ensemble inequivalence have been documented in systems
characterized by long–range constraints or collective elastic
couplings [109–112].

This thermodynamic inequivalence has important experi-
mental consequences. In adhesive membranes, the FECs re-
tain qualitatively different features depending on the imposed
loading condition: isotensional loading leads to “slippagelike”
patterns, whereas isometric loading exhibits “rupturelike”
behavior even for large-N systems. Conversely, for pure
membranes, the distinction between “rupture” and “slip-
page” arises solely from finite-size effects. Such a distinction
based on the observed force signatures can be quantified by

comparing the force excess above the plateau, � f ∗, with
the characteristic thermal force fluctuations of the prenucle-
ation branch. This naturally leads to the introduction of a
force-resolution tolerance separating the two regimes (see Ap-
pendix C). In the thermodynamic limit, the resulting criterion
reads

� f ∗ ≷ f ∞
tol , f ∞

tol := √
K∞

c /β,

with

K∞
c := K̃∞

c kT

K̃∞
c + kT

.

where � f ∗ > f ∞
tol corresponds to rupture, whereas � f ∗ �

f ∞
tol corresponds to slippage. Using the reference parameter

values of Table I, this criterion predicts an asymptotic force-
resolution threshold of f ∞

tol ≈ 4.3 pN, in good agreement with
the experimental mean value of approximately 3 pN reported
in Ref. [37].

A further consequence is that K∞
c decreases monotonically

as the adhesion strength is reduced (ka → 0). Accordingly,
f ∞
tol also tends to zero in the adhesion-free limit, consistently

with the fact that, for a pure membrane, the force peak pro-
gressively merges with the force plateau as N increases [see
the inset of Fig. 4(b)]. In this limit, no finite force-resolution
tolerance is required to distinguish rupture from slippage.

B. Model predictions: Membrane parameters

In Fig. 5, we investigate the variation of the FECs with the
membrane parameters. In Fig. 5(a), as the Ising coefficient λ

increases, we observe a corresponding increase in the magni-
tude of the nucleation force peak f ∗. This behavior reflects
an increasingly abrupt transition of a membrane fraction into
the open conformation for larger λ. This is consistent with
the fact that larger values of λ favor the formation of a single
propagating interface. Notably, variations in λ affect only the
peak region of the isometric FEC, while the remaining saw-
tooth peaks remain unchanged. In contrast, the isotensional
FEC and the corresponding force plateau fP remain almost
unaffected over the explored range of λ. In the inset, the
magnitudes of the two characteristic points f ∗(λ) and fP(λ)
are shown as functions of the normalized parameter λ/λ̄.
Here, λ̄ denotes the value of the Ising coefficient reported
in Table I, and λ = {0, 0.5, 1, 1.5, 2, 2.5, 3} λ̄ represents its
relative variation. The same parametrization is adopted for the
other parameters.

In Fig. 5(b), we show the influence of the closed units
stiffness kc. For clarity, the main panel displays only three
representative values, kc = {0.5, 1, 1.5} k̄c. As can be seen,
increasing kc stiffens the initial linear loading regime in
both loading conditions and enhances the nucleation peak in
the isometric FEC, while the characteristic sawtooth pattern
develops progressively larger oscillations. The inset further
shows that the nucleation force f ∗(kc) increases approxi-
mately linearly with kc, whereas the force plateau fP(kc)
decreases monotonically and approaches a constant value at
large kc. These opposite trends reflect the distinct physical ori-
gins of the two quantities. The nucleation force f ∗ is governed
by the elastic response of the fully closed membrane under
imposed extension and therefore increases proportionally with
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(a) (b)

(c) (d)

FIG. 5. Variation of the FECs and their characteristic points as a function of the normalized membrane extension, for different membrane
parameters. The black curves represent the reference FECs, also reported in Fig. 3(a). Denoting by ε the investigated parameter, the inset
illustrates the amplitudes of the two characteristic forces, f ∗(ε) and fP(ε) as functions of the normalized parameter ε/ε̄, where ε̄ indicates
the reference value listed in Table I. The relative variation of the parameter is given by ε = {0, 0.5, 1, 1.5, 2, 2.5, 3} ε̄. (a) Increasing the Ising
coefficient λ leads to an increase in the nucleation force peak f ∗(λ), corresponding to a sudden transition of the membrane units into the
open conformation. Variations in λ have a negligible effect on the isotensional FEC and do not affect the force plateau fP(λ) (inset). (b)
Increasing kc causes the nucleation force peak f ∗ to increase approximately linearly, whereas the force plateau fP decreases and saturates
toward a constant value (inset). Consequently, the force difference � f ∗(kc ) = f ∗(kc ) − fP(kc ) increases for large kc. For clarity, the main
panel shows only three representative FECs corresponding to kc = {0.5, 1, 1.5} k̄c. Note that, since kc � ko, the smallest value shown in the
inset corresponds to kc = 0.25 k̄c ≡ k̄o. (c) As the stiffness ko increases, the force plateau of the FECs increases accordingly, while the difference
in magnitude � f ∗(ko) appears to converge toward a constant value (inset). For consistency and clarity, the main panel again displays only three
representative FECs, corresponding to ko = {0.5, 1, 1.5} k̄o. (d) Increasing the energy barrier �E shifts the force plateau fP, in agreement with
Bell’s theory [113], and its generalization [88]. In this case, the quantity � f ∗ appears to increase as �E increases (inset). Here, the three FECs
displayed correspond to �E = {0, 0.25, 1} �̄E .The adopted parameters are listed in Table I.

kc, as expected for a spring chain pulled to a fixed displace-
ment. Conversely, the force plateau fP is determined by the
coexistence condition between the closed and open phases at
fixed force, and therefore depends on the elastic properties
of both phases. As kc increases, the closed phase becomes
progressively stiffer under a given force, so that its elastic
contribution to the coexistence balance gradually vanishes.
Consequently, fP converges toward a limiting value controlled
by the open phase only.

In the FECs shown in Fig. 5(c), we observe an upward
shift of the force plateau as the stiffness ko of the open units
increases. This behavior can be readily understood from the
quadratic form of the energy: increasing the stiffness of the
open units leads to a higher associated energetic barrier. Inter-
estingly, the difference � f ∗(ko) appears to converge toward
a constant value for large ko (inset). However, it is important
to recall that ko is bounded to ko � kc, and cannot increase
arbitrarily.

Using the same rationale, the shift of the force plateau with
increasing energy bias �E , shown in Fig. 5(d), can also be
readily interpreted. Indeed, the value of fP is directly related
to the height of the energy barrier �E , in agreement with
Bell’s theory [113]. In fact, in the absence of adhesive units
(ka = 0), zero bending (kb = 0), and in the particular case
of a single homogeneous unit (ko = kc), the well-known re-
lation fP = �E/(�o − �c) is recovered [65], together with its
generalization predicting a temperature dependent transition
force when ko �= kc [88]. A key difference with respect to the
previous case lies in the behavior of f ∗(�E ), which appears
to increase with �E (inset).

Finally, Fig. 6 highlights the crucial role of the bending
rigidity in determining the behavior of the FECs.In par-
ticular, increasing kb leads to a higher magnitude of the
nucleation force peak. Indeed, this peak reflects the energetic
cost associated with the transition of the membrane from
the undisturbed to the extruded state. Within the explored

034409-13



FABIO MANCA AND STEFANO GIORDANO PHYSICAL REVIEW E 114, 034409 (2026)

FIG. 6. For increasing bending stiffness kb, the magnitude of the
nucleation peak increases. This reflects the energetic cost associated
with the transition from a flat to a curved state. Here, fP remains
nearly constant as kb increases (inset).The adopted parameters are
listed in Table I.

parameter range, while fP(kb) remains essentially constant,
the force peak f ∗(kb) increases approximately linearly with kb

(see inset).
The different sensitivities of the nucleation peak and force

plateau originate from the way bending rigidity enters the ex-
trusion process. Since the bending energy contributes directly
to the energetic cost of creating the interface between the
closed and open membrane domains, it significantly modifies
the nucleation barrier and, consequently, the nucleation peak.
By contrast, during the subsequent propagation regime, the
interface propagates with only minor changes in its local
geometry, so that the bending contribution remains nearly
constant and has only a weak influence on the force plateau.

C. Model predictions: Adhesion parameters

We conclude the parametric analysis by examining the ef-
fect of adhesions on the FECs, as shown in Fig. 7. In addition
to the homogeneous distribution of adhesions considered so
far [i.e., one adhesion per lipid unit; see Eq. (10)], we also

FIG. 7. Variation of the FECs and their characteristic points for different adhesion parameters and distribution. (a) Fully adhesive
membrane. Increasing the adhesion stiffness ka produces a linear upward shift of both the force plateau fP and the nucleation force
peak f ∗, while the normalized peak amplitude � f ∗(ka) remains constant (see also the inset). The relative variation of ka is given by
ka = {0, 0.5, 1, 1.5, 2, 2.5, 3} k̄a. For clarity, we reported only three FECs corresponding to the first three smallest parameter values. Note
that, for ka = 0 (cyan lines), the nucleation peak remains clearly detectable: it reflects the energetic cost associated with the formation of the
interface between closed and open phases (Ising behavior). (b) Quasiadhesive membrane. Introducing a single nonadhesive site in an otherwise
adhesive membrane produces a clear signature in the isometric FEC. In contrast, the isotensional response remains nearly unaffected. (c)
Quasipure membrane. Introducing a single adhesion in an otherwise pure membrane also strongly modifies the isometric FEC, while leaving
the isotensional curve essentially unchanged. (d) When a single adhesion is placed at the membrane end, the nucleation peak amplitude of the
fully adhesive membrane is recovered. Compared to the fully adhesive membrane, this configuration exhibits a steeper negative force slope
preceding the plateau, and increasing ka induces a clear transition from a “slippage” to a “rupture” FEC signature, consistent with experimental
observations in Ref. [37]. The adopted parameters are listed in Table I.
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investigate three cases in which adhesions are distributed non-
homogeneously along the membrane, allowing for missing
adhesion sites.

Focusing first on the homogeneous case, Fig. 7(a) shows
that increasing the adhesion stiffness ka (starting from ka = 0,
cyan lines) results in an upward shift of the force plateau.
Notice that the sawtooth pattern of the isometric FEC is
further amplified by the adhesions. Notably, the nucleation
peak is also strongly affected by the presence of adhesions
and differs significantly from those of a pure membrane.
Moreover, both the force plateau fP and the nucleation force
peak f ∗ depend linearly on the adhesion stiffness. However,
in contrast to the previously discussed cases, the quantity
� f ∗(ka) remains constant over the explored range of ka values
(see inset).

It is now of interest to analyze a heterogeneous distribution
of adhesions. We begin with a quasihomogeneous case for
N = 10, in which a single nonadhesive site is mimicked at
the i = N − 2 position. Accordingly, the adhesion vector in
Eq. (10) is redefined as

wa := (Wa(1), . . . , Wa(N − ξ )) ∈ RN−ξ ,

with Wa = (1, . . . , 1, 0, 1, 1) ∈ RN . Hence, Eq. (9) reads
now

ϕ(ξ ) = ξ

[
�E + 1

2
ko�

2
o

]
+ 2λI (ξ ) + �Ed

N∑
i=N−ξ+1

Wa(i),

with �Ed given in Eq. (6), and I (ξ ) given in Eq. (2). The
FEC behavior of this heterogeneous membrane is shown in
Fig. 7(b). Importantly, we observe that, while the signature of
the missing adhesion is clearly visible in the isometric FEC,
it is almost imperceptible in the isotensional case. This is a
crucial observation that should be taken into account in real
experiments: selecting a particular loading ensemble allows
for highlighting specific mechanisms.

As an opposite case, we consider an almost pure membrane
with a single adhesion site at the i = N − 2 position, defined
by Wa = (0, . . . , 0, 1, 0, 0) ∈ RN , and shown in Fig. 7(c).
Once again, we observe that the isometric FEC is strongly
affected by the presence of the single adhesion molecule at
the N − 2 position, whereas the isotensional FEC remains
essentially unchanged.

As a final case study, Fig. 7(d) illustrates the scenario
in which a single adhesion molecule is attached to the N th
unit of the membrane, thereby interacting with the end-
terminal unit to which the loading device (or molecular
handle) is applied. In this case, the adhesion vector is defined
as Wa = (0, . . . , 0, 1) ∈ RN . This configuration corresponds
to a common experimental scenario in which membrane ex-
trusion is performed using antibodies as molecular handles
to probe the mechanical interaction between the extracellu-
lar domain of a specific membrane-bound receptor and the
cytoskeleton [2,37]. Importantly, the values of ka and �d

adopted here should be regarded as effective coarse-grained
parameters characterizing membrane-cortex attachment, in
accordance with the cellular extrusion model of Ref. [39],
rather than as quantitative mechanical constants associated
with a specific receptor-ligand pair. Accordingly, the present
single-adhesion analysis is intended to provide a generic me-

chanical description of localized membrane-cortex adhesion,
rather than a quantitative model of any particular receptor
system.

Interestingly, despite the presence of a single end-terminal
adhesion, the amplitude of the nucleation force peak is re-
covered. This indicates that adhesions contribute locally to
the nucleation peak, in contrast to their nonlocal contribution
to the force plateau. The main difference with respect to the
nucleation peak of the fully adhesive membrane arises from
the negative slope of the force preceding the plateau, which is
significantly steeper in the present case. Furthermore, increas-
ing the adhesion stiffness ka here leads to a clear transition in
the FECs from the typical “slippage” to “rupture” signature.

VII. DISCUSSION AND CONCLUSIONS

The theoretical framework developed in this work pro-
vides a unified statistical-mechanical description of cellular
membrane extrusion. By explicitly accounting for discrete
lipids, adhesion molecules, and finite device elasticity, the
proposed formulation yields a microscopic interpretation of
the characteristic signatures and features of experimentally
observed force-extension curves, including force peaks and
plateaus [17–22].

A. Analytical and physical insights

From a theoretical standpoint, the present work ad-
dresses the challenge of treating membrane-adhesion cou-
pling within a minimal analytical-molecular framework. It
provides a complementary perspective to existing continu-
ous approaches [31,34,35,37,40,44,45,47–49], and discrete-
numerical simulations [38,39,52–54,58,60,61].

The theory establishes a compact formulation in which all
membrane stiffness parameters are encoded in a single matrix.
This structure is reminiscent of classical treatments of one-
dimensional elastic decohesion problems [75–77]. Here, the
strategy is extended to cellular membranes by explicitly in-
corporating lipid conformational transitions, bending rigidity,
and device elasticity. The resulting force-extension relations,
for isometric [Eq. (16)] and isotensional [Eq. (21)] loading,
are exact within the model assumptions and provide a direct
mapping between microscopic parameters and macroscopic
observables.

From a physical standpoint, the explicit inclusion of lipid-
lipid interactions through an Ising-type coupling parameter
enables the model to capture membrane phase separation.
Depending on the extrusion conditions, cooperative or an-
ticooperative lipid behavior emerges from the competition
among stretching elasticity, lipid-mixing interactions, and
mechanical loading. As a consequence, the model predicts
a mechanically induced conformational transition between
ordered and disordered lipid states. The zipper assumption
reduces the high-dimensional configurational space of the
membrane to a single collective coordinate ξ , thereby allow-
ing an exact analytical treatment.

A key aspect is the explicit inclusion of the finite-size
elasticity of the loading device. This feature establishes a
connection between the theoretical frameworks of the Gibbs
and Helmholtz ensembles [65,66] to experimental extrusion
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setups, and yields a continuous crossover between isoten-
sional and isometric loading conditions through the tunable
trap stiffness kT . The analysis demonstrates that a correct in-
terpretation of extrusion FECs requires careful consideration
of the loading protocol.

Another distinctive feature of the model is the explicit
modeling of membrane-to-cortex adhesions, aimed at eluci-
dating their debated role in determining the force required
for membrane extrusion [29–32]. The behavior predicted for
pure membranes is substantially altered by the inclusion of
membrane-to-cortex adhesions. On the one hand, the analysis
of pure membranes shows how cooperative interactions lead
to an extensive character of the isotensional FEC. On the other
hand, adhesions act as additional elastic constraints that resist
membrane extraction, thereby introducing a long-range elastic
coupling that prevents the closed phase from becoming in-
finitely compliant. This characteristic increases both the force
plateau and the nucleation peak, which is in agreement with
experimental observations [29,30].

A further feature is the consideration of the bending rigid-
ity, which also plays a crucial role in setting the nucleation
peak magnitude. Increasing kb raises the energy required to
transform a rest membrane into an extruded tether, thereby
increasing the force peak. This behavior is consistent with
experimental observations [10,16,37,70], and underscores the
dual mechanical nature of membrane extrusion: nucleation is
dominated by bending energetics, whereas the plateau is pri-
marily governed by in-plane lipid energetics. This distinction
agrees with continuum membrane theories, in which bending
rigidity controls curvature generation and membrane tension
governs in-plane stretching [1,35].

A central outcome of this work is the identification of a
nucleation-propagation mechanism for lipid rearrangement,
whereby the membrane is extracted. This mechanism provides
a microscopic interpretation of the force peak observed in
FECs—associated with the nucleation barrier for interface
formation—followed by a plateau corresponding to steady
propagation. This force plateau reflects the coexistence of
two phases of the membrane with different extensions, which
is consistent with experimental observations [31,32,37]. The
analysis shows that the force plateau fP is primarily gov-
erned by the energy bias �E between the two metastable
states and the difference in their rest lengths �� ≡ �o. This
dependence aligns with classical Bell theory [113] (and gen-
eralizations [88]), in which fP ∼ �E/��.

The nucleation peak f ∗ predicted in the isometric condition
reflects the energetic cost of creating an interface between
closed and open lipid domains, as well as detaching adhesion
proteins. Its dependence on the mixing interaction parame-
ter highlights the cooperative nature of lipid rearrangements:
increasing λ enhances phase segregation and raises the in-
terfacial barrier. This result establishes a quantitative link
between nucleation peak magnitude and lipid-lipid interaction
strength, which could be inferred through force spectroscopy.

Another fundamental result of this work is that, in the pres-
ence of adhesions, the nucleation peak persists for large N , in
contrast to the case of pure membranes, where f ∗ converges
to the force plateau fP. This point demonstrates a breakdown
of ensemble equivalence: the isotensional and the isomet-
ric FECs no longer coincide asymptotically. Experimentally,

this implies that force-controlled and displacement-controlled
protocols may produce intrinsically different macroscopic sig-
natures for the adhesive membrane.

B. Model limitations and future directions

Despite its theoretical tractability, the model relies on
simplifying assumptions. First, the quasi-one-dimensional
representation neglects membrane topology and additional
physical effects such as bidimensional fluctuations of the
tether, interleaflet friction, membrane scission, intrinsic cur-
vature, and possible differences in bending rigidity between
the liquid-ordered and liquid-disordered membrane phases.
Second, the present framework assumes equilibrium statistics,
whereas real extrusion processes involve kinetic phenomena,
including lipid and adhesion diffusion, binding-unbinding
dynamics, and catch-bond behavior. Third, the adhesion
model does not incorporate spatial heterogeneity or stochastic
distributions (quenched disorder). These assumptions sug-
gest caution in quantitative comparisons with experiments,
particularly when dynamic or spatial effects dominate. Ac-
cordingly, the model is designed to elucidate the physical
mechanisms governing membrane extrusion and to capture
the characteristic mechanical signatures of the corresponding
response, rather than to quantitatively reproduce a specific
experimental FEC.

Several directions for future research naturally follow.
Incorporating stochastic kinetics would allow exploration
of rate-dependent extrusion and nonequilibrium effects.
Including heterogeneous lipid compositions and relaxing
the zipper approximation by allowing multiple interfaces
would provide a more realistic description of phase sepa-
ration and membrane-cortex coupling in cells. Introducing
phase-dependent bending rigidities would primarily renor-
malize the nucleation barrier and the associated force peak,
without altering the general physical mechanisms identified
here. Likewise, allowing multiple interfaces would modify
the statistical weights of the mixed configurations and, con-
sequently, the detailed shape of the predicted force-extension
curves. However, the mechanism underlying the ensemble
inequivalence is expected to remain governed primarily by
the membrane-cortex adhesion term rather than by the zipper
approximation itself.

Extending the model to two-dimensional geometry would
enable investigation of tether morphology and curvature ef-
fects. This generalization would introduce the membrane
shape itself as an additional degree of freedom, thereby
allowing one to account explicitly for local membrane cur-
vature, differential intrinsic curvature between phases, and
tube-radius selection within the same statistical-mechanical
framework. This would establish a closer connection with
continuum Helfrich theories while preserving the microscopic
description developed here. However, such an extension is
highly nontrivial, as the additional geometric degrees of
freedom become intrinsically coupled to the microscopic
membrane states, substantially increasing the analytical com-
plexity of the problem.

In parallel, further analytical simplifications of the present
formulation may lead to explicit closed-form expressions for
experimentally relevant observables, such as the force plateau
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and the nucleation force. This objective is nevertheless chal-
lenging because the pentadiagonal structure of the stiffness
matrix A (ξ ) considerably complicates the analytical evalua-
tion of the partition function and the study of its asymptotic
behavior.

From an experimental perspective, the model suggests
performing extrusion experiments of pure and adhesive mem-
branes to directly test ensemble inequivalence. Systematic
variation of lipid composition and adhesion density would
further help to disentangle their respective contributions to the
FEC. Moreover, we note that the predicted sawtooth structure
may also be experimentally accessible. Since each tooth cor-
responds to the opening of a single lipid unit (�o ≈ 1 nm),
typical membrane-pulling velocities (vp ≈ 0.1–10 μm/s) im-
ply characteristic timescales of approximately τ ≈ 0.1–10
ms, corresponding to bandwidths of BW ≈ 0.1–10 kHz
to resolve individual sawtooth events. This suggests that
modern force-spectroscopy techniques operating at MHz
bandwidths [96,114] could provide a suitable experimental
platform for testing this prediction.

We believe that the combination of the analytical and ex-
perimental developments discussed above provides a promis-
ing route toward establishing a systematic connection between
microscopic statistical-mechanical models and continuum
theories of membrane mechanics.
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APPENDIX A: PARTITION FUNCTION OF THE SYSTEM

We show here the details of the calculation of the
Helmholtz partition function for the matrix formulation. Sub-
stituting Eq. (8) in Eq. (12) of the main text, we get

ZX (xT ) = e− β

2 kT x2
T eβλ(N−1)

×
N∑

ξ=0

e−βϕ(ξ )
∫
RN

e− β

2 kcx�A (ξ )x eβkov(ξ )�xdx.

Now, using the well-known property of multidimensional
Gaussian integrals

∫
RN

e−x�A x eu�xdx =
√

πN

det[A ]
e

1
4 u�A −1u,

which is valid for any symmetric and positive definite matrix
A , and letting u = βkov(ξ ), we get

ZX (xT ) = eβλ(N−1)

(
2π

βkc

) N
2

e− βkT
2 x2

T

×
N∑

ξ=0

e−βϕ(ξ ) e
β

2 koηov(ξ )�A (ξ )−1v(ξ )

√
det[A (ξ )]

. (A1)

Finally, recalling the definition of the vector
v = (0, . . . , 0, δ, 0, . . . , 0, δT )� ∈ RN , where δ = −�o and
δT = lo + kT

ko
xT , and defining

γ (xT , ξ ) := v(ξ )�A (ξ )−1v(ξ )

= A −1
[Nξ ,Nξ ]δ

2 + 2δδT A −1
[Nξ ,N] + δ2

T A −1
[N,N],

we can recast the partition function in Eq. (A1) into the
compact form reported in Eq. (13) of the main text. We recall
that Nξ = N − ξ is the number of closed-attached domains,
and the notation A −1

[.,.] denotes a single element of the inverse
matrix A −1.

APPENDIX B: EFFECTIVE STIFFNESS
OF THE CLOSED-ATTACHED BRANCH

We derive the effective stiffness of the closed-attached
branch, composed of M = N − ξ adhesive units of
stiffness ka.

The elastic energy of the branch is

E =
M∑

i=1

[
kc

2
(xi − xi−1)2 + ka

2
x2

i

]

+
M−1∑
i=1

kb

2
(xi+1 − 2xi + xi−1)2 − f xM .

Note that, unlike the open-detached branch, where the
equilibrium displacement profile is exactly linear and bending
contributes only a force-independent constant, the adhesive
potential induces a curved equilibrium profile. Consequently,
at first glance, bending must be retained explicitly. Neverthe-
less, it is easy to show that bending introduces only a small
higher-order correction.

In fact, stationarity conditions in Eq. (B1) yield the fourth-
order difference equation

kc(xi+1 − xi ) − kc(xi − xi−1) − kaxi

+ kb(xi+2 − 4xi+1 + 6xi − 4xi−1 + xi−2) = 0, (B1)

consistent with the pentadiagonal structure of the full mem-
brane stiffness matrix [Eq. (8)], now restricted to the ladder
branch.

Seeking solutions of the form xi = ri and introducing
u = r + 1

r − 2, the characteristic equation reduces to

kb u2 − kc u + ka = 0, u1,2 = kc ± √
k2

c − 4kakb

2kb
.
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Each root u1,2 defines a decay rate through
cosh(αm) = 1 + um/2 (m = 1, 2), and is positive whenever

εk := 4kakb

k2
c

< 1.

The two roots have distinct physical meanings. The smaller
root, u2, defines a slowly decaying, long-range mode that
potentially survives far from either end of the branch and
controls the asymptotic “screening-length” relevant to the
N → ∞ limit. In contrast, the larger root, u1, defines a rapidly
decaying, short-range mode localized around the branch
boundaries, which potentially decays away within a few lipid
units and does not affect the bulk behavior of the branch. In
what follows we therefore focus on u2, which controls the
macroscopic response of the closed-attached branch.

Note that, for the literature values of the system parameters
reported in Table I, the dimensionless parameter takes the
value εk ≈ 5 × 10−5 
 1. Expanding u2 for εk 
 1, we get

u2 = ka

kc

[
1 + kakb

k2
c

+ O
(

k2
a

k2
c

)]
.

Hence, the decay rate of the closed-attached branch, α2 �√
ka/kc, is controlled primarily by the adhesion and stretching

stiffnesses, while bending contributes only a small higher-
order correction.

Motivated by this result, we neglect the bending contribu-
tion in the remainder of the derivation. This approximation
considerably simplifies the analytical treatment while preserv-
ing the qualitative behavior of the effective stiffness. Indeed,
retaining bending merely leads to a quantitative renormal-
ization of the decay rate and, consequently, of the effective
stiffness, without introducing qualitatively new features.

Thus, Eq. (B1) reduces to

kc(xi+1 − xi ) − kc(xi − xi−1) − kaxi = 0.

Grouping terms by displacement and dividing by kc, we obtain
the following second-order characteristic equation

xi+1 − 2

(
1 + ka

2kc

)
xi + xi−1 = 0, (B2)

which, with xi = ri, yields

r2 − 2ηrr + 1 = 0, with ηr = 1 + ka

2kc
.

The two roots can then be parametrized as r± = e±α , where
α > 0 is defined by

cosh α = 1 + ka

2kc
.

Hence, the general solution of Eq. (B2) is a linear combi-
nation of the two independent modes, that can be written in
hyperbolic form as

xi = A sinh(iα) + B cosh(iα).

Imposing boundary condition at the left fixed end (x0 = 0),
we get B = 0 and the displacement reduces to

xi = A sinh(iα). (B3)

At the right end (i = M), force balance gives

f ≡ K̃cxM = kc(xM − xM−1) + kaxM,

where f is the pulling force, and K̃c the approximated effec-
tive stiffness of the closed-attached units. Using Eq. (B3), we
have

xM = A sinh(Mα), xM−1 = A sinh[(M − 1)α].

After straightforward calculations, we obtain the effective
stiffness of the closed-attached branch (ka > 0) valid for ar-
bitrary system size, as

K̃c(N − ξ ) = 1

2

{
ka +

√
k2

a + 4kakc coth[(N − ξ )α]
}
, (B4)

with

α = arcosh

(
1 + ka

2kc

)
.

APPENDIX C: RUPTURE/SLIPPAGE
SIGNATURE CRITERION

We derive here the rupture/slippage criterion introduced
in Sec. IV. The criterion relies on comparing the difference
in magnitude between force peak and force plateau, namely,
� f ∗ := f ∗ − fP, with a force-resolution threshold ftol below
which the nucleation peak cannot be distinguished from the
force plateau because it is masked by thermal fluctuations
� f ∗ ≷ ftol [37]. In what follows, we detail how ftol can be
estimated by applying the equipartition theorem to the prenu-
cleation elastic branch of the membrane.

Prior to nucleation, the system fluctuates around the fully
closed branch, whose constitutive relation is

Fc(xT ) = Kc xT ,

with Kc denoting the effective stiffness resulting from the se-
ries combination of the molecular stiffness of the fully closed
branch, K̃c(N ) [Eq. (B4), Appendix B], and the trap stiffness
kT , namely,

Kc := K̃c(N )kT

K̃c(N ) + kT

.

Because this branch is locally harmonic, the extension fluc-
tuates around its equilibrium value according to the Gaussian
distribution P (xT ) � e− β

2 Kc δ2
x , with δxT := xT − 〈xT 〉. The

equipartition theorem therefore gives〈
δx2

T

〉 = 1

βKc
.

To propagate these fluctuations to the measured force, we
rewrite the constitutive relation as

Fc(xT ) = KcxT = Kc(〈xT 〉 + δxT ) = 〈Fc〉 + Kc δxT ,

which yields

δF := Fc(xT ) − 〈Fc〉 = Kc δxT .

Squaring the above expression, averaging over the thermal
fluctuations, and using the equipartition result for 〈δx2

T 〉 gives

〈δF 2〉 = K2
c

〈
δx2

T

〉 = Kc

β
.
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The characteristic thermal force noise is naturally identi-
fied with its root-mean-square amplitude,

ftol :=
√

〈δF 2〉 =
√

Kc(N )

β
,

where Kc(N ) is the effective membrane-device series stiffness

Kc(N ) := K̃c(N )kT

K̃c(N ) + kT

,

with K̃c(N ) ≡ K̃c(N, ξ = 0).
The rupture/slippage criterion therefore takes the explicit

form

� f ∗ ≷ ftol,

where � f ∗ > ftol corresponds to rupture, whereas � f ∗ � ftol

corresponds to slippage.
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