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Abstract. Open quantum systems play a central role in current nanoscale tech-
nologies, such as molecular electronics, quantum heat engines, quantum compu-
tation and information processing. A major theoretical challenge is to construct
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dynamical models that are simultaneously consistent with classical thermody-
namics and with the requirement of complete positivity of quantum evolution.
In this work we develop a framework that addresses this issue by systematically
extending classical stochastic dynamics to the quantum domain. We begin by
formulating a generalized Langevin equation in which both friction and noise
act symmetrically on the two Hamiltonian equations. From this, we derive a
generalized Klein–Kramers equation expressed in terms of Poisson brackets, and
we show that it admits the Boltzmann distribution as its stationary solution
while fulfilling the first and second laws of thermodynamics along individual tra-
jectories. Applying canonical quantization to this classical framework yields two
distinct quantum master equations, depending on whether the friction operators
are taken to be Hermitian or non-Hermitian. By analyzing the dynamics of a har-
monic oscillator, we determine the conditions under which these equations reduce
to a Lindblad-type generator. Our results demonstrate that complete positivity is
ensured only when friction and noise are included in both Hamiltonian equations,
fully justifying the classical construction. Moreover, we find that the friction coef-
ficients must adhere to the same positivity condition in both the Hermitian and
non-Hermitian formulations, revealing a form of universality that transcends the
specific operator representation. The formalism developed here presents a ther-
modynamically consistent and completely positive quantum extension of classical
stochastic mechanics. It offers a versatile tool for deriving quantum versions of
thermodynamic laws and is directly applicable to a broad class of non-equilibrium
nanoscale systems of current theoretical and technological interest.

Keywords: Brownian motion, quantum dissipative systems,
quantum thermalization, stochastic thermodynamics
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1. Introduction

The study of open quantum systems has emerged from the recognition that quantum
systems are rarely isolated, as their coupling to external environments inevitably induces
noise, dissipation and decoherence. An early attempt to include these effects within
quantum mechanics led to the development of the Caldirola–Kanai equation [1, 2],
derived by incorporating nonconservative forces into Schrödinger’s framework through
a nonlinear time transformation originally proposed by Levi-Civita. Although initially
controversial because of this unusual transformation of time, this approach was later
shown to be consistent with the physics of open systems and laid the foundation for
quantum dissipation theory [3, 4], which was subsequently developed in numerous works
[5–7].

A major advance came with the formulation of the quantum master equation,
describing the evolution of an open system’s density matrix [8–11]. The Redfield
equation, valid for weak system–environment coupling [8], found early applications in
nuclear magnetic resonance but does not ensure the positivity of the density matrix [12].
This limitation motivated the design of more rigorous approaches, such as path-integral
formulations, quantum thermodynamics and quantum Brownian motion [13–20]. In
the 1970s, these efforts culminated in the Gorini–Kossakowski–Sudarshan–Lindblad
equation [21–25], providing a fully Markovian and mathematically consistent frame-
work for quantum dynamical semigroups, refining the Redfield approximation [8] and
advancing the theoretical foundations of quantum thermodynamics [26–34]. This frame-
work clarified the mechanisms of decoherence and environmental coupling [35–37] and
inspired subsequent studies on quantum equipartition [38–42] and fluctuation theorems
[43, 44].

Today, open quantum systems theory constitutes a cornerstone of modern physics.
It underpins applications in nuclear magnetic resonance [45, 46], optical pumping [47],
masers [48, 49], lasers [50, 51], quantum computation [52–55], quantum information [56,
57] and molecular electronics [58, 59]. The same framework informs quantum biology
[60–63], notably in photosynthetic energy transfer [64–66], and plays a central role in
quantum thermodynamic devices [67], quantum batteries [68], heat engines [69] and in
understanding the thermodynamic arrow of time [70–72]. Furthermore, it provides the
theoretical foundation for quantum metrology and sensing [73–75], optomechanics [76,
77], non-equilibrium phenomena in nanoscale and condensed matter systems [78–81] and
the engineering of active quantum matter [82]. In several realistic physical situations,
the interaction between a system and its environment generates memory effects, making
non-Markovian descriptions of open quantum dynamics both necessary and physically
meaningful [83–86].
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In the present work, which extends the analysis of [87], we first construct a gen-
eralized classical Langevin equation [88], wherein both friction and noise appear sym-
metrically in the Hamiltonian formalism. By using the Fokker–Planck methodology [89,
90], we derive a generalized Klein–Kramers equation [91, 92], expressed in terms of
Poisson brackets. Next, we show that the asymptotic solution of this equation corres-
ponds to the classical canonical distribution. Moreover, by introducing the definitions
of heat [93, 94] and entropy [95–97], along a single trajectory, we demonstrate that
this approach is fully consistent with the first and second laws of thermodynamics.
It is worth noting that such a formalism, based on the theory of stochastic processes
[98–102], is now systematically applied within statistical mechanics [103–113], such as
holonomic underdamped and overdamped systems [114–117]. Second, we introduce the
quantum analog of the classical theory. We build on our previous studies [118–121], by
means of which we show that noise in quantum mechanics always enters multiplicatively,
and demonstrate that canonical quantization—that is replacing Poisson brackets with
commutators [122, 123]—constitutes a rigorous procedure for the classical-to-quantum
transition [87]. This approach has also been discussed and/or applied in various studies
[124–129]. Accordingly, we apply canonical quantization to the Klein–Kramers equation,
which is based on the symmetric inclusion of friction and noise in the Hamiltonian
equations. This procedure necessitates the introduction of certain friction operators,
which can be defined in two distinct ways depending on whether Hermiticity is imposed
or not. By following both approaches in parallel, we thus obtain two different master
equations to describe the non-equilibrium statistical mechanics of a quantum system.
For both master equations, we analyze their behavior for a simple system, such as
the harmonic oscillator (HO). This analysis, based on [125, 126], demonstrates that
the resulting equations are of the Lindblad type, that is, they are completely positive,
only if both Hamiltonian equations include friction and noise terms. This fully justifies
the initial choice made in reconstructing classical statistical mechanics, where friction
and noise are introduced in both Hamiltonian equations. Furthermore, we demonstrate
that in the quantum case the two always-positive friction coefficients must also ful-
fill an additional inequality to ensure complete positivity. Remarkably, this inequality
is identical for both the Hermitian and non-Hermitian operator approaches, suggest-
ing that it could be a more general feature rather than a consequence of the specific
choice of friction operators. In the following, we show how quantum thermodynamics
can be developed starting from the master equation, leading to a novel formulation of
the first and second laws. The first law is based on a generalized definition of heat at
the quantum level, whereas the second law asserts the positivity of entropy production,
highlighting its deep connection with the monotonicity of the quantum relative entropy
[21, 22]. It should be noted that multiple approaches have been developed to investigate
the positivity of entropy production in the quantum context [26–32].

Finally, we implement our formalism to describe the non-equilibrium dynamics of the
HO. To elucidate our results, we compare five different models. The first comprises the
full equation, with friction and noise included in both Hamiltonian–Langevin equations,
using Hermitian friction operators. The second is the full equation with friction and noise
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in both Langevin–Hamilton equations, but with non-Hermitian friction operators. The
third and fourth models include friction and noise only in the first Hamiltonian equation,
as done classically, with Hermitian and non-Hermitian friction operators, respectively.
Finally, the fifth model corresponds to the Caldeira–Leggett approach [13–15], in which
friction and noise act only on the first equation and the mathematical form of the friction
operator is further approximated. The numerical results display that the first two mod-
els are fully consistent with thermodynamics and preserve the positivity of the density
matrix at all times. This finding is fully in line with the theoretical framework developed
in the first part of this work. The third and fourth models, discussed respectively in [87]
and [127–129], are thermodynamically consistent but may yield negative eigenvalues
of the density matrix in certain situations. This occurs for specific initial conditions,
such as pure states defined by the energy eigenbasis. Consequently, these two models
constitute reasonable approximations only for initial mixed states that ensure positiv-
ity is preserved throughout the evolution. Finally, it is straightforward to verify that
the Caldeira–Leggett model violates thermodynamic consistency and can also generate
negative eigenvalues during the dynamics.

2. Generalized classical stochastic thermodynamics

We develop a generalized classical stochastic thermodynamics model by considering a
system comprising N particles with masses mi, described by coordinates r⃗i and linear
momenta p⃗i (i = 1, . . . ,N). The total kinetic energy of the system K 0 is written as

K0 =
∑N

i=1
1

2mi
p⃗i · p⃗i, and the potential energy describing the system is given by V0 =

V0(r⃗1, . . . , r⃗N ). For this system, we introduce a set of stochastic generalized Hamilton
equations in the following form:

˙⃗pi = −∂V0

∂r⃗i
−βpp⃗i +

√
Dpmin⃗p,i (t) + f⃗i (t) , (1)

˙⃗ri =
1

mi
p⃗i−βqmi

∂V0

∂r⃗i
+
√

Dqmin⃗q,i (t) , (2)

where βp = 0 and βq = 0 are two friction coefficients and Dp = 0 and Dq = 0 are two dif-
fusion constants. When βq = 0 and Dq = 0, we retrieve the classical Langevin model,

where each particle is subjected to a force F⃗i = −∂V0

∂r⃗i
−βpp⃗i +

√
Dpmin⃗p,i(t) + f⃗i(t),

which includes: (i) a conservative force field describing the system structure, (ii) an
external force field representing the work performed on the system (in addition to

time, forces f⃗i can also depend on the positions of the particles r⃗1, . . . , r⃗N ), (iii) a
friction force (coefficient βp) mimicking the energy transfer from the particles to the
thermal bath and (iv) a noise term (diffusion coefficient Dp) mimicking the energy
transfer from the bath to the system. The friction and noise forces (iii) and (iv) rep-
resent the so-called Langevin thermal bath [88]. The system of the Hamilton equations
with βq = 0 and Dq = 0 is consistent with both equilibrium and out-of-equilibrium ther-
modynamics and statistical mechanics [114, 115]. Here, we want to prove that the
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additional terms with coefficients βq ̸= 0 and Dq ̸= 0 leave these important proper-
ties unaltered. This finding is particularly relevant in quantum mechanics. We assume
the following hypotheses for the noises: n⃗p,i(t) ∈ R3 and n⃗q,i(t) ∈ R3 are Gaussian
stochastic processes with expectation value E{n⃗p,i(t)} = 0, E{n⃗q,i(t)} = 0 and correl-
ation E{n⃗p,i(t1)⊗ n⃗p,j(t2)} = 2δijI3δ(t1 − t2), E{n⃗q,i(t1)⊗ n⃗q,j(t2)} = 2δijI3δ(t1 − t2) and
E{n⃗q,i(t1)⊗ n⃗p,j(t2)} = 0. Here, δij is the Kronecker delta, δ(.) is the Dirac delta func-
tion, ⊗ is the tensor product of vectors and I 3 is a 3× 3 identity matrix [98–100]. If we
introduce the Hamiltonian function of the system as H0 = K0 +V0, we can rewrite the
Hamilton equation in the following more symmetrical form:

˙⃗pi = −∂H0

∂r⃗i
−miβp

∂H0

∂p⃗i
+
√
Dpmin⃗p,i (t) + f⃗i (t) , (3)

˙⃗ri =
∂H0

∂p⃗i
−miβq

∂H0

∂r⃗i
+
√
Dqmin⃗q,i (t) . (4)

The symmetry of this Hamiltonian form justifies the choice to have a form of friction
in equation (2) proportional to ∂V0

∂r⃗i
= ∂H0

∂r⃗i
. Further examples of generalized Hamilton–

Langevin formulations are available in the existing literature [109–113]. From a math-
ematical point of view, our peculiar writing of the Hamilton equations represents a
stochastic differential problem with additive noise [101, 102]. We can then apply the
Fokker–Planck methodology, which is briefly recalled here for an arbitrary interpreta-
tion of the stochastic calculus [98–100]. Although this distinction is strictly speaking not
relevant here because the classical Hamilton equations have additive noise, we under-
line that the corresponding quantum equations have multiplicative noise, as thoroughly
discussed in [87, 124]. We thus consider the stochastic differential system

dxi

dt
= hi (x⃗, t) +

m∑
j=1

gij (x⃗, t)nj (t) , (5)

with n equations and m noise terms (∀i = 1, . . . ,n,∀j = 1, . . . ,m). It assumes a precise
meaning only after declaring the adopted interpretation of the stochastic calculus. To
achieve this, we must specify the parameter α, with 0 ⩽ α⩽ 1, that defines the position
of the point at which we calculate any integrated function in the small intervals of
the adopted Riemann sum. Gaussian noises nj(t) (∀j = 1, . . . ,m) satisfy the properties
E{nj(t)} = 0, and E{ni(t1)nj(t2)} = 2δijδ(t1 − t2). This stochastic differential equation
corresponds to the following Fokker–Planck equation for the probability density W (x⃗, t)
[99, 100]:

∂W (x⃗, t)

∂t
= −

n∑
i=1

∂

∂xi
[hiW (x⃗, t)]−

n∑
i=1

∂

∂xi

2α

 n∑
k=1

m∑
j=1

gkj
∂gij
∂xk

W (x⃗, t)


+

n∑
i=1

m∑
j=1

∂2

∂xi∂xj

{[
m∑

k=1

gikgjk

]
W (x⃗, t)

}
, (6)
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where the first term represents the drift, the second is the noise-induced drift (which

depends on α, and is zero when
∂gij
∂xk

= 0) and the third is the diffusion (characterizing the

effect of the noise). This expression includes the Itô (α= 0) [130], the Fisk–Stratonovich
(α = 1/2) [131, 132] and the Hänggi–Klimontovich (α= 1) [133, 134] interpretations as
particular cases (see [135]).

Eventually, we can write the Fokker–Planck [89, 90] (or Klein–Kramers [91, 92])
equation associated with equation (1) in the following form:

∂W

∂t
= −

N∑
i=1

p⃗i
mi

· ∂W
∂r⃗i

+
N∑
i=1

∂V

∂r⃗i
· ∂W
∂p⃗i

−
N∑
i=1

f⃗i ·
∂W

∂p⃗i

+ 3NβpW +βp

N∑
i=1

p⃗i ·
∂W

∂p⃗i
+Dp

N∑
i=1

mi
∂2W

∂p⃗i 2

+βq

N∑
i=1

mi
∂2V0

∂r⃗i 2
W +βq

N∑
i=1

mi
∂V0

∂r⃗i
· ∂W
∂r⃗i

+Dq

N∑
i=1

mi
∂2W

∂r⃗i 2
, (7)

where W = W (r⃗1, . . . , r⃗N , p⃗1, . . . , p⃗N , t). The derivative ∂2W
∂p⃗i 2 (or ∂2W

∂r⃗i 2 ) represents the

Laplacian operator with respect to the three components of p⃗i (or r⃗i).
A more interesting form for the following developments can be found by introducing

the Poisson brackets as follows [136]:

∂W

∂t
= {H ,W}−

N∑
i=1

f⃗i ·
∂W

∂p⃗i

+βp

N∑
i=1

mi

({
rxi,

∂H0

∂pxi
W

}
+

{
ryi,

∂H0

∂pyi
W

}
+

{
rzi,

∂H0

∂pzi
W

})

+Dp

N∑
i=1

mi ({rxi,{xi,W}}+ {ryi,{yi,W}}+ {rzi,{zi,W}})

−βq

N∑
i=1

mi

({
pxi,

∂H0

∂rxi
W

}
+

{
pyi,

∂H0

∂ryi
W

}
+

{
pzi,

∂H0

∂rzi
W

})

+Dq

N∑
i=1

mi ({pxi,{pxi,W}}+ {pyi,{pyi,W}}+ {pzi,{pzi,W}}) , (8)

where r⃗i = (rxi,ryi,rzi), p⃗i = (pxi,pyi,pzi), and H0 = K0 +V0. This form is particularly
suitable for the application of canonical quantization.

The asymptotic behavior of equation (8) for large times (t≫ 1/βp, t≫ 1/βq) is

characterized by the canonical or Gibbs distribution [137]. Indeed, if the forces f⃗i are
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absent, and the integral defining the classical partition function

Zcl =

ˆ
R3N

ˆ
R3N

e
− 1

kBT
H0(q⃗,p⃗)

dq⃗dp⃗, (9)

is convergent (with q⃗ = (r⃗1, . . . , r⃗N ) ∈ R3N and p⃗ = (p⃗1, . . . , p⃗N ) ∈ R3N ), then the asymp-
totic solution of equation (8) is given by the Gibbs distribution in the phase space

Weq (q⃗, p⃗) =
1

Zcl
e
− 1

kBT
H0(q⃗,p⃗)

, (10)

as can be easily proved by substitution. This asymptotic solution allows the identifica-
tion of the diffusion constants through the expressions Dp = kBTβp and Dq = kBTβq,
referred to as the classical Einstein fluctuation–dissipation relations [99, 100]. This
means that our formalism is consistent with equilibrium thermodynamics, but it must
also be verified that it behaves correctly during relaxation. To this end, in the following,
we show how the two laws of thermodynamics can be rederived out of equilibrium.

We define the internal energy E of the system as the average value, with respect to
the probability density defined by equation (7) or (8), of the sum of kinetic energy and
potential energy E = E{K0 +V0}, and we calculate the rate dE

dt . After straightforward
calculations, we obtain

dE

dt
=

N∑
i=1

f⃗i ·
E{p⃗i}
mi

+βp

(
kBT

N∑
i=1

miE
{
∂2H0

∂p⃗i 2

}
−

N∑
i=1

miE
{
∂H0

∂p⃗i
· ∂H0

∂p⃗i

})

+βq

(
kBT

N∑
i=1

miE
{
∂2H0

∂r⃗i 2

}
−

N∑
i=1

miE
{
∂H0

∂r⃗i
· ∂H0

∂r⃗i

})

=
N∑
i=1

f⃗i ·
E{p⃗i}
mi

+ 2βp

(
3

2
NkBT −E{K0}

)

+βq

(
kBT

N∑
i=1

miE
{
∂2V0

∂r⃗i 2

}
−

N∑
i=1

miE
{
∂V0

∂r⃗i
· ∂V0

∂r⃗i

})

=
dE{L}

dt
+

dE{Q}
dt

. (11)

This expression represents the first law of thermodynamics, from which we can identify

the rate of average work dE{L}
dt performed on the system with the average power

∑N
i=1 f⃗i ·

E{p⃗i}/mi, and the remaining two terms, proportional to βp and βq , respectively, with

the rate of average heat dE{Q}
dt entering the system.

We then prove that the heat flux is zero when the following generalized equipartition
of energy is satisfied. At equilibrium, we can write
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E
{
∂2H0

∂s⃗i 2

}
=

1

Zcl

ˆ
R3N

ˆ
R3N

∂2H0

∂s⃗i 2
e
− 1

kBT
H0(q⃗,p⃗)

dq⃗dp⃗

=
1

kBT

1

Zcl

ˆ
R3N

ˆ
R3N

∂H0

∂s⃗i
· ∂H0

∂s⃗i
e
− 1

kBT
H0(q⃗,p⃗)

dq⃗dp⃗

=
1

kBT
E
{
∂H0

∂s⃗i
· ∂H0

∂s⃗i

}
, (12)

where s = p or r, and a multidimensional integration by parts is used. It is shown
that both terms in the definition of heat flow tend toward zero when thermody-
namic equilibrium is reached. Indeed, for s = p, the classical equipartition theorem is
obtained in the form E{K0} = 3

2NkBT , and when s = r, we get a new dual expression∑N
i=1miE

{
∂V0

∂q⃗i
· ∂V0

∂q⃗i

}
= kBT

∑N
i=1miE

{
∂2V0

∂q⃗i 2

}
. It can also be remarked that the heat rate

here defined is consistent with the development of stochastic energetics [93, 94].
To substantiate the previous explicit expressions for the heat rate, we reobtain the

second law of thermodynamics by introducing the Gibbs entropy of the system as
follows:

S = −kBE{logW} = −kB

ˆ
R3N

ˆ
R3N

W logWdq⃗dp⃗. (13)

This expression means that the microscopic (nonaveraged) entropy along a given system
trajectory is defined as −kB logW , consistent with [95–97]. The evolution equation for
W can be rewritten as follows:

∂W

∂t
= {H0,W}−

N∑
i=1

f⃗i ·
∂W

∂p⃗i
−

N∑
i=1

∂J⃗pi
∂p⃗i

−
N∑
i=1

∂J⃗ri
∂r⃗i

, (14)

where we introduce

J⃗pi = −βpWp⃗i− kBTβpmi
∂W

∂p⃗i
= −βpmiW

∂H0

∂p⃗i
− kBTβpmi

∂W

∂p⃗i
, (15)

J⃗ri = −βqmiW
∂V0

∂r⃗i
− kBTβqmi

∂W

∂r⃗i
= −βqmiW

∂H0

∂r⃗i
− kBTβqmi

∂W

∂r⃗i
, (16)

which are the fluxes in momentum space and in configurational space, respectively.

We note that the derivatives
∂J⃗pi
∂p⃗i

and ∂J⃗ri
∂r⃗i

represent the divergence with respect to the

components of p⃗i and r⃗i, respectively, giving the Fokker–Planck equation the form of a
continuity equation. The total entropy rate can be written in the form

dS

dt
= −kB

ˆ
R3N

ˆ
R3N

∂W

∂t
logWdq⃗dp⃗, (17)

in which equation (14) can be substituted for ∂W/∂t. It can then be verified that the
Liouville term and the term with external forces (depending solely on position and time)
have zero entropic contribution. Therefore
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dS

dt
= kB

ˆ
R3N

ˆ
R3N

(
N∑
i=1

∂J⃗pi
∂p⃗i

+
N∑
i=1

∂J⃗ri
∂r⃗i

)
logWdq⃗dp⃗

= −kB

ˆ
R3N

ˆ
R3N

1

W

(
N∑
i=1

J⃗pi ·
∂W

∂p⃗i
+ J⃗ri ·

N∑
i=1

∂W

∂r⃗i

)
dq⃗dp⃗. (18)

We can now express the derivatives ∂W
∂p⃗i

and ∂W
∂r⃗i

as a function of the fluxes J⃗pi and J⃗ri,

using equations (15) and (16). This procedure leads to an entropy balance in the form

dS

dt
=

1

T

dE{Q}
dt

+
1

βpT

ˆ
R3N

ˆ
R3N

1

W

N∑
i=1

J⃗pi · J⃗pi
mi

dq⃗dp⃗

+
1

βqT

ˆ
R3N

ˆ
R3N

1

W

N∑
i=1

J⃗ri · J⃗ri
mi

dq⃗dp⃗, (19)

where

dE{Q}
dt

= βp

(
kBT

N∑
i=1

miE
{
∂2H0

∂p⃗i 2

}
−

N∑
i=1

miE
{
∂H0

∂p⃗i
· ∂H0

∂p⃗i

})

+βq

(
kBT

N∑
i=1

miE
{
∂2H0

∂r⃗i 2

}
−

N∑
i=1

miE
{
∂H0

∂r⃗i
· ∂H0

∂r⃗i

})
, (20)

consistent with the analysis conducted above to rederive the first law of thermody-
namics. In equation (19), we identify the first term with the entropy flow (heat-driven
disorder) and the sum of the second and third terms with the entropy production (irre-
versibility). It may be noted that entropy production is always non-negative since it
is constituted by positive-definite quadratic expressions [103–108, 115]. Therefore, the
second law of thermodynamics is reobtained in the classical form

dS

dt
⩾ 1

T

dE{Q}
dt

, (21)

where the equality is satisfied only for quasistatic transformations, evolving not far from
the thermodynamic equilibrium [115]. It is interesting to note that this thermodynamic
structure is preserved even when we treat a holonomic system with arbitrary mechanical
constraints [114, 115]. Moreover, this scheme can be further generalized to introduce
the overdamped approximation [114–116] and multiple reservoirs [117].

3. Density matrix evolution in quantum mechanics

First, the concept of density matrix in quantum mechanics is briefly recalled. A mixed
state for an arbitrary system is described by M wave-functions Ψ1, . . . ,ΨM , associated
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with the corresponding probabilities p1, . . . ,pM , with
∑M

j=1 pj = 1. The density oper-

ator is thereby defined as ϱ(q⃗, q⃗ ′, t) =
∑M

j=1 pjΨj(q⃗, t)Ψ*
j(q⃗

′, t). The expectation value of

an observable f is then calculated as E{f} =
∑M

j=1 pj⟨Ψj|f Ψj⟩ =
´

(fϱ)|q⃗ ′=q⃗dq, where
f represents the quantum operator acting only on the variables q⃗. By adopting the
orthonormal basis

{
φn(q⃗) : R3N → C

}
, we have that Ψj = akjφk, with akj = ⟨φk|Ψj⟩

(Einstein’s summation convention is assumed). Hence, the expectation value of f can

be written as E{f} =
´∑M

j=1 pjakjfφka
*
hjφ

*
hdq = ϱkhfhk = Tr(ϱf), where we identify

the density matrix representation ϱkh =
∑M

j=1 pjakja
*
hj, and the operator representation

fhk =
´
φ*
hfφkdq = ⟨φh|f φk⟩.

The density matrix ϱkh satisfies certain properties that will also have to be
fulfilled during the time evolution [122, 123]: (i) its trace is unitary, Trϱ = ϱkk =∑M

j=1 pjakja
*
kj =

∑M
j=1 pj⟨Ψj|Ψj⟩ = 1; (ii) the diagonal elements are non-negative, ϱkk =∑M

j=1 pjakja
*
kj =

∑M
j=1 pj|⟨φk|Ψj⟩|2 ⩾ 0 (without the sum over k); (iii) the density

matrix ϱkh =
∑M

j=1 pjakja
*
hj is Hermitian, ϱ*

hk =
∑M

j=1 pja
*
hjakj = ϱkh, or ϱT* = ϱ (T

means ‘transposed’); (iv) the density matrix is positive-definite, vT*ϱv = v*
kϱkhvh =∑M

j=1 pjv
*
kakjvha

*
hj =

∑M
j=1 pj(vka

*
kj)

*(vha
*
hj) =

∑M
j=1 pj|vka*

kj|2 > 0.
Here, for the sake of clarity and simplicity, all properties are presented assuming

a finite ensemble of M pure states. We emphasize, however, that the formalism is
fully general and can be extended to more general statistical mixtures. In particular,
the derivations remain valid for countably infinite ensembles, where the sum over the
states extends to infinity, provided the probabilities converge so that the density mat-
rix remains trace class. Furthermore, the findings also hold for continuous ensembles,
wherein the discrete sum is replaced by an integral over a continuous set of states. In
both cases, the key properties of the density matrix—Hermiticity, positivity and unit
trace—are preserved, ensuring that all conclusions drawn for finite ensembles carry over
straightforwardly to these more general settings.

For a conservative system defined by the Hamiltonian H0, the time evolution of the
density matrix is described by the Liouville–von Neumann equation [122, 123]

dϱ

dt
=

1

ih̄
[H0,ϱ] , (22)

where [A ,B] = A B−BA is the commutator of operators A and B. In the following
sections, we will discuss the modifications made to this conservative equation in order
to consider the interactions with a thermal bath. This procedure can be performed
using Hermitian friction operators (as discussed in section 4) or non-Hermitian friction
operators (see section 5). In both cases, a master equation for open quantum systems
is obtained.

4. First approach: Hermitian friction operators

By introducing noise and dissipation terms into this equation, we exploit the analogy
with the classical approach. In particular, we apply the canonical quantization, which
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replaces Poisson brackets {A ,B} with commutators 1
i h̄ [A ,B] [122, 123]. Following this

principle, we develop the quantum counterpart of equation (8).
The terms on the third and fifth lines, containing double Poisson brackets, can be

easily converted to the quantum case by using a double commutator. The quantization of
these terms is rigorous in that they correspond to the average with respect to a stochastic
quantum Hamiltonian, as exhaustively described in [87, 124]. This development involves
a multidimensional geometric Brownian motion (see appendix A in [87]), which is a
generalization of the simpler case discussed in [119].

Regarding the second line, the terms mi
∂H0

∂pxi
W , mi

∂H0

∂pyi
W and mi

∂H0

∂pzi
W must be

transformed into Hermitian operators. Similarly, in the fourth line, the terms mi
∂H0

∂rxi
W ,

mi
∂H0

∂ryi
W and mi

∂H0

∂rzi
W must also be transformed into Hermitian operators.

Since the product of two Hermitian operators is not necessarily Hermitian, but their
symmetrization is always Hermitian, we substitute the terms in the second line with
the quantum symmetrizations 1

2(Θp
xiϱ+ ϱΘp

xi),
1
2(Θp

yiϱ+ ϱΘp
yi) and 1

2(Θp
ziϱ+ ϱΘp

zi), where

Θp
xi, Θp

yi and Θp
zi are Hermitian operators to be determined (∀i = 1..N), taking the role

of classical momenta pxi,pyi and pzi . Similarly, we substitute the terms in the fourth line
with the quantum symmetrizations 1

2(Θq
xiϱ+ ϱΘq

xi),
1
2(Θq

yiϱ+ ϱΘq
yi) and 1

2(Θq
ziϱ+ ϱΘq

zi),

where Θq
xi, Θq

yi and Θq
zi are Hermitian operators to be determined (∀i = 1..N), taking

the role of classical terms mi
∂V0

∂rxi
, mi

∂V0

∂ryi
and mi

∂V0

∂rzi
.

By considering all these terms added to equation (22), we obtain the complete
equation

dϱ

dt
=

1

ih̄
[H0,ϱ]− 1

ih̄

N∑
k=1

∑
s=x,y,z

fsk [rsk,ϱ]− kBTβp

h̄2

N∑
k=1

mk

( ∑
s=x,y,z

[rsk, [rsk,ϱ]]

)

+
βp

2ih̄

N∑
k=1

( ∑
s=x,y,z

[rsk,Θ
p
skϱ+ ϱΘp

sk]

)
− kBTβq

h̄2

N∑
k=1

mk

( ∑
s=x,y,z

[psk, [psk,ϱ]]

)

− βq

2ih̄

N∑
k=1

( ∑
s=x,y,z

[psk,Θ
q
skϱ+ ϱΘq

sk]

)
, (23)

which represents the master equation for the evolution of the density matrix.
Now we must find the mathematical form of the friction Hermitian operators Θp,q

sk ,
s = x,y,z, k = 1, . . . ,N , in such a way that the asymptotic behavior of the equation,
without external forces f sk , is described by the canonical quantum distribution

lim
t→∞

ϱ = ϱeq =
1

Zqu
e
− H0

kBT , (24)

where Zqu is the quantum partition function

Zqu = Tr

(
e
− H0

kBT

)
. (25)
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We impose this asymptotic quantum canonical distribution on equation (23) (with fsk =
0), obtaining the relations

2imkkBT

h̄

[
rsk, e

− H0
kBT

]
= Θp

ske
− H0

kBT + e
− H0

kBT Θp
sk, (26)

−2imkkBT

h̄

[
psk, e

− H0
kBT

]
= Θq

ske
− H0

kBT + e
− H0

kBT Θq
sk, (27)

for s = x,y,z and k = 1, . . . ,N . From a mathematical point of view, these equations in
Θp,q

sk are matrix equations of the form AX +XA = C, which are sometimes called the
Sylvester or Lyapunov equations [138, 139]. We proved in [87] that this equation has a
unique solution

X = −
ˆ +∞

0

eAξCeAξdξ, (28)

provided that A has all eigenvalues with a negative real part. Hence, we can write the
explicit solutions of equations (26) and (27) as

Θp
sk =

2imkkBT

h̄

ˆ +∞

0

e−ξ e
− H0

kBT

[
rsk, e

− H0
kBT

]
e−ξ e

− H0
kBT

dξ, (29)

Θq
sk = −2imkkBT

h̄

ˆ +∞

0

e−ξ e
− H0

kBT

[
psk, e

− H0
kBT

]
e−ξ e

− H0
kBT

dξ. (30)

These expressions are rather complicated, but they lead to simpler results when pro-
jected onto the energy basis of the Hamiltonian operator. By assuming that the spec-
trum of the system is discrete and nondegenerate, we can write H0φn(q⃗) = Enφn(q⃗),

with ⟨φn|φm⟩ = δnm. Based on this, the operator e
− H0

kBT is diagonal with elements e
− En

kBT .

To simplify the notation, we introduce the quantity en = e
− En

kBT > 0. Therefore, the

matrix [rsk, e
− H0

kBT ] comprises the elements [rsk, e
− H0

kBT ]pq = rsk,pq(eq − ep) and the matrix

[psk, e
− H0

kBT ] consists of the elements [psk, e
− H0

kBT ]pq = psk,pq(eq − ep).
Hence, the structure of the friction operators in equations (29) and (30) takes a

manifestly Hermitian form

Θp
sk,ℓj =

2imkkBT

h̄
rsk,ℓj

ej − eℓ
ej + eℓ

, (31)

Θq
sk,ℓj = −2imkkBT

h̄
psk,ℓj

ej − eℓ
ej + eℓ

. (32)

To further simplify these results, we use a simple relation between the coefficients
rsk,ℓj = ⟨φℓ|rskφj⟩ and psk,ℓj = −ih̄⟨φℓ| ∂

∂rsk
φj⟩. We start by observing that [rsk,psk] =

ih̄, and therefore [rsk,p
2
sk] = [rsk,psk]psk + psk[rsk,psk] = 2ih̄psk. Then, we can write

[rsk,H0] = [rsk,K0 +V0] = 1
2mk

[rsk,p
2
sk] = i h̄

mk
psk. Projecting the latter relationship onto

the energy basis of the system, we obtain rsk,ℓj = i h̄
mk

psk,ℓj

Ej−Eℓ
. On the other hand, we can also
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consider the relation [psk,H0] = [psk,K0 +V0] = −ih̄ ∂V0

∂rsk
. The projection of this equality

onto the energy basis leads to psk,ℓj = − i h̄
Ej−Eℓ

(
∂V0

∂rsk

)
ℓj

. Finally, substituting these results

and using the property
ej−eℓ
ej+eℓ

= tanh
(
Eℓ−Ej

2kBT

)
into equations (31) and (32), we obtain

Θp
sk,ℓj = psk,ℓj

tanh
(
Eℓ−Ej

2kBT

)
Eℓ−Ej

2kBT

, (33)

Θq
sk,ℓj = mk

(
∂V0

∂rsk

)
ℓj

tanh
(
Eℓ−Ej

2kBT

)
Eℓ−Ej

2kBT

. (34)

These expressions show that the friction operators Θp
sk cannot be exactly identified with

psk , and the friction operators Θq
sk are not exactly identified with mk

∂V0

∂rsk
. However, these

operators are formally similar to moments and masses multiplied by potential gradients,
whereas they also depend on the energy levels of the system and the temperature itself.
A generalization to degenerate energy spectra is provided in appendix D of [87].

Another general form of the friction operators was obtained in [87]. In that work we
only provided proof for Θp

sk, but the result can easily be generalized for Θq
sk, as follows:

Θp
sk =

2

π

ˆ +∞

−∞
e

+i
H0
kBT

η
pske

−i
H0
kBT

η
log
[
coth

(π
2
|η|
)]

dη, (35)

Θq
sk =

2

π

ˆ +∞

−∞
e

+i
H0
kBT

η
mk

∂V0

∂rsk
e
−i

H0
kBT

η
log
[
coth

(π
2
|η|
)]

dη. (36)

Of course, the interpretation of these results is similar to the previous one. Moreover,
these expressions allow friction operators to be written as power series with coefficients

1
(kBT )2n , as

Θp
sk = 4

+∞∑
n=0

1

(kBT )2n [H0,psk]2n
22n+2 − 1

(2n+ 2)!
B2n+2

= psk −
1

12(kBT )2 [H0, [H0,psk]] +
1

120(kBT )4 [H0, [H0, [H0, [H0,psk]]]] . . ., (37)

Θq
sk

mk
= 4

+∞∑
n=0

1

(kBT )2n

[
H0,

∂V0

∂rsk

]
2n

22n+2 − 1

(2n+ 2)!
B2n+2

=
∂V0

∂rsk
− 1

12(kBT )2

[
H0,

[
H0,

∂V0

∂rsk

]]
+

1

120(kBT )4

[
H0,

[
H0,

[
H0,

[
H0,

∂V0

∂rsk

]]]]
. . ., (38)
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where Bk are the Bernoulli numbers B2 = 1/6, B4 = −1/30, B6 = 1/42, . . . , and
we define the symbol [H0,A ]n through the recursive relation [H0,A ]0 = A , and
[H0,A ]n+1 = [H0, [H0,A ]n] (see [87] for details).

4.1. Application to the quantum HO

This approach can be applied to the one-dimensional HO that, besides representing
a paradigmatic example of an exactly solvable model in quantum mechanics, has
numerous applications ranging from quantum optics to quantum information. The
HO is, as usual, defined by the quadratic potential energy V (x) = 1

2mω2q2, where

ω =
√
k/m is the classical angular frequency and k is the elastic constant. The

Hamiltonian of the system is H0 = 1
2mp2 + 1

2mω2q2, whose energy levels are given by

H0φn = Enφn with En = h̄ω
(
n+ 1

2

)
, n⩾ 0; the HO eigenfunctions can be obtained as

φn(q) = 1√
2nn!

(
mω
π h̄

)1/4
e−

mω
2h̄

q2
Hn

(√
mω
h̄ q
)
, where Hn(z) are the Hermite polynomials. By

calculating the matrices associated with the operators q and p as qnm = ⟨φn(q)|xφm(q)⟩
and pnm = −ih̄⟨φn(q)| d

dqφm(q)⟩, the following results are obtained:

qnm =

√
h̄

2mω

(
δn+1,m

√
n+ 1 + δn,m+1

√
n
)

, (39)

and

pnm = −i

√
mωh̄

2

(
δn+1,m

√
n+ 1− δn,m+1

√
n
)

, (40)

for n⩾ 0 and m⩾ 0. Therefore, the corresponding HO friction operators, defined in
equations (33) and (34), are given by

Θp = p
tanh

(
h̄ω

2kBT

)
h̄ω

2kBT

, Θq = m2ω2q
tanh

(
h̄ω

2kBT

)
h̄ω

2kBT

. (41)

We observe that Θp is proportional to p, whereas Θq is proportional to q. These premises
allow us to write the evolution of the density matrix in the form

dϱ

dt
=

1

ih̄
[H0,ϱ]− kBTβpm

h̄2
[q, [q,ϱ]] +

βp

2ih̄

tanh
(

h̄ω
2kBT

)
h̄ω

2kBT

[q,pϱ+ ϱp]

− kBTβqm

h̄2
[p, [p,ϱ]]− m2ω2βq

2ih̄

tanh
(

h̄ω
2kBT

)
h̄ω

2kBT

[p,qϱ+ ϱq] . (42)

There are two important particular cases of this equation: (i) when βq = 0, we obtain the
equation discussed in [87], corresponding to the quantization of the standard Langevin
equation; and (ii) if βq = 0 and h̄ω ≪ kBT , the Caldeira–Legget equation is obtained,

with the ratio tanh
(

h̄ω
2kBT

)
/ h̄ω

2kBT
≃ 1 [13–15].
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Starting from the general form stated in equation (42), we now search for the con-
ditions under which this equation is in the Lindblad form.

The most general Lindblad master equation [21–25], which is Markovian, trace-
preserving and completely positive for any initial condition, can be written in the form

dϱ

dt
=

1

ih̄
[H0,ϱ] +

∑
i

γi

[
LiϱL

†
i − 1

2

(
L †

i Liϱ+ ϱL †
i Li

)]
, (43)

where γi ⩾ 0 are non-negative real coefficients, and Li are arbitrary operators (the sym-
bol † means ‘adjoint operator’). In [125, 126], by starting from Heisenberg’s uncertainty
principle, or by using only two Lindblad operators Li = aip+ biq, i = 1,2, the authors
prove that the equation is of the general mathematical form

dϱ

dt
=

1

ih̄
[H0,ϱ]− Dpp

h̄2
[q, [q,ϱ]] +

λ+µ

2ih̄
[q,pϱ+ ϱp] +

Dpq

h̄2
[q, [p,ϱ]]

− Dqq

h̄2
[p, [p,ϱ]]− λ−µ

2ih̄
[p,qϱ+ ϱq] +

Dqp

h̄2
[p, [q,ϱ]] , (44)

where H0 represents the HO and Dqp = Dpq, is in the Lindblad form if and only if the
following conditions are met:

Dpp > 0, (45)

Dqq > 0, (46)

DppDqq −D2
pq ⩾

λ2h̄2

4
. (47)

By comparing equation (42) with equation (44), we see that in our formalism Dqp = 0
and

Dpp = kBTβpm, Dqq = kBTβqm, (48)

λ+µ = βp
tanhξ

ξ
, λ−µ = m2ω2βq

tanhξ

ξ
, (49)

where we have defined ξ = h̄ω
2kBT

to compact the notation. First, since both Dpp and Dqq

must be strictly positive (see equations (45) and (46)), we obtain from equation (48)
that both βp and βq must be strictly positive. This definitely demonstrates that in
the classical Hamilton–Langevin equation, equations (1) and (2), the friction and noise
terms must be included in both equations so that canonical quantization yields the
correct results (completely positive evolution).

We also study the consequences of the constraint in equation (47). By defining
x = βp/(m2ω2βq), this relation can be rewritten as follows:

4x⩾ (x+ 1)2 tanh2 ξ ⇒ x2 tanh2 ξ + 2x
(
tanh2 ξ− 2

)
+ tanh2 ξ ⩽ 0. (50)
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Figure 1. Left: plot of the straight lines Y =
(

coshξ−1
sinhξ

)2
X and Y =

(
coshξ+1

sinhξ

)2
X

for ξ = 2, delimiting the Lindblad region (Y = βp,X = m2ω2βq). The bisector of
the first quadrant is also shown for completeness. Right: behavior of the functions(

coshξ−1
sinhξ

)2
and

(
coshξ+1

sinhξ

)2
versus ξ. For large values of ξ, both converge to 1.

It corresponds to a second-degree inequality with discriminant ∆ = 16(1− tanh2 ξ);
therefore, the two solutions of the associated second-degree equation can be found as

x1,2 =

(
coshξ± 1

sinhξ

)2

, (51)

where we used the property 1− tanh2 ξ = 1/(cosh2 ξ). The values of x that satisfy
the inequality in equation (50) are in the interval x1 < x < x2, which is written more
explicitly as(

coshξ − 1

sinhξ

)2

⩽ βp

m2ω2βq
⩽
(

coshξ + 1

sinhξ

)2

, (52)

or, equivalently, as

−1 ⩽ 1

mω

√
βp

βq
sinh

(
h̄ω

2kBT

)
− cosh

(
h̄ω

2kBT

)
⩽ +1. (53)

This relationship must always be satisfied by the parameters βp > 0 and βq > 0, so
that the evolution is completely positive. From the geometrical point of view, on the
plane (Y = βp,X = m2ω2βq), the region of points that satisfy the inequality corresponds

to the angle in the first quadrant between the straight lines Y =
(

coshξ−1
sinhξ

)2

X and

Y =
(

coshξ+1
sinhξ

)2

X. The first straight line is always below the bisector of the first quadrant

and the second is always above it (see figure 1). Therefore, a straightforward choice
is to take Y =X or βp = m2ω2βq, corresponding to µ= 0 (see equation (49)). Another
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possibility is to take βp
m2ω2βq

= coth2 ξ, corresponding to the average value of the endpoints

of the interval in equation (53).
We underline that although in the classical case the parameters βp and βq are fully

arbitrary, in the quantum counterpart they are subjected to the discussed constraint to
preserve complete positivity.

4.2. Relation with the quantum optical master equation

In this section, we investigate the connection between the results obtained for the
dissipative quantum oscillator within the proposed framework and those based on
the quantum optical master equation (QOME) [140–142]. The QMOE, its derivation,
approximations and validity have been widely investigated due to its large spectrum of
applications, ranging from quantum optics to quantum information and computation.

In the regime of the so-called rotating wave approximation and neglecting Lamb
and Stark shifts [140–142], the QOME for a damped HO (for instance, describing the
damping of an electromagnetic field mode inside a cavity) reads

dϱ

dt
= −iω

[
a†a,ϱ

]
+

γ0

2
(n̄+ 1)

{
2aϱa†− a†aϱ− ϱa†a

}
+

γ0

2
n̄
{

2a†ϱa− aa†ϱ− ϱaa†
}

, (54)

where the evolution of the density operator is described in terms of the creation and
annihilation operators a† and a, respectively. Although the first term represents the
Hamiltonian evolution, the second and third Lindblad terms describe spontaneous emis-
sion, thermally induced emission and absorption processes. They are described by the
rate γ0 (damping of the cavity mode) and by the average number of quanta in the
thermal bath of a mode with frequency ω, defined as

n̄ =
1

e
h̄ω
kBT − 1

. (55)

The relation between these operators and the canonical operators q, p is given by

a† =

√
mω

2h̄
q− i

√
1

2mh̄ω
p, a =

√
mω

2h̄
q + i

√
1

2mh̄ω
p, (56)

satisfying the commutation relations[
a,a†

]
= 1, [a,a] =

[
a†,a†

]
= 0. (57)

By substituting equation (56) into the QOME in equation (54), and comparing the
results with equation (42), we can find the conditions among the coefficients βp , βq and
the couple (γ0, n̄) such that the two equations coincide. After some algebra, we find that
the following relation must be verified:
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βp = m2ω2βq =
γ0

2

h̄ω

2kBT
(2n̄+ 1) =

γ0

2

h̄ω
2kBT

tanh
(

h̄ω
2kBT

) . (58)

We notice that this result is in perfect agreement with what we found in the previous
subsection about the conditions for the Lindblad structure of equation (42). In partic-
ular, equation (42) coincides with the QOME in equation (54) for the choice µ= 0 in
equation (49). Importantly, it means that the QOME in equation (54) is always repres-
ented by a point lying on the bisector represented in figure 1. Thus, the results obtained
for the damped HO in the quantum framework described in the previous section are
fully coherent with the outcomes used in the literature based on the QOME. We also
note that the cavity model introduced in [86] exhibits a clear analogy with our approach
based on symmetric friction and noise in the Langevin equations and is indeed consistent
with the optical master equation.

5. Second approach: non-Hermitian friction operators

We describe an alternative procedure to perform the canonical quantization of
equation (8). This approach has been recently proposed in the literature in the case
with βq = 0 [127–129], and is generalized here for arbitrary values of βp and βq to solve
the complete-positivity issue.

As before, the terms on the third and fifth lines of equation (8) containing double
Poisson brackets are easily converted to the quantum case using a double commutator.
Instead, the classical terms mi

∂H0

∂pxi
W , mi

∂H0

∂pyi
W and mi

∂H0

∂pzi
W can be converted into

Hermitian operators by introducing the quantities 1
2(Ξp†

xiϱ+ ϱΞp
xi),

1
2(Ξp†

yiϱ+ ϱΞp
yi) and

1
2(Ξp†

ziϱ+ ϱΞp
zi), where Ξp

xi, Ξp
yi and Ξp

zi are non-Hermitian operators to be determined
∀i = 1, . . . ,N (the symbol † means ‘adjoint operator’). Similarly, the classical terms
mi

∂H0

∂rxi
W , mi

∂H0

∂ryi
W and mi

∂H0

∂rzi
W are converted into Hermitian operators by introducing

the quantities 1
2(Ξq†

xiϱ+ ϱΞq
xi),

1
2(Ξq†

yiϱ+ ϱΞq
yi) and 1

2(Ξq†
ziϱ+ ϱΞq

zi), where Ξq
xi, Ξq

yi and Ξq
zi

are non-Hermitian operators to be determined (∀i = 1, . . . ,N). This choice leads to some
simplifications in the calculations; however, it must be kept in mind that non-Hermitian
friction operators cannot be directly associated with real physical observables.

With these premises, the complete equation, analogous to equation (23) above, is
eventually obtained

dϱ

dt
=

1

ih̄
[H0,ϱ]− 1

ih̄

N∑
k=1

∑
s=x,y,z

fsk [rsk,ϱ]− kBTβp

h̄2

N∑
k=1

mk

( ∑
s=x,y,z

[rsk, [rsk,ϱ]]

)

+
βp

2ih̄

N∑
k=1

( ∑
s=x,y,z

[
rsk,Ξ

p†
skϱ+ ϱΞp

sk

])
− kBTβq

h̄2

N∑
k=1

mk

( ∑
s=x,y,z

[psk, [psk,ϱ]]

)

− βq

2ih̄

N∑
k=1

( ∑
s=x,y,z

[
psk,Ξ

q†
skϱ+ ϱΞq

sk

])
, (59)
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which represents a new version of the quantum master equation. The friction operat-
ors Ξp,q

sk must be obtained by imposing the asymptotic canonical quantum distribution
stated in equation (24). Therefore, the following relations must be satisfied:

2imkkBT

h̄

[
rsk, e

− H0
kBT

]
= Ξp†

ske
− H0

kBT + e
− H0

kBT Ξp
sk, (60)

−2imkkBT

h̄

[
psk, e

− H0
kBT

]
= Ξq†

ske
− H0

kBT + e
− H0

kBT Ξq
sk, (61)

for s = x,y,z, and k = 1, . . . ,N . The solutions can be easily obtained in the form

Ξp
sk =

imkkBT

h̄

(
e

+
H0
kBT rske

− H0
kBT − rsk

)
, Ξp†

sk = − imkkBT

h̄

(
e
− H0

kBT rske
+

H0
kBT − rsk

)
,

Ξq
sk = − imkkBT

h̄

(
e

+
H0
kBT pske

− H0
kBT − psk

)
, Ξq†

sk =
imkkBT

h̄

(
e
− H0

kBT pske
+

H0
kBT − psk

)
,

(62)

where we also show the adjoint operators.
Now, we recall that any non-Hermitian operator A ̸= A † can always be written

in the form A = R + iI , where R and I are Hermitian operators, with R = R† and
I = I †. The relations R = 1

2(A + A †) and I = 1
2i(A −A †) can be easily proved. The

first friction operator Ξp
sk can therefore be decomposed in the form Ξp

sk = A p
sk + iBp

sk,
where

A p
sk =

imkkBT

2h̄

(
e

+
H0
kBT rske

− H0
kBT − e

− H0
kBT rske

+
H0
kBT

)
, (63)

Bp
sk =

mkkBT

2h̄

(
e

+
H0
kBT rske

− H0
kBT + e

− H0
kBT rske

+
H0
kBT − 2rsk

)
. (64)

Similarly, the second friction operator Ξq
sk can be decomposed in the form Ξq

sk = A q
sk +

iBq
sk, where

A q
sk = − imkkBT

2h̄

(
e

+
H0
kBT pske

− H0
kBT − e

− H0
kBT pske

+
H0
kBT

)
, (65)

Bq
sk = −mkkBT

2h̄

(
e

+
H0
kBT pske

− H0
kBT + e

− H0
kBT pske

+
H0
kBT − 2psk

)
. (66)

These expressions are particularly useful when the operators are represented in the
energy basis induced by the eigenvector equation H0φn(q⃗) = Enφn(q⃗). Under this
assumption, the representation of the friction operators is obtained in the following
form:
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A p
sk,ℓj = psk,ℓj

sinh
(
Eℓ−Ej

kBT

)
Eℓ−Ej

kBT

, Bp
sk,ℓj =

mkkBT

h̄
rsk,ℓj

[
cosh

(
Eℓ−Ej

kBT

)
− 1

]
,

A q
sk,ℓj = mk

(
∂V0

∂rsk

)
ℓj

sinh
(
Eℓ−Ej

kBT

)
Eℓ−Ej

kBT

, Bp
sk,ℓj = −mkkBT

h̄
psk,ℓj

[
cosh

(
Eℓ−Ej

kBT

)
− 1

]
.

(67)

These expressions are important because they show once again that in the classical limit
(h̄→ 0 or Eℓ−Ej → 0) we find the limiting values Ξp

sk = A p
sk + iBp

sk → psk and Ξq
sk =

A q
sk + iBq

sk →mk
∂V0

∂rsk
, as discussed for the classical Fokker–Planck equation. As already

mentioned, the analytical expressions for the friction operators are quite manageable
in this case, but they lose the Hermitian character that is typical of genuine physical
observables.

5.1. Application to the quantum HO

We apply this formalism to the one-dimensional HO to study the deviations from the
previous case. As before, we consider the Hamiltonian of the system in the form H0 =

1
2mp2 + 1

2mω2q2, and we obtain the explicit form of the friction operators as

Ξp =
sinh

(
h̄ω
kBT

)
h̄ω
kBT

p+ imω
cosh

(
h̄ω
kBT

)
− 1

h̄ω
kBT

q, (68)

Ξq = m2ω2
sinh

(
h̄ω
kBT

)
h̄ω
kBT

q− imω
cosh

(
h̄ω
kBT

)
− 1

h̄ω
kBT

p. (69)

In this case, the friction operators are given by a linear combination of the operators p
and q. By comparing them with equation (41), it is observed that in any case when h̄ω

kBT
→

0 the two operators converge to p and m2ω2q, respectively. The obtained operators in
equations (68) and (69) can be inserted into the quantum master equation stated by
equation (59), to eventually obtain

dϱ

dt
=

1

ih̄
[H0,ϱ]− kBTβpm

h̄2
[q, [q,ϱ]] +

βp

2ih̄

sinh
(

h̄ω
kBT

)
h̄ω
kBT

[q,pϱ+ ϱp]

− kBTβqm

h̄2
[p, [p,ϱ]]− m2ω2βq

2ih̄

sinh
(

h̄ω
kBT

)
h̄ω
kBT

[p,qϱ+ ϱq]

− mωβp

2h̄

cosh
(

h̄ω
kBT

)
− 1

h̄ω
kBT

[q, [q,ϱ]]− mωβq

2h̄

cosh
(

h̄ω
kBT

)
− 1

h̄ω
kBT

[p, [p,ϱ]] . (70)
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This equation can be compared with equation (44), and we can identify the crucial
parameters for verifying its Lindblad character. First of all, we have that Dqp = 0, and
moreover we get

Dpp = kBTβpm+
mh̄ωβp

2

coshη− 1

η
, (71)

Dqq = kBTβqm+
mh̄ωβq

2

coshη− 1

η
, (72)

λ+µ = βp
sinhη

η
, λ−µ = m2ω2βq

sinhη

η
, (73)

where we have defined η = h̄ω
kBT

to compact the notation. As in the previous case, since

both Dpp and Dqq must be strictly positive (see equations (45) and (46)), we obtain
from equations (71) and (72) that both βp and βq must be strictly positive. Again, this
proves that we must include the friction and noise terms in both Hamilton–Langevin
equations (see equations (1) and (2)). We now investigate the condition in equation (47).
By defining again x = βp/(m2ω2βq), this relation can be rewritten as

4x(1 + coshη)2 ⩾ (x+ 1)2 sinh2 η, (74)

which is equivalent to

x2 sinh2 η−x
(
8 + 8coshη + 2sinh2 η

)
+ sinh2 η ⩽ 0. (75)

This second-degree inequality leads to a discriminant ∆ = 32(1 + coshη)3 =
256cosh6

(
η
2

)
= 256cosh6 ξ, where ξ = h̄ω

2kBT
, as before. Hence, we determine the two

solutions as

x1,2 =

[
cosh

(
η
2

)
± 1

sinh
(
η
2

) ]2

=

(
coshξ± 1

sinhξ

)2

, (76)

where we use the standard relations coshη = sinh2 ξ + cosh2 ξ and sinhη = 2sinhξ coshξ.
Importantly, these solutions coincide with those obtained in equation (51). Hence,

also in this second case, we recover the conditions under which the equation attains the
Lindblad form, which are precisely the same as those derived in the first case, expressed
in equation (52) or (53). Remarkably, this condition turns out to be independent of the
specific choice of friction operators, suggesting that it could represent a more general,
possibly universal, result.

6. Quantum stochastic thermodynamics

In this section we construct the thermodynamic formulation starting from the evolution
equation for the density matrix introduced in equation (23). For the sake of clarity,
and without loss of generality, we confine our discussion to the case of Hamiltonian
friction operators, which are analytically tractable but also the most relevant from a
physical standpoint. Within this framework, we establish the first and second laws of
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thermodynamics after introducing the notions of internal energy and entropy associated
with the system. The same line of analysis can be extended to the second case with
non-Hermitian friction operators; nevertheless, we refrain from presenting it here for
conciseness, as it yields results that are essentially analogous to those described below.

6.1. First law of thermodynamics

To retrieve the first law of thermodynamics, we firstly introduce the internal energy E of
the system, defined as the expectation value of the Hamiltonian operator, E = Tr(H0ϱ).
The time evolution of this internal energy is

dE

dt
=

dTr(H0ϱ)

dt
= Tr

(
H0

dϱ

dt

)
. (77)

We need to substitute here the terms coming from equation (23). The classical
Liouvillian term leads to Tr(H0 [H0,ϱ]) = 0, because of the cyclic property of the
trace. Concerning the effect of external forces, we need to develop Tr(H0 [rsk,ϱ]) =
Tr([H0,rsk]ϱ), where we use again the cyclic property of the trace. We can now use rela-
tion [rsk,H0] = i h̄

mk
psk, and we get Tr(H0 [rsk,ϱ]) = −ih̄E{psk}/mk. An arbitrary noise

term delivers the contribution

Tr(H0 [rsk, [rsk,ϱ]]) = Tr([H0,rsk] [rsk,ϱ])

= − ih̄

mk
Tr(psk [rsk,ϱ]) = − ih̄

mk
Tr([psk,rsk]ϱ) = − h̄2

mk
, (78)

or

Tr(H0 [psk, [psk,ϱ]]) = Tr([H0,psk] [psk,ϱ])

= ih̄Tr

(
∂V0

∂rsk
[psk,ϱ]

)
= ih̄Tr

([
∂V0

∂rsk
,psk

]
ϱ

)
= −h̄2E

{
∂2V0

∂r2
sk

}
. (79)

Moreover, the arbitrary friction contribution corresponds to the term

Tr(H0 [rsk,Θ
p
skϱ+ ϱΘp

sk]) = Tr([H0,rsk] (Θ
p
skϱ+ ϱΘp

sk))

= − ih̄

mk
Tr(psk (Θp

skϱ+ ϱΘp
sk))

= − ih̄

mk
E{pskΘp

sk + Θp
skpsk} ,
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or

Tr(H0 [psk,Θ
q
skϱ+ ϱΘq

sk]) = Tr([H0,psk] (Θ
q
skϱ+ ϱΘq

sk))

= ih̄Tr

(
∂V0

∂rsk
(Θq

skϱ+ ϱΘq
sk)

)
= ih̄E

{
∂V0

∂rsk
Θq

sk + Θq
sk

∂V0

∂rsk

}
.

Summing up all contributions, we obtain the following result:

dE

dt
=

N∑
k=1

∑
s=x,y,z

fsk
1

mk
E{psk}

+ 2βp

[
3

2
NkBT −

N∑
k=1

∑
s=x,y,z

1

2mk
E
{
pskΘ

p
sk + Θp

skpsk
2

}]

+βq

[
kBT

N∑
k=1

∑
s=x,y,z

mkE
{
∂2V0

∂r2
sk

}
−

N∑
k=1

∑
s=x,y,z

E

{
∂V0

∂rsk
Θq

sk + Θq
sk

∂V0

∂rsk

2

}]
. (80)

This represents the first law of thermodynamics, where we can identify the average

rate of work dE{L}
dt done on the system with the average power

∑N
k=1 f⃗k ·E{p⃗k}/mk

of the external forces. This term is identical to the one obtained in the clas-
sical analysis of the problem. The second and third terms in equation (80) repres-

ent the average rate of heat dE{Q}
dt entering the system. We know that Hermitian

operators Θp
sk take the role of classical momenta psk . Similarly, Hermitian operat-

ors Θq
sk are the quantum counterpart of the classical terms mk

∂V0

∂rsk
. Therefore, the

term
∑N

k=1

∑
s=x,y,z

1
2mk

E
{

pskΘp
sk+Θp

skpsk
2

}
represents the quantum modified average kin-

etic energy of the system, corresponding to the classical term
∑N

k=1
1

2mk
E{p⃗k · p⃗k}.

Moreover, the quantum term
∑N

k=1

∑
s=x,y,zE

{(
∂V0

∂rsk
Θq

sk + Θq
sk

∂V0

∂rsk

)
/2
}

corresponds to

the classical contribution
∑N

k=1

∑
s=x,y,zmkE

{(
∂V0

∂rsk

)2
}

. Therefore, it can be affirmed

that the quantum version of the first law perfectly corresponds to the classical one,
stated in equation (11).

It is worth noting that the friction coefficients βp and βq determine the charac-
teristic rate of relaxation toward equilibrium, namely the rate at which equipartition
is established. Indeed, the two bracketed terms multiplying the coefficients βp and βq

in equation (80) identically vanish at thermodynamic equilibrium. The corresponding
identities thus obtained can be interpreted as two distinct formulations of the quantum
equipartition theorem. They can be written as follows:

1

2
kBT =

1

2mk
E
{
pskΘ

p
sk + Θp

skpsk
2

}
, (81)
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kBTmkE
{
∂2V0

∂r2
sk

}
= E

{
∂V0

∂rsk
Θq

sk + Θq
sk

∂V0

∂rsk

2

}
. (82)

These two relations represent the quantum version of equation (12), and they can be
directly proved by using the equilibrium density matrix stated in equation (24). The
proof of equation (81) can be found in [87], and the proof of equation (82) can be
performed in a very similar way (omitted here for brevity).

6.2. Second law of thermodynamics

In this section, we develop a balance equation for the von Neumann entropy of the
system defined as follows:

S = −kBTr(ϱ lnϱ) = −kBE(lnϱ) . (83)

To begin, we calculate the time derivative of entropy

dS

dt
= −kBTr

(
dϱ

dt
lnϱ+ ϱ

d

dt
lnϱ

)
, (84)

and we remember that Tr
(
ϱ d

dt lnϱ
)

= 0 (see [87]). Hence, we obtain a simpler relation

dS

dt
= −kBTr

(
dϱ

dt
lnϱ

)
. (85)

The entropy balance can be further elaborated by considering the density matrix evolu-
tion given in equation (23). The Hamiltonian contribution leads to the following term:

Tr([H0,ϱ] lnϱ) = Tr(H0ϱ lnϱ− ϱH0 lnϱ) = Tr(H0 [ϱ, lnϱ]) = 0, (86)

where we apply the cyclic property of the trace, and recall that ϱ commutes with lnϱ.
The contribution of external forces is also zero, in fact

Tr([rsk,ϱ] lnϱ) = Tr(rskϱ lnϱ− ϱrsk lnϱ) = Tr(rsk [ϱ, lnϱ]) = 0. (87)

To complete the entropy balance, we rewrite equation (23) in a compact form

dϱ

dt
=

1

ih̄
[H0,ϱ] + A ϱ+ Rϱ = L ϱ, (88)

where A ϱ denotes the contribution of the external force, Rϱ encompasses the fric-
tion and noise terms (i.e. the quantum Langevin bath) and L ϱ represents the sum of
all contributions in the evolution equation. Since the Hamiltonian and external force
contributions vanish in the entropic balance, we may then write

dS

dt
= −kBTr(Rϱ lnϱ) . (89)
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Similarly, the average heat rate defined in the previous section can be written as

dE{Q}
dt

= Tr(RϱH0) = kBTTr

(
Rϱ

H0

kBT

)
. (90)

Therefore, we can write the second law of thermodynamics as follows:

dS

dt
=

1

T

dE{Q}
dt

+
dSp

dt
, (91)

where

dSp

dt
= −kBTr

[
Rϱ

(
lnϱ+

H0

kBT

)]
. (92)

The term
dSf

dt = 1
T

dE{Q}
dt represents the entropy flow, that is, the amount of entropy

entering the system due to heat exchange. The term dSp

dt represents the production of
entropy, due to the irreversibility of the thermodynamic transformation. It must always
be positive for consistency with classical thermodynamics.

The entropy production term can be simplified by introducing the asymptotic canon-

ical distribution ϱeq = 1
Zqu

e
− H0

kBT . Its logarithm is given by lnϱeq =
(

ln 1
Zqu

)
I − H0

kBT
(see

[87]). Since the term
(

ln 1
Zqu

)
I does not contribute to entropy production, owing to

Tr[Rϱ] = 0, the quantity dSp

dt can be expressed in the following form:

dSp

dt
= kBTr[Rϱ(lnϱeq − lnϱ)] . (93)

We now demonstrate that the rate of entropy production remains strictly positive
throughout the relaxation toward equilibrium. To this end, we consider the system
in the absence of any externally applied force, whose dynamics is governed by the evol-
ution equation dϱ

dt = 1
i h̄ [H0,ϱ] + Rϱ = L ϱ. From equation (93), an equivalent expression

for the entropy production can be written as:

dSp

dt
= kBTr[L ϱ(lnϱeq − lnϱ)] . (94)

Here, the relaxation operator R has been replaced by L since Tr([H0,ϱ] lnϱeq) =

Tr([H0,ϱ] lnϱ) = 0. We note that the evolution equation dϱ
dt = L ϱ admits the formal

solution ϱ(t) = eL tϱ(0). Moreover, we can define the quantum relative entropy of ϱ1

with respect to ϱ2 as follows:

S (ϱ1|ϱ2) ≡ Tr[ϱ1 lnϱ1 − ϱ1 lnϱ2] . (95)

This represents a distance measure between the states described by the two density
matrices ϱ1 and ϱ2 [143]. We recall that Klein’s inequality states that the quantum
relative entropy S (ϱ1|ϱ2) is non-negative, and it is zero if and only if ϱ1 = ϱ2 [144]. We
will use this result in the following developments. To better understand the structure
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of equation (94), assuming that ϱ = ϱ(t), we perform the following calculation:

− d

dτ
S

(
eL τϱ|ϱeq

)∣∣∣∣
τ=0

=
d

dτ

[
Tr

(
eL τϱ lnϱeq

)
−Tr

(
eL τϱ lneL τϱ

)]∣∣∣
τ=0

=

[
Tr

(
eL τL ϱ lnϱeq

)
−Tr

(
eL τL ϱ lneL τϱ

)
−Tr

(
eL τϱ

d

dτ
lneL τϱ

)]∣∣∣∣
τ=0

, (96)

where the last term is zero since we know that Tr
(
ϱ d

dt lnϱ
)

= 0 for any density matrix
ϱ. Therefore, we obtain

− d

dτ
S
(
eL τϱ|ϱeq

)∣∣∣∣
τ=0

= Tr(L ϱ lnϱeq −L ϱ lnϱ) , (97)

which means that the rate of entropy production can be determined through the
expression

dSp

dt
= −kB

d

dτ
S
(
eL τϱ|ϱeq

)∣∣∣∣
τ=0

, (98)

which was first proven in [26]. The latter can be further elaborated as follows:

dSp

dt
= −kB lim

∆→0

S
(
eL (τ+∆)ϱ|ϱeq

)
−S

(
eL τϱ|ϱeq

)
∆

∣∣∣∣∣
τ=0

= −kB lim
∆→0

S
(
eL ∆ϱ|ϱeq

)
−S (ϱ|ϱeq)

∆

= −kB lim
∆→0

S
(
eL ∆ϱ|eL ∆ϱeq

)
−S (ϱ|ϱeq)

∆
, (99)

where we used the property eL ∆ϱeq = ϱeq, defining the equilibrium solution.
The result in equation (99) is significant since it expresses the entropic production as

the difference between the relative entropies S
(
eL ∆ϱ|eL ∆ϱeq

)
and S (ϱ|ϱeq). We recall

an important property: the relative entropy decreases monotonically under the action
of any completely positive, trace-preserving map Φ acting on the density matrix

S (Φϱ1|Φϱ2) ⩽ S (ϱ1|ϱ2) . (100)

This inequality is called monotonicity of the quantum relative entropy, and it was first
proved by Lindblad [21, 22]. Therefore, the rate of entropy production in equation (99)
is non-negative if the operator eL ∆ is completely positive and trace-preserving.

It is known that the equation describing a density matrix provides a completely
positive and trace-preserving evolution if and only if it can be put into the so-called
Lindblad form [23–25]. Thus, if we assume that our equation generates a completely pos-
itive and trace-preserving evolution (we prove this point only for the HO), the entropy
production rate will always be non-negative

dSp

dt
= −kB lim

∆→0

S
(
eL ∆ϱ|eL ∆ϱeq

)
−S (ϱ|ϱeq)

∆
⩾ 0. (101)
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We note that the non-negativity of quantum entropy production has been established
in the literature through a variety of approaches and methodologies, which nonetheless
lead to conclusions consistent with the result obtained here [26–32].

To show a further connection with non-equilibrium thermodynamics, we also intro-
duce the Helmholtz free energy F = E −TS and study its evolution. Recalling the

previously discussed relation H0 = −kBT lnϱeq + kBT
(

ln 1
Zqu

)
I, we obtain

F = kBTTr(ϱ lnϱ− ϱ lnϱeq)− kBT lnZqu. (102)

It can be seen that at equilibrium the free energy takes on the asymptotic value F =
−kBT lnZqu, which corresponds to the standard expression of equilibrium statistical
mechanics. The first part of equation (102) can be identified with a relative entropy,
and we can indeed write

F = kBTS (ϱ|ϱeq)− kBT lnZqu. (103)

On the one hand we can use the previously mentioned Klein inequality S (ϱ|ϱeq) ⩾ 0,
and immediately see that free energy always takes values larger than its equilibrium
value

F ⩾−kBT lnZqu. (104)

In contrast, the free energy always decreases as time increases since

dF

dt
= − 1

T

dSp

dt
. (105)

This underlines that a negative free energy change is a necessary condition for spon-
taneity (irreversibility). Altogether, our analysis confirms the complete consistency
between the quantum formalism and macroscopic non-equilibrium thermodynamics.

7. Numerical results

In this final section we describe the implementation and the results obtained for the
evolution equation of the density matrix for the HO. The HO evolution equation is
projected onto the energy basis and solved numerically to observe the thermodynamics
of the system during its relaxation towards thermal equilibrium.

The first results are displayed in figure 2, where we plot the evolution of the main
quantities over time for different initial conditions, taking a 16 × 16 density matrix
as a practical example of implementation. In this figure, one can compare five dif-
ferent models. The solid blue lines correspond to the model with Hermitian friction
operators, with βp = m2ω2βq (ensuring complete positivity) (see equation (42)). The
solid red lines correspond to the model with non-Hermitian friction operators, with
βp = m2ω2βq (ensuring complete positivity) (see equation (70)). The dashed blue and
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Figure 2. Results for the quantum harmonic oscillator in contact with a thermal
bath. Each column represents the plots corresponding to an initial density matrix
(16× 16) given by ϱkk(0) = N /kf , with f = 1,2,3,4 (N is a normalizing factor). In

the first row, we show the total energy E , which must converge to 1
2 h̄ω + h̄ω/(e

h̄ω
kBT −

1). In the following rows, one can find the behavior of the total entropy rate dS
dt ,

the entropy production rate dSp

dt , which is always positive, and the entropy flow rate
dSf

dt . In the last row, we plot the entropy S . Solid blue and red lines correspond
to Hermitian and non-Hermitian friction operators with βp = m2ω2βq. Dashed blue
and red lines correspond to Hermitian and non-Hermitian friction operators with
βq = 0. Solid green lines correspond to the Caldeira–Leggett model. We adopted
the parameters h̄ = 1, kB = 1, T = 1, βp = 0.2, ω = 1 and m = 1 in arbitrary units.
We calculated 1000 times the exponential of a 256× 256 matrix with a time step
π/200.

red lines correspond to models with Hermitian and non-Hermitian friction operators,
respectively, when βq = 0. Notably, the blue dashed lines describe the model discussed
in [87] and the red dashed lines the model introduced in [127–129]. In these cases,
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complete positivity is not guaranteed. Finally, the solid green lines correspond to the
Caldeira–Leggett model [13–15], where βq = 0 and Θp = p. In this case, neither complete
positivity nor thermodynamic consistency is guaranteed.

In figure 2, we consider as the initial condition a mixed state composed of energy
eigenfunctions with probability pk = N /kf for chosen values of the parameter f (N is a
normalizing factor, and k = 1 corresponds to the fundamental state). The initial density
matrix takes the form ϱkk(0) = N /kf , ϱkh(0) = 0 if h ̸= k. It is observed that for large f
the probability distribution decays sharply with k, restricting the system to low-energy
states and yielding a correspondingly low initial energy. In contrast, for small f, the
decay is slower, enabling substantial occupation of high-energy states and resulting in
a higher initial energy. Recall that the asymptotic mean energy at thermal equilibrium

is given by 1
2 h̄ω + h̄ω/(e

h̄ω
kBT − 1). In this construction, the selected superpositions of

states are employed to define two initial conditions whose energies exceed the thermal
equilibrium value, and two others whose energies lie below it. The first two cases (with
f = 1,2) are shown in the first two columns of figure 2, and the other two (with f = 3,4)
in the next two columns.

In the panels of the first row we observe the evolution of the internal energy. In the
first two columns, the total energy decreases because of the outgoing heat, and in the
other two the energy increases because of the incoming heat. These heat flows generate
an entropy flow rate that can be negative or positive. This is evident in the panels
of the fourth row of figure 2, where the entropy flow rate is negative in the first two
cases and positive in the other two. The entropy production rate is always positive, in
accordance with the second law of thermodynamics (see the third row of figure 2 and
equation (101)). This term, in fact, corresponds to the irreversibility and spontaneity of
the process rather than the direction of heat flow. The total entropy rate can also have
a sign that depends on the initial conditions and the state of progress of the relaxation
process (see the second row in figure 2). In the last row of the figure we show the
evolution of the total entropy S , which may increase or decrease depending on thermal
fluxes.

From these results, we conclude that the Caldeira–Leggett model does not comply
with thermodynamics, as the asymptotic internal energy does not match the value pre-
dicted by the canonical quantum distribution. The other models appear to be consistent
with thermodynamics, as they comply with all the evolutions predicted by the first and
second laws, as discussed in section 6. Moreover, we checked that all eigenvalues of ϱ
remain positive during the time evolution of the previous system.

Nevertheless, these observations correspond to initial conditions specified by partic-
ular mixed states. If we instead consider pure initial states we obtain the results shown
in figure 3, which reveal other interesting phenomena. Here, we consider the four ini-
tial conditions corresponding to the pure states characterized by the first four energy
states of the HO. This means that we consider the initial density matrix taking the form
ϱss(0) = 1 for s = 1,2,3 or 4, ϱkk(0) = 0 if k ̸= s, and ϱkh(0) = 0 if h ̸= k. These four initial
conditions lead to the evolutions shown in figure 3, where we exhibit the same physical
quantities considered in figure 2 for a short interval of time. The evolution of energy
shows no significant changes, and even in this case only the Caldeira–Leggett model
does not respect the correct energetic thermodynamic asymptotic value. In the entropy
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Figure 3. Results for a quantum harmonic oscillator in contact with a thermal
bath. Each column represents the plots corresponding to an initial density mat-
rix (16× 16) given by ϱss(0) = 1, with s = 1,2,3,4 (N is a normalizing factor,
ϱkk(0) = 0 if k ̸= s). In the first row, we show the total energy E , which must con-

verge to 1
2 h̄ω + h̄ω/(e

h̄ω
kBT − 1). In the following rows, one can find the behavior of

the total entropy rate dS
dt , the entropy production rate dSp

dt , which is always pos-

itive, and the entropy flow rate
dSf

dt . In the last row, we plot the entropy S . In
the third row, we also show the number of negative eigenvalues of ϱ(t) = 1, reveal-
ing the positivity violation. Solid blue and red lines correspond to Hermitian and
non-Hermitian friction operators with βp = m2ω2βq. Dashed blue and red lines cor-
respond to Hermitian and non-Hermitian friction operators with βq = 0. Solid green
lines correspond to the Caldeira–Leggett model. We adopted the parameters h̄ = 1,
kB = 1, T = 1, βp = 0.2, ω = 1 and m = 1 in arbitrary units. We calculated 1000
times the exponential of a 256× 256 matrix with a time step π/1000.

rate and entropy production rate plots (second and third rows), we observe (in the last
three columns) the presence of small peaks that need to be understood. To this end,
in the entropy production plots we have also superimposed the time evolution of the
number of negative eigenvalues of the density matrix. We see that the three models with
βq = 0 (with Hermitian and non-Hermitian friction operators, and the Caldeira–Leggett

https://doi.org/10.1088/1742-5468/ae4968 31

https://doi.org/10.1088/1742-5468/ae4968


Boltzmann to Lindblad: classical and quantum approaches to out-of-equilibrium statistical mechanics

J.S
tat.M

ech.(2026)
033101

model) have some unphysical negative eigenvalues in the first time interval, showing the
incomplete positivity of these models, at least for these initial conditions. This is con-
sistent with what was demonstrated previously: the evolution equation can be of the
Lindblad type only if βp > 0 and βq > 0. Once again, we see that it is essential to include
the friction and noise terms in the second classical Hamilton equation (equation (2)), in
order for the canonical quantization to work correctly. The peaks observed in the three
models with βq = 0 are therefore artifacts of the lack of positivity of the density matrix,
and are in fact absent in the two models with βq > 0 (solid blue and red lines).

We therefore conclude that the two models defined in equations (42) and (70)—with
βp > 0, βq > 0 and equation (52) or (53) satisfied—are correct from the thermodynamic
point of view (positive entropy production) and also from the mathematical point of
view (complete positivity). Moreover, these two properties are closely related to each
other through the monotonicity of quantum relative entropy, as discussed in section 6.
Should one want to distinguish between equations (42) and (70), it may be said that
equation (42) is preferable because it adopts Hermitian friction operators and can there-
fore be associated with real physical observables. An important issue that remains open
at present is the verification of the complete positivity of the general models defined in
equations (23) and (59) for an arbitrary potential acting on the quantum system and
not only for the HO.

8. Conclusions

In this work we have developed a unified classical-to-quantum framework for the
stochastic description of open systems grounded in a generalized Langevin dynamics
where friction and noise act symmetrically on both Hamilton equations. At the clas-
sical level, this structure leads to a generalized Klein–Kramers equation that preserves
the canonical Gibbs distribution and is fully consistent with the first and second laws
of thermodynamics. This result substantiates the physical relevance of including both
dissipative and stochastic contributions in the equations for position and momentum,
revealing a minimally required symmetry for thermodynamic consistency.

By applying canonical quantization to the classical Klein–Kramers operator, we
derive two distinct quantum master equations, corresponding respectively to Hermitian
and non-Hermitian friction operators. Despite their structural differences, both formu-
lations yield Lindblad-type dynamics for the HO under the same universal constraint
on the friction coefficients. Remarkably, this constraint is independent of the choice
of operator representation, suggesting that complete positivity in the quantum regime
consistently mirrors the classical requirement of symmetric dissipation and noise. This
generality strengthens the conceptual bridge between classical and quantum descrip-
tions of non-equilibrium statistical mechanics. Moreover, it is interesting to note that
the QOME used in countless applications can be expressed in the form predicted by
our approach.

Our results demonstrate that friction and noise must be included in both Hamilton
equations to guarantee a fully thermodynamically consistent and completely positive
quantum evolution. The formalism naturally provides generalized quantum expressions
for heat, work and entropy production, leading to compact formulations of the quantum
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first and second laws, closely connected with the monotonicity of quantum relative
entropy.

The methodology introduced here can be readily adapted to a broad class of
nanoscale and mesoscopic systems of current interest, ranging from quantum dots to
optomechanical platforms. It thus offers a robust and physically transparent foundation
for exploring quantum thermodynamics in regimes where stochasticity, dissipation and
quantum coherence interplay in essential ways.

A natural perspective for future research is to establish that the symmetry of fric-
tion and noise in the Hamilton equations, for arbitrary potential energy landscapes,
systematically leads—through canonical quantization—to master equations of Lindblad
type, and therefore to completely positive quantum evolutions. This question can be
approached by analyzing additional simple models for which the energy basis allows
fully analytic expressions for all operators, such as the infinite potential well, and then
extending the analysis to general potential energies. Depending on the complexity of the
potential, this program may be pursued analytically or numerically. Another promising
line of investigation concerns the generalization of the present models to non-Markovian
dynamics, in which memory effects become relevant.
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[82] Antonov A P, Zheng Y, Liebchen B and Löwen H 2025 Engineering active motion in quantum matter Phys.

Rev. Res. 7 033008
[83] Breuer H-P, Laine E-M, Piilo J and Vacchini B 2016 Non-Markovian dynamics in open quantum systems Rev.

Mod. Phys. 88 021002
[84] de Vega I and Alonso D 2017 Dynamics of non-Markovian open quantum systems Rev. Mod. Phys. 89 015001
[85] Gamba D, Cui B and Zaccone A 2025 Open quantum systems with particle and bath driven by time-dependent

fields Phys. Rev. A 112 012207
[86] Coppola M, Daouma Z and Henkel M 2025 Limitations of the Markovian approximation in the harmonic

oscillator J. Phys. A: Math. Theor. 58 505004
[87] Giordano S, Cleri F and Blossey R 2025 Explicit noise and dissipation operators for quantum stochastic

thermodynamics J. Stat. Mech. 083102
[88] Langevin P 1908 Sur la théorie du mouvement brownien C. R. Acad. Sci. 146 530–3
[89] Fokker A D 1914 Die Mittlere Energie Rotierender Elektrischen Dipole in Strahlungsfeld Ann. Phys., Lpz.

348 810–20
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