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Abstract
Within the framework of Eshelbian mechanics and linear elasticity, we develop a kinematic
and energetic formulation for treating different classes of defects. Central to the approach is
a defect map, through which interface discontinuities and bulk material inhomogeneities are
described within a common notation. The driving force is derived as an energy-release rate,
leading to a single identity in which defect-dependent mechanical effects, material inho-
mogeneity, and boundary/interface contributions are explicitly separated. For affine modes
of defect evolution—translation, rotation, and dilatation—the formulation recovers the cor-
responding classical integrals as special cases. In particular, the analysis shows that path
independence is not automatic, but follows under the assumptions required for the balance
of the different contributions to the driving force. Finally, a prototypical one-dimensional
example is discussed to describe the physical meaning of the deduced analytical expression
of the total driving force.
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1 Introduction

Within the framework of Eshelbian mechanics, we investigate defect evolution in linear
elastic media from a configurational viewpoint by introducing a suitable, regular defect-
map description. In our setting, defects are interpreted in two complementary ways. The
first is topological, encompassing interface discontinuities such as cracks [38, 40], and re-
lated interfacial defects [20, 54]. The second is material and describes defects as spatial
inhomogeneities in the constitutive properties of a medium. Typical examples are inclusions
and material heterogeneities [2, 44, 46, 67]. Within the present linear elastic setting, this de-
scription may also be relevant to selected aspects of damage, phase transformations, growth,
and remodeling, whenever they can be represented through changes in material regions, in-
terfaces, or constitutive properties [29, 53, 61, 62]. A complete constitutive and evolutionary
treatment of these phenomena, however, lies beyond the scope of the present work.

The modeling of defect propagation has often been based on configurational forces or
material forces, generally understood as the factors driving configurational changes associ-
ated with defect progression [47, 55, 56, 68]. While early ideas on forces driving defects can
be traced back to Peach and Koehler [81], the modern configurational viewpoint is rooted
in Eshelby’s seminal work on elastic singularities and material forces [31, 33, 35]. Eshelby
demonstrated that the force acting on an elastic singularity can be identified as the nega-
tive of the derivative of the total (elastic plus defect) energy with respect to a change in
defected configuration, in direct analogy with the concept of the energy release rate in frac-
ture introduced by Griffith [40]. He also established that this quantity can be represented
by an integral over any surface enclosing the defect, and that such an integral vanishes on
closed surfaces surrounding defect-free, homogeneous regions. In the two-dimensional set-
ting, Rice’s J -integral provided the classical expression of the configurational driving force
associated with defect translation and became a cornerstone of fracture mechanics [89]. This
line of development was subsequently extended by Knowles and Sternberg [58], who inter-
preted Eshelby-type integrals as conservation laws [15] connected with classical and recent
applications of Noether’s theorem [36, 41, 74, 75, 98] and introduced the additional L-
and M-integrals associated with rotational and dilatational configurational changes. These
modes will be used as canonical affine examples of defects through which the proposed
formulation can be compared with the classical J -, L-, and M-integrals.

The Challenge of Configurational Forces Configurational forces and energy-release rates
play a central role in defect mechanics and in the broader description of evolving contin-
uous media [47, 55, 56, 68], with more recent applications ranging from elastic structures to
biological remodeling [10, 21, 50]. At the same time, existing formulations are often techni-
cally demanding and distributed across different notational and conceptual settings [4, 79].
In this work, we introduce a defect-map-based framework that provides a common con-
figurational description of bulk and interfacial defects and explicitly identifies the different
energetic contributions to the associated driving force.

1.1 Motivation and Approaches

Central to our methodology is the introduction of a defect map, which describes the kine-
matics of both topological and material defects by associating each value of a defect param-
eter with a corresponding configuration (related configurational viewpoints can be found in
Refs. [30, 84, 93]). Accordingly, in the rate-independent setting considered here, the defect
parameter acts as a time-like variable that orders the resulting family of defected configu-
rations, without prescribing a defect-propagation law. We then derive a general expression
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for the energy-release rate in which defect-dependent mechanical effects, spatial material
inhomogeneity, and boundary/interface contributions are separated explicitly. This explicit
separation is one of the main purposes of the defect-map formulation, since it identifies
which terms survive when the assumptions behind the classical path-independent integrals
are relaxed [47, 55]. The formulation is compared with classical and modern conservation-
based results through three representative affine modes:

• translation, representing the advancement or displacement of an interface or bulk defect
along a prescribed direction [56, 68];

• rotation, representing a change in orientation of a finite defected region, with possi-
ble connections to fiber reorientation1 in composite materials [21], or micro-rotations
in micro-polar media [94];

• dilatation, representing a change in the size of a finite defected region, as in idealized
descriptions of void growth or expansion/contraction of an inhomogeneity, and playing
a critical role in the onset of material failure when defect size reaches a given threshold
[56, 88, 95].

From this perspective, the J -, L-, and M-integrals are recovered within the defect-map for-
mulation and from the general driving-force identity when the defect-dependent, material,
and boundary/interface contributions balance each other under appropriate constitutive as-
sumptions.

Prescribed Versus Emergent Defect Evolution The analysis of defective media depends on
how the defected configuration is allowed to vary. Two main approaches can be identified.
In the first one, adopted in the present work, the defect change is prescribed a priori and
encoded through a defect map transforming the reference configuration into the defected
one. Hence, the equilibrium problem is solved at each fixed defected configuration and the
associated configurational force, measuring the first-order change of the equilibrium en-
ergy along the prescribed family of configurations, is then evaluated. Moreover, under the
usual convexity assumptions on the elastic energy with respect to the elastic fields, the re-
sulting analysis corresponds to necessary conditions for local energy minimizers at a fixed
defected configuration, without implying stability with respect to defect propagation. In the
second approach, the defect change is emergent and follows from a global energetic prin-
ciple, typically through minimization of a suitably defined total energy. This includes free-
discontinuity formulations of fracture [38], and the framework of minimizing movements,
where the defect path arises as the limit of incremental energy minimizations [24]. The
present work does not address local or global stability with respect to defect propagation,
nor does it select the actual evolution path. Addressing these questions would require ener-
getic or stability criteria, such as those employed in the variational approaches cited above,
and remains beyond the scope of the present work.

A Phenomenological Approach As a matter of fact, configurational forces quantify the ener-
getic tendency of a defect to move. However, this point of view is phenomenological, since
it identifies the driving force but not the propagation dynamics, which require additional
ingredients such as thresholds, dissipation, or dedicated kinematic relations [32, 47, 66, 67].
Rice noted that the J -integral, while a powerful energetic indicator, must be complemented

1Fiber reorientation may be interpreted as a distributed anisotropic remodeling of the material structure,
driven by configurational forces arising from variations in the stored energy (see Ref. [21] and references
therein).
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by propagation conditions [89]. Variational approaches to fracture [23, 38], even when gen-
eralized to include thermal effects [12, 13], offer rigorous frameworks but often neglect the
important role of energy barriers and rate effects [8, 16, 70, 82]. Similar limitations arise
in phase-boundary evolution: static relaxation [3] overlooks interface kinetics, whereas dy-
namic formulations [1] incorporate configurational forces and kinetic relations. In this sense,
non-convex energy landscapes and energy barriers [86] are essential for dissipation and hys-
teresis, while more general scenarios include inertia and wave-propagation [9].

1.2 Hypotheses of the Current Approach

Although several extensions of the approach developed in this work may be considered, we
deliberately restrict the present analysis to small-strain linear elasticity. This choice leads to
closed-form expressions, enabling an explicit evaluation and, consequently, a direct phys-
ical interpretation of the different components of the driving force. Suitable regularity as-
sumptions are also imposed on the relevant fields and defected configurations. In particular,
defects are described through a defect map with a well-defined gradient, so that the analysis
does not cover phenomena involving non-integrable distortion fields or genuine geometric
incompatibilities [91] or fractal-type and multiscale propagation fronts [7, 18]. Moreover,
defect evolution is treated here as prescribed, while the actual propagation strategy remains
outside the scope of the model and would require additional ingredients such as dissipation,
thresholds, or kinetic relations. Finally, the affine modes of translation, rotation, and dilata-
tion are introduced as representative examples used to illustrate and test the approach, rather
than as an exhaustive description of all possible defect evolutions. Within this restricted
but explicit setting, the framework provides a closed energetic identity for regular defect
evolutions and clarifies the assumptions under which classical configurational integrals are
recovered.

1.3 Outline of the Work

We organize the manuscript as follows. We start by introducing, in Section 2, the notation
and classical tools of continuum mechanics needed for the present analysis. In particular,
we dedicate Section 2.1 to the introduction and definition of the defect map and of the dif-
ferent defect modes considered in our work. Subsequently, in Section 2.2, we develop a
Bilby–Kröner–Lee (BKL) decomposition into defect propagation and deformation, and we
discuss the case of affine defect maps in Section 2.3, while in Section 2.4, we derive the BVP
(boundary value problem) describing the pointwise equilibrium of a defective medium. In
Section 3, we compute the driving force associated with defect propagation, specialize it to
the case of defect translation, rotation, and dilatation, and for these cases, obtain the well-
known J -, L-, and M-integrals. In Section 4, we use a one-dimensional example to illustrate
the modeling procedure developed in our work, and in Section 5, we draw conclusions and
discuss new perspectives. Finally, in Appendices A and B, we perform the analytical deriva-
tion of the final form of the driving force and study rotations in space, respectively.

2 Mechanical Setting and Defect Kinematics

In this section, we introduce the mechanical setting used to describe defect kinematics in
continuous bodies through a defect map, with particular emphasis on the representative
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affine modes of defect translation, rotation, and dilatation [58]. We first introduce the no-
tation used throughout the manuscript2 and outline the main modeling ingredients needed
for the analysis. In our setting, the analysis is developed under the assumptions of small dis-
placements and linear elasticity [43, 49]. Although the defect-map idea is not intrinsically
limited to linear elasticity, nonlinear and finite-deformation settings would require differ-
ent strain measures, energy densities, and equilibrium equations. These extensions are not
pursued here but briefly indicated at various points in the manuscript.

2.1 Defect Map

Let a material body occupy the reference, or virgin, configuration ℬ ⊂ ℰ , an open and
bounded subset of the three-dimensional Euclidean space ℰ . For a given defect parame-
ter ℓ, the defected configuration ℬℓ is described by the defect map (for related viewpoints,
see again [30, 84, 93])

ϕ : ℬ ×ℒ −→ ℰ, (1)

where ℒ = [ℓin, ℓend] ⊂ ℝ denotes the interval spanned by ℓ, and

ℬℓ := ϕ(ℬ, ℓ) = {x ∈ ℰ | x = ϕ(X,ℓ) for X ∈ ℬ}, ℓ ∈ ℒ. (2)

In the present work, as in classical Eshelbian approaches such as Griffith analyses in frac-
ture, the defect map is prescribed a priori, thereby fixing the defect kinematics, so that ϕ

should be read as a parametrization of admissible configurational changes, not as a consti-
tutive or kinetic law for defect propagation. More generally, its functional form may also
be selected through an energetic criterion, as discussed in Section 1. In all the cases con-
sidered here, the defect map ϕ is assumed to be sufficiently regular in the bulk regions and
to admit well-defined traces on the relevant interfaces. In particular, it is locally continu-
ously differentiable with respect to both the material point X and the defect parameter ℓ.
For each fixed ℓ ∈ ℒ, its gradient 𝜱 = Gradϕ is well defined locally and its Jacobian satis-
fies Jϕ = det𝜱 > 0, thereby ensuring that ϕ is locally invertible and orientation-preserving.
Thus ℬℓ remains a configuration in the classical sense, and no geometric incompatibilities
are introduced through the defect map itself. Phenomena requiring non-integrable distor-
tion fields, such as dislocations, disclinations, or other incompatibility-driven defects [91],
are therefore outside the scope of the present setting. In this sense, the defect map is not
introduced as a representation of incompatibility-driven defects, but rather as a kinematic
device through which changes in defected regions, interfaces and material properties can be
described within a common notation.

Remark 1 (Notation for vector and tensor fields) Given the affine structure of ℰ , we de-
note by 𝒱 its translational space, i.e., the space of free vectors associated with ℰ . We in-
troduce an orthonormal basis {𝒆i}i=1,2,3 ⊂ 𝒱 and use the associated Cartesian coordinates
for both the reference configuration ℬ and the defected configuration ℬℓ, for every ℓ ∈ ℒ.
Accordingly, material points are represented by their coordinate vectors X = (X1,X2,X3)

in ℬ and x = (x1, x2, x3) in ℬℓ. A vector 𝒂 ∈ 𝒱 , denoted by a bold lowercase Latin or
Greek letter, is written as 𝒂 = ai𝒆i , where, following Einstein’s convention, the summa-
tion over repeated indices is employed. The scalar and vector products are denoted by “·”
2We mainly follow the notation employed in “An Introduction to Finite Elasticity - Volume III of Lecture
Notes on the Mechanics of Elastic Solids” by Rohan Abeyaratne, published online on March 31, 2022.



46 Page 6 of 39 S. Di Stefano et al.

and “×”, respectively, so that 𝒂 · 𝒃 = aibi and (𝒂 × 𝒃)i = ϵijkaj bk , where ϵijk is the Levi-
Civita symbol. A second-order tensor 𝑨 : 𝒱 → 𝒱 , denoted by a bold uppercase Latin or
Greek letter, is a linear map acting on vectors of 𝒱 . In components, 𝑨 = Aij𝒆i ⊗ 𝒆j and
(𝑨𝒗)i = Aijvj . Denoting by Lin(𝒱) the space of second-order tensors, we use the standard
products (𝑨𝑩)il = AijBjl,𝑨 · 𝑩 = AijBij , for every 𝑨,𝑩 ∈ Lin(𝒱). Finally, a fourth-order
tensor 𝔸 = 𝔸ijkl𝒆i ⊗ 𝒆j ⊗ 𝒆k ⊗ 𝒆l is viewed as a linear map 𝔸 : Lin(𝒱) → Lin(𝒱). For any
second-order tensor 𝑩 ∈ Lin(𝒱), its action is written as (𝔸𝑩)ij =𝔸ijklBkl .

Within this regular-map setting, we distinguish between two classes of defects: bulk de-
fects and interfacial defects.

Bulk Defect We refer to a defect as a bulk defect when it occupies a finite region of ℬℓ with
non-zero Lebesgue measure. In the present setting, this does not correspond to the removal
of material or to the creation of a hole. Rather, it represents a portion of the body in which
the constitutive properties are modified [2, 44, 46]. This class includes, at the kinematic level
considered here, localized changes in the constitutive behavior, as in the case of damage or
phase transition. Accordingly, for every ℓ ∈ ℒ, the defected configuration ℬℓ is decomposed
into two disjoint, connected subregions,

ℬ(d)
ℓ ∪ ℬ(nd)

ℓ = ℬℓ \ ℐℓ, ℬ(d)
ℓ ∩ ℬ(nd)

ℓ = ∅, (3)

where ℬ(d)
ℓ and ℬ(nd)

ℓ denote the defected and non-defected parts of ℬℓ, respectively, and ℐℓ

is the generalized interface

ℐℓ := ℬ(d)
ℓ ∩ ℬ(nd)

ℓ , (4)

defined as their common boundary. A graphical representation of a bulk defect is reported
in Fig. 1a). In this sense, the defect map ϕ may be constructed in a piecewise manner.
Accordingly, one may introduce the restrictions ϕ(nd) and ϕ(d), associated with the non-
defected and defected regions of ℬℓ, respectively. We also remark that ϕ(nd) and ϕ(d) are
assumed to be continuously differentiable in their respective regions and to admit continuous
extensions to their closures. Their traces coincide on ℐℓ, so that the defect map remains
continuous across the interface. The corresponding gradients and Jacobians are therefore
understood locally in each subregion. The deformed configuration 𝒞ℓ is then obtained by
applying the displacement field 𝒖 to ℬℓ. Thus, for every point y ∈ 𝒞ℓ, one has

y = ŷ(x) = x + 𝒖(x, ℓ), (5)

with 𝒖(·, ℓ) : ℬℓ → 𝒱 , x ∈ ℬℓ and ℓ ∈ ℒ. Finally, the interface ℐℓ is convected into the
interface 𝒥ℓ in 𝒞ℓ. Hence, for every xℓ ∈ ℐℓ,

yℓ = ŷ(xℓ) = xℓ + 𝒖(xℓ, ℓ) ∈ 𝒥ℓ. (6)

Interfacial or Surface Defect In this case, the defect is supported on a lower-dimensional
geometric structure lying within the body, represented here by a generalized interface ℐℓ.
Accordingly, interfacial defects have zero Lebesgue measure with respect to ℬℓ. Specifi-
cally, ℐℓ is a two-dimensional surface in a three-dimensional setting, while it reduces to
a one-dimensional curve in plane problems. Examples of interfacial defects include brit-
tle Griffith-type crack propagation [40] and cohesive fracture [5, 28, 76, 80], as sketched
in Fig. 1b) and Fig. 1c), respectively. Following the topological construction proposed in
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[52], the interface ℐℓ is regarded as the image, through the defect map ϕ(·, ℓ), ℓ ∈ ℒ, of
a fictitious interface ℐ∗ introduced in the reference configuration ℬ. More precisely, ℐℓ

consists of two sides, denoted by ℐ+
ℓ and ℐ−

ℓ , which coincide geometrically in the de-
fected configuration ℬℓ. Thus, for every point x∗

ℓ ∈ ℐℓ, image of a point X∗ ∈ ℐ∗, one
may distinguish two coincident but materially distinct points x+

ℓ ∈ ℐ+
ℓ and x−

ℓ ∈ ℐ−
ℓ , with

x+
ℓ = x−

ℓ = x∗
ℓ as spatial points (see, again, Fig. 1b) and Fig. 1c) for the case of brittle and

cohesive fracture). The deformed configuration 𝒞ℓ is obtained by applying the displacement
field 𝒖(·, ℓ) : ℬℓ → 𝒱 to the defected configuration ℬℓ. Hence, for every y ∈ 𝒞ℓ, one has
y = ŷ(x) = x + 𝒖(x, ℓ), with x ∈ ℬℓ and ℓ ∈ ℒ. The interface ℐℓ is then mapped into the
deformed interface 𝒥ℓ, and the two sides ℐ±

ℓ are transformed into 𝒥 ±
ℓ in 𝒞ℓ. Therefore, for

every x±
ℓ ∈ ℐ±

ℓ , y±
ℓ = ŷ(x±

ℓ ) = x±
ℓ + 𝒖(x±

ℓ , ℓ) ∈ 𝒥 ±
ℓ . Although x+

ℓ and x−
ℓ coincide geo-

metrically in the defected configuration, they represent two distinct material sides of the
interface. For this reason, the displacement field admits two traces on ℐℓ, namely 𝒖(x+

ℓ , ℓ)

and 𝒖(x−
ℓ , ℓ), which may differ even though x+

ℓ = x−
ℓ as spatial points. This is consistent

with the standard treatment of fracture surfaces, where the two crack faces may occupy the
same geometric locus while retaining independent kinematic fields. In the present formula-
tion, the discontinuous character of fracture-type defects is therefore encoded through the
two-sided interface structure and the corresponding displacement traces, rather than through
a discontinuity of the defect map itself.

For bulk defects, the boundary ∂ℬℓ of the defected configuration ℬℓ is decomposed, for
every ℓ ∈ ℒ, as

∂ℬℓ = ∂Dℬℓ ∪ ∂Nℬℓ, (7)

where displacements and surface tractions are prescribed on the Dirichlet portion ∂Dℬℓ and
on the Neumann portion ∂Nℬℓ, respectively. The outward unit normal to ∂ℬℓ is denoted by 𝒏.
In this case, the interface ℐℓ is an internal boundary separating the defected and non-defected
regions, across which suitable continuity conditions will be imposed. Its unit normal is also
denoted by 𝒏, with the orientation specified by the chosen side of the interface. For interfa-
cial defects, the boundary decomposition is written as (see again Fig. 1)

∂ℬℓ = ∂Dℬℓ ∪ ∂Nℬℓ ∪ ℐℓ, (8)

where ℐℓ represents the generalized interface supporting the defect. The notation for ∂Dℬℓ

and ∂Nℬℓ has the same meaning as above. On the two sides of the interface, the restrictions of
the unit normal are denoted by 𝒏+ and 𝒏−. In general, the sets ∂Dℬℓ and ∂Nℬℓ are the images,
in the defected configuration ℬℓ, of the corresponding Dirichlet and Neumann portions ∂Dℬ
and ∂Nℬ of the reference configuration ℬ, whose outward unit normal is denoted by 𝒏0.
Finally, the regularity assumptions introduced above are also adopted for interfacial defects,
while retaining the material distinction between the two sides of ℐℓ.

Topology of I𝓵 and Definition of the Interface Jump The terminology “generalized inter-
face” is used to emphasize that ℐℓ plays both a geometrical and a material role. Geomet-
rically, it identifies the location and organization of the defect within the defected config-
uration ℬℓ. Materially, it separates regions or sides across which constitutive properties,
tractions, or displacement fields may exhibit different behaviors. For bulk defects, ℐℓ sep-
arates the defected and non-defected regions ℬ(d)

ℓ and ℬ(nd)
ℓ , while the body domain itself

is preserved. For interfacial defects, ℐℓ supports fracture with possible cohesive interface.
A graphical sketch of the considered setting is reported in Fig. 1, where two representative
interface models are considered:
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Fig. 1 Reference configuration of a continuum body ℬ mapped into the defected configuration ℬℓ through
the defect map ϕ. The application of the displacement field 𝒖 then maps ℬℓ into the deformed configuration
𝒞ℓ . The red line denotes the defect-induced interface ℐℓ , the blue line denotes the Neumann portion of the
boundary, where tractions are prescribed, and the black line denotes the Dirichlet portion, where displace-
ments are prescribed. The kinematic setting considered in this work can be interpreted in terms of a BKL-type
decomposition for both bulk defects and interfacial defects. The top panel refers to a bulk defect, while the
middle and bottom panels refer to brittle and cohesive fracture interfaces, respectively

• the “fracture interface” [22, 52], corresponding to interfacial defects and allowing a dis-
placement jump between the two sides of ℐℓ. In brittle Griffith-type fracture, the crack
faces are traction-free, whereas, in the cohesive case, the interfacial tractions are deter-
mined by the cohesive energy [6, 28, 76, 80]. The discontinuity is encoded through the
two-sided structure of ℐℓ and the corresponding displacement traces, rather than through
the defect map (see Figs. 1b) and 1c));
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• the “perfect interface” [22, 52], corresponding to bulk defects and representing a material
surface separating regions with different constitutive properties [2, 17, 44, 45]. Displace-
ment and traction continuity are imposed across ℐℓ (see Fig. 1a).

Since fracture interfaces allow two independent traces of the same field, we introduce the
corresponding jump notation. Let g be a scalar-, vector-, or tensor-valued field defined on
ℬℓ. We denote by g+ and g− the restrictions of g to the two sides ℐ+

ℓ and ℐ−
ℓ , respectively,

namely

g±(x±
ℓ ) = g|ℐ±

ℓ
(x±

ℓ ), x±
ℓ ∈ ℐ±

ℓ . (9)

The jump of g across ℐℓ is then defined as

[[g(x∗
ℓ )]] = g+(x+

ℓ ) − g−(x−
ℓ ), x±

ℓ ∈ ℐ±
ℓ . (10)

Here x+
ℓ and x−

ℓ coincide as spatial points in the defected configuration, but they represent
two distinct material sides of the interface.

2.2 BKL-type Decomposition for Defects

In the kinematic description considered here, we follow the idea put forward by Eshelby
[31, 33, 35], according to which the total deformation of an elastic medium with defects can
be formally described as the composition of two processes. First, the elastic deformation
is frozen and the defect is allowed to evolve, thereby generating a defected configuration.
Second, for each fixed defect state, the body elastically responds to the prescribed boundary
conditions, applied loads, body forces, and possible interfacial actions. The defect map ϕ

characterizes the first step: it maps the reference configuration ℬ into the defected configu-
ration ℬℓ, namely

ϕ(·, ℓ) : ℬ → ℬℓ. (11)

The displacement field 𝒖, defined on ℬℓ, describes the elastic response of the body at a fixed
defect state, i.e.,

𝒖(·, ℓ) : ℬℓ → 𝒱, ℓ ∈ ℒ, (12)

and the deformed configuration 𝒞ℓ is obtained through

x ∈ ℬℓ ↦→ y = ŷ(x) = x + 𝒖(x, ℓ) ∈ 𝒞ℓ, ℓ ∈ ℒ. (13)

Combining the defect map with the elastic displacement gives the total mapping from the
reference configuration to the deformed configuration,

𝑼(·, ℓ) : ℬ → 𝒞ℓ, ℓ ∈ ℒ, (14)

defined by

𝑼(X, ℓ) = ϕ(X,ℓ) + 𝒖(ϕ(X,ℓ), ℓ), X ∈ ℬ, ℓ ∈ ℒ. (15)

The gradient of 𝑼 , denoted by 𝚵, is therefore

𝚵(X, ℓ) = [𝑰 + grad𝒖(ϕ(X,ℓ), ℓ)]𝜱(X, ℓ), X ∈ ℬ, ℓ ∈ ℒ, (16)
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where 𝑰 is the second-order identity tensor and 𝜱 = Gradϕ is the gradient of the defect map
with respect to the material point X. Equation (16) factorizes the total mapping gradient into
an elastic factor 𝑰 + grad𝒖 and a defect-related factor 𝜱 .

This multiplicative structure can be interpreted as a BKL-type decomposition, where
the qualification “BKL-type” is essential. In the classical Bilby–Kröner–Lee decomposition
[11, 60, 64, 90], the factors generally represent incompatible inelastic and elastic distortions
and need not be gradients of globally defined mappings. In the present setting, instead, 𝜱 is
locally the gradient of the defect map ϕ, while 𝑰 + grad𝒖 is the gradient of the elastic place-
ment at a fixed defected configuration. The present construction therefore separates defect
kinematics from elastic deformation without introducing an incompatible distortion field.
Classical BKL decompositions were introduced to describe how inelastic processes, such
as plasticity, growth, remodeling, or other structural rearrangements, affect the mechanical
behavior of a medium independently of the elastic deformation [11, 60, 64, 90]. In such
theories, the decomposition often involves an inelastic factor and an accommodating factor,
and the possible non-integrability of these fields leads to the notion of a natural state. This
natural state may be regarded as a collection, or conglomerate, of body pieces reflecting the
internal rearrangement induced by inelastic actions [69].

The analogy employed here is more restricted and purely kinematic. In particular, the
defected configuration ℬℓ is not introduced as a natural or stress-free state. Rather, it is the
configuration associated with a prescribed defect state and serves as the domain on which the
corresponding elastic equilibrium problem is solved. In the terminology of Ref. [85], ϕ may
be viewed as a defect-dependent base map, while ℬℓ is the corresponding (intermediate)
configuration. The role of the factorization is therefore to distinguish the change encoded
by the defect map from the elastic response evaluated after the defect state has been fixed.
For bulk defects, ϕ tracks the evolution of regions with modified material properties or
material structure; for interfacial defects, it tracks the evolution of the generalized interface
supporting the defect. In both cases, the same kinematic structure can be used to formulate
the elastic problem and subsequently derive the configurational driving force.

The Eshelbian viewpoint developed in this work focuses on the variation of the equi-
librium energy with respect to the defect parameter. Accordingly, the formulation does not
provide, by itself, a closed evolution law for the defect. It evaluates the configurational driv-
ing force associated with a prescribed defect evolution. If a time-dependent interpretation
is introduced, this viewpoint is meaningful in a quasi-static regime: for each fixed defected
configuration, the elastic variables are equilibrated, while the defect parameter describes a
slower transition between equilibrium states. This interpretation is reminiscent of energetic
descriptions in which fast mechanical variables are minimized while slower structural or
order parameters are held fixed, as in the Landau theory of phase transitions [63].

2.3 Affine Defect Maps and Representative Modes of Defect Evolution

As anticipated in Section 1, we now specialize the defect-map formulation to three affine
transformations: translation, rotation, and dilatation. This specialization is not intended to
provide an exhaustive classification of defect evolutions. Rather, these modes are used as
canonical kinematic variations of the defected configuration, allowing the proposed formu-
lation to be tested against well-established configurational results. In particular, they provide
the natural setting in which the translational, rotational, and dilatational driving forces can
be related, under the appropriate assumptions, to the classical J -, L-, and M-integrals. The
three modes are represented in Fig. 2.

Since the defect map associated with each of these defect modes is affine with respect to
material points X ∈ ℬ (see the following Equations (17), (18) and (21)), we refer to them
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Fig. 2 Representative affine defect maps considered in this work: a) defect translation of an interface crack
along a prescribed direction, b) defect rotation about a fixed axis, and c) defect dilatation, described as a
homothetic expansion or compression of a finite defected region. These affine modes provide canonical vari-
ations of the defected configuration and are used to relate the present defect-map formulation to the classical
configurational quantities associated with translation, rotation, and dilatation

as affine defect transformations [58]. The admissibility of these affine modes depends on
the class of defect under consideration. Translation can be applied to bulk and interfacial
defects. For bulk defects, it describes the motion of a material surface separating regions
with different material properties or structure while, for interfacial defects, it describes the
advancement of a crack. By contrast, rotation and dilatation are considered here only for
bulk defects, since they act on a finite region of the body.

Defect Translation We first consider the translation of a defect along a prescribed direction,
represented by the unit vector 𝒆. The corresponding defect parameter is the advancement
length s, so that s ≡ ℓ and s ∈ 𝒮 = [sin, send]. The defect map is defined as

ϕ(X, s) = X − s𝒆, X ∈ ℬ, s ∈ 𝒮. (17)

Since ϕ is a translation of magnitude s along 𝒆, we refer to this affine mode as defect trans-
lation [58]. A schematic representation is shown in Fig. 2a). This case will be used to derive
the translational configurational force and, in the two-dimensional crack setting, to recover
the classical J -integral.

Defect Rotation We next consider the rotation of a finite defected region, as represented in
Fig. 2b). The defect parameter is the rotation angle ϑ , measured about a fixed axis passing
through the material point X0 ∈ ℬ and having axial vector 𝝎 = ωi𝒆i . The geometric con-
struction of a rotation in space is recalled in Appendix B. We set ℓ ≡ ϑ ∈ Θ = [ϑin, ϑend]
and define

ϕ(X,ϑ) = X0 + 𝑹(ϑ)(X − X0), X,X0 ∈ ℬ, ϑ ∈ Θ, (18)

where 𝑹 is the rotation tensor

𝑹(ϑ) = 𝑰 + sinϑ 𝜴 + (1 − cosϑ)𝜴2, (19)

and 𝜴 is the skew-symmetric tensor

𝜴 =
⎛
⎝

0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎞
⎠ . (20)
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The axial vector of 𝜴 is 𝝎, so that 𝜴𝒗 = 𝝎 × 𝒗 for every 𝒗 ∈ 𝒱 . Under the assumptions
specified later in the manuscript, this affine variation leads to the configurational couple
associated with the classical L-integral.

Defect Dilatation The third affine mode is defect dilatation, understood as a homothetic
expansion or compression of a finite defected region, as shown in Fig. 2c). In this case, the
defect parameter is the (strictly positive) stretch λ ∈ Λ = [λin, λend], replacing the generic
parameter ℓ ∈ ℒ. The defect map ϕ : ℬ × Λ → ℰ is then

ϕ(X,λ) = X0 + λ(X − X0), X,X0 ∈ ℬ, λ ∈ Λ, (21)

where λ is independent of the material point and X0 is the center of dilatation. Values λ <

1 correspond to compression of the defected region, whereas values λ > 1 correspond to
expansion. This affine variation will be related to the configurational pressure and to the
classical M-integral [42, 58].

Remark 2 (On the scalar defect parameter ℓ) The parameter ℓ is used throughout the
manuscript to label a prescribed family of defected configurations. For the affine transfor-
mations considered in this section, ℓ is a scalar parameter independent of the material point.
It is identified with the translation length s, the rotation angle ϑ , or the dilatation stretch λ,
depending on the specific mode. This choice is deliberately restrictive: it provides a simple
and controlled way to probe the energetic response of the body with respect to canonical
defect variations. Examples of such scalar-parameter descriptions are discussed in Section 4
of Ref. [55]. Defect translation may represent, for instance, the advancement of a crack tip
along a straight path, the detachment of a material layer from a substrate [25], or the motion
of a material interface separating regions with different constitutive properties [47, 68]. De-
fect rotation corresponds to the rigid reorientation of a finite defected region, while defect
dilatation describes its homothetic expansion or compression.

The use of a scalar defect parameter should not be understood as a general description
of all possible defect evolutions. More complex processes, such as spatially inhomogeneous
damage, growth, remodeling or plasticity, may require distributed internal variables, mul-
tiple parameters, or non-affine defect maps. These more general descriptions are outside
the scope of the present work. The purpose of the affine specialization is therefore more
specific. It allows the defect-map formulation to be compared with classical configurational
mechanics in a transparent setting. At the same time, it provides a convenient benchmark for
identifying how the total driving force splits into defect-dependent, inhomogeneity-related,
and boundary/interface contributions.

2.4 Variational Setting at Fixed Defected Configuration

We now turn to the mechanical equilibrium associated with an assigned value of the defect
parameter ℓ. Once the defected configuration ℬℓ has been specified, the defect map is kept
fixed and the displacement field is obtained from stationarity of the total potential energy
with respect to 𝒖. The analysis developed in this section therefore concerns the elastic re-
sponse of the body at a prescribed defect state. It does not provide an evolution law for the
defect itself; the corresponding configurational driving force will be introduced later as the
energy-release rate associated with variations of ℓ.

For the sake of analytical clarity, the discussion is specialized to small-strain linear elas-
ticity. The defect-map construction, however, is not intrinsically tied to linear elasticity: its
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essential role is to separate the defect-induced change of configuration from the mechani-
cal response evaluated at fixed defect state. Accordingly, the same configurational strategy
may, in principle, be extended to settings involving constitutive or geometric nonlineari-
ties, provided that the strain measures, stored-energy densities and equilibrium equations
are consistently redefined. Such extensions are not pursued here.

We first consider a cohesive fracture interface. The brittle case is then recovered by sup-
pressing the jump-dependent cohesive response, while bulk defects are described by replac-
ing the fracture interface with a perfect interface, across which displacement and traction
continuity are imposed.

Cohesive Fracture Defect Let ℐℓ be a cohesive fracture interface. For a fixed value of ℓ, the
total potential energy is taken as

𝒲(𝒖,𝑬;ℓ) =
∫︂
ℬℓ

[Wstr(x,𝑬(x), ℓ) + Wb(x,𝒖(x), ℓ)]

+
∫︂

∂Nℬℓ

Wtr(x,𝒖(x), ℓ) +
∫︂
ℐℓ

Wint (x, [[𝒖(x)]], ℓ) . (22)

Here, Wstr is the elastic strain-energy density, Wb is the potential of the body forces, Wtr is the
potential associated with the tractions prescribed on the Neumann portion of the boundary
∂Nℬℓ, and Wint is the cohesive contribution defined on the fracture interface [5, 28, 76, 80].
The latter depends on the displacement jump between the two sides of ℐℓ. In the present
small-strain setting, the strain entering the elastic energy is

𝑬 = 1

2

[︁
grad𝒖 + (grad𝒖)T

]︁
. (23)

Within linear elasticity, we set

Wstr(x,𝑬(x), ℓ) = 1

2
𝑬(x) · [ℂ(x, ℓ)𝑬(x)], x ∈ ℬℓ, ℓ ∈ ℒ, (24)

where ℂ is the fourth-order elasticity tensor, endowed with the usual minor and major sym-
metries.

Following the jump notation introduced in Section 2.1, the displacement jump is [[𝒖]] =
𝒖+ − 𝒖− and the cohesive traction is defined by

𝝈 int(x, ℓ) = −∂Wint

∂[[𝒖]] (x, [[𝒖(x)]], ℓ) , x ∈ ℐℓ, ℓ ∈ ℒ. (25)

With this sign convention, 𝝈 int acts on the positive side of the interface, while the opposite
traction acts on the negative side.

The stationarity conditions are obtained by varying the displacement field. Let 𝒖ϵ = 𝒖 +
ϵ𝒖̃, with grad𝒖ϵ = grad𝒖 + ϵ grad𝒖̃, where 𝒖̃ vanishes on ∂Dℬℓ. Taking the first variation of
𝒲 and integrating by parts in the bulk regions separated by ℐℓ gives

δ𝒲[𝒖̃] =
∫︂
ℬℓ

−[div𝑻 (x, ℓ) + 𝒇 b(x, ℓ)] · 𝒖̃(x)

+
∫︂

∂Nℬℓ

[𝑻 (x, ℓ)𝒏(x, ℓ) − 𝝈 (x, ℓ)] · 𝒖̃(x)
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+
∫︂
ℐ+

ℓ

[𝑻 +(x, ℓ)𝒏+(x, ℓ) − 𝝈 int(x, ℓ)] · 𝒖̃+
(x, ℓ)

+
∫︂
ℐ−

ℓ

[𝑻 −(x, ℓ)𝒏−(x, ℓ) + 𝝈 int(x, ℓ)] · 𝒖̃−
(x, ℓ). (26)

The Cauchy stress tensor is obtained from the elastic energy as

𝑻 (x, ℓ) = ∂Wstr

∂𝑬
(x,𝑬(x), ℓ) = ℂ(x, ℓ)𝑬(x), x ∈ ℬℓ, ℓ ∈ ℒ. (27)

The body force and the prescribed traction are derived from their potentials according to

𝒇 b(x, ℓ) = −∂Wb

∂𝒖
(x,𝒖(x), ℓ), x ∈ ℬℓ, ℓ ∈ ℒ, (28)

and

𝝈 (x, ℓ) = −∂Wtr

∂𝒖
(x,𝒖(x), ℓ), x ∈ ∂Nℬℓ, ℓ ∈ ℒ. (29)

The fields 𝒖̃+ and 𝒖̃− denote the traces of the displacement variation on the two sides of the
interface. Similarly, 𝑻 ± and 𝒏± are the corresponding traces of the stress tensor and of the
unit normal.

Since the variations are arbitrary in the bulk, on ∂Nℬℓ, and on the two sides of the cohesive
interface, stationarity yields

div𝑻 + 𝒇 b = 0, in ℬℓ, (30a)

𝑻 𝒏 = 𝝈 , on ∂Nℬℓ, (30b)

𝒖 = 𝒖∗, on ∂Dℬℓ, (30c)

𝑻 +𝒏+ = 𝝈 int, on ℐ+
ℓ , (30d)

𝑻 −𝒏− = −𝝈 int, on ℐ−
ℓ . (30e)

The first equation is the local balance of forces in the bulk. The next two equations prescribe
the Neumann and Dirichlet boundary conditions, while the last two express equilibrium of
the cohesive tractions acting on the two sides of the fracture interface.

Brittle Fracture Defect Brittle fracture [40] is obtained by suppressing the jump-dependent
cohesive response. In this case, the interface carries no cohesive traction, namely 𝝈 int = 0,
and the interface conditions reduce to traction-free conditions on the crack faces. A Griffith-
type surface energy, independent of the displacement jump, may nevertheless be retained in
the total energy. Such a term does not generate cohesive tractions, but it contributes to the
configurational force through the variation of the interfacial energy. Hence 𝝈 int = 0, and the
cohesive interface conditions reduce to traction-free conditions on the crack faces

𝑻 +𝒏+ = 0, on ℐ+
ℓ , (31a)

𝑻 −𝒏− = 0, on ℐ−
ℓ . (31b)
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Bulk Defect For bulk defects, ℐℓ is treated as a perfect interface separating the defect and
non-defected regions [17, 22, 44, 46]. It is not a fracture surface and does not represent loss
of material continuity. Rather, it is a material surface across which constitutive properties
may change. The corresponding interface conditions are continuity of traction and displace-
ment

[[𝑻 ]]𝒏 = 0, on ℐℓ, (32a)

[[𝒖]] = 0, on ℐℓ. (32b)

Remark 3 (Spatial heterogeneity and defect dependence) In the case of bulk defects, it
is useful to distinguish two different sources of variability for physical fields defined on
the defected configuration ℬℓ. The first one is the explicit dependence on the spatial point
x ∈ ℬℓ, which accounts for material heterogeneity. The second one is the dependence on
the defect parameter ℓ ∈ ℒ, which describes how the same physical quantity changes as the
defected configuration evolves. A representative example is provided by the elasticity tensor
ℂ. For a bulk defect, the interface ℐℓ separates the defect and non-defected regions, and the
elastic properties may take different expressions on the two sides. We may therefore write

ℂ(x, ℓ) =
{︄
ℂ

(nd)(x, ℓ), x ∈ ℬ(nd)
ℓ ,

ℂ
(d)(x, ℓ), x ∈ ℬ(d)

ℓ ,
ℓ ∈ ℒ. (33)

Here, ℂ(nd) and ℂ
(d) denote the elastic tensors in the non-defected and defected regions,

respectively. Their possible dependence on x represents spatial heterogeneity within each
region, whereas their dependence on ℓ accounts for changes induced by the evolution of the
defected configuration. In the special case in which ℂ

(nd) and ℂ
(d) are independent of x, the

two regions are homogeneous, although they may still have different elastic properties.
For later use, it is convenient to express the same field through the defect map, by pulling

it back to the reference configuration ℬ. Since x = ϕ(X,ℓ), Equation (33) can be equiva-
lently written as

ℂ(ϕ(X,ℓ), ℓ) =
{︄
ℂ

(nd)(ϕ(X,ℓ), ℓ), ϕ(X,ℓ) ∈ ℬ(nd)
ℓ ,

ℂ
(d)(ϕ(X,ℓ), ℓ), ϕ(X,ℓ) ∈ ℬ(d)

ℓ ,
X ∈ ℬ, ℓ ∈ ℒ. (34)

The same distinction applies to other kinematic, static, or constitutive quantities. Their ex-
plicit dependence on x describes spatial heterogeneity, whereas their dependence on ℓ de-
scribes the change induced by the prescribed defect evolution. This separation will be used in
the following section to identify the contribution of material inhomogeneity to the configu-
rational driving force. Analogous considerations apply to interfacial defects, where material
properties and interfacial energies may depend both on the spatial position along ℐℓ and on
the defect parameter ℓ.

3 Driving Forces Associated with Defect Kinematics

The energetic approach developed in our work is based on the family of defected configura-
tions generated by the defect map and parametrized by ℓ ∈ ℒ. For each value of ℓ, the total
potential energy is evaluated at the equilibrium solution of the BVP in Equations (30a)–(30e)
associated with ℬℓ, thereby defining the equilibrium energy Π = Π(ℓ) as a function of ℓ.
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Then, the configurational force, or energy-release rate, is obtained by differentiating Π with
respect to ℓ. In the following, we first carry out this derivation for cohesive surface defects
and subsequently specialize the analysis to brittle fracture and bulk defects.

Remark 4 (On singular fields and limiting procedures) The derivation below is written for
configurations in which the relevant bulk, boundary, and interfacial quantities are sufficiently
regular. Instead, in problems involving point-defect translation—such as the motion of a
crack tip—the mechanical fields may exhibit singular behavior. In such cases, the configu-
rational force is obtained as the limit of the integral over a vanishing neighborhood of the
defect. This interpretation is consistent with the framework developed by Gurtin and Podio-
Guidugli in Ref. [48], who formalize the notion of “tip integrals” as limits over families
of control volumes collapsing onto the crack tip, and characterize the class of fields that
remain integrable despite the presence of singularities. In particular, fields that are “smooth
away from the tip” and satisfy suitable integrability conditions admit well-defined limiting
fluxes across shrinking contours, thereby ensuring the mathematical soundness of configu-
rational balances in the presence of crack-tip singularities. A related, although conceptually
distinct, regularization is provided by the Quantized Fracture Mechanics approach intro-
duced by Pugno and Ruoff [87], where the quantum of fracture advancement defines the
regularizing neighborhood of the defect. A different regularization strategy is provided by
phase-field theories of fracture [59, 97], in which the sharp crack surface is replaced by a
diffuse scalar field defined over the body. This avoids the explicit tracking of the crack front
and allows complex crack paths and topological changes to emerge from an energetic for-
mulation. A possible extension of the present approach would consist in enriching the scalar
defect parameter with a distributed field and defining the defect map accordingly. Such a de-
velopment would require a reformulation of the present kinematic and energetic setting and
is left for future work. Finally, we remark that the general expression of the driving force de-
rived in this section should be read in two complementary ways. In regularized settings, such
as cohesive descriptions, the fields remain bounded and the integrals are understood in the
classical sense. In sharp-crack formulations, the same expressions are interpreted through
the limiting process described above, so that the singular crack-tip contribution is recovered
as a tip configurational force.

3.1 Configurational Force in the Case of a Cohesive Surface Defect

Let 𝒖(·, ℓ) be the equilibrium solution of the boundary-value problem in Equations (30a)–
(30e), and let 𝑬(·, ℓ) and 𝑻 (·, ℓ) be the corresponding strain and stress fields, as in Equations
(23) and (27). The equilibrium energy Π = Π(ℓ) associated with the defected configuration
ℬℓ is then defined as

Π(ℓ) :=
∫︂
ℬℓ

[Wstr(x,𝑬(x, ℓ), ℓ) + Wb(x,𝒖(x, ℓ), ℓ)]

+
∫︂

∂Nℬℓ

Wtr(x,𝒖(x, ℓ), ℓ) +
∫︂
ℐℓ

Wint (x, [[𝒖(x, ℓ)]], ℓ) . (35)

Here, the dependence of Π on ℓ has several origins: the defected configuration ℬℓ and its
boundary vary with ℓ, the displacement, strain, and stress fields depend on ℓ through the
equilibrium problem and the energetic densities may contain material parameters depending
explicitly on the defect parameter.
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The configurational force F = F(ℓ) associated with ℬℓ is defined as

F(ℓ) := −dΠ

dℓ
(ℓ), (36)

thereby measuring the first-order change in the equilibrium energy along the family of de-
fected configurations ℬℓ generated by the defect map ϕ(·, ℓ), with ℓ ∈ ℒ. This quantity
characterizes the energetic tendency associated with the evolution encoded by the map and
should not be interpreted as an evolution law for the defect itself.

As shown in Appendix A, differentiating Equation (35) gives

F(ℓ) = −
∫︂
ℬℓ

{︁
∂ℓ[Wstr + Wb] + 𝑻 · ∂ℓ𝑬 − 𝒇 b · ∂ℓ𝒖

}︁
(x, ℓ)

−
∫︂
ℬℓ

div [(Wstr + Wb)𝜳 ] (x, ℓ)

− d

dℓ

∫︂
∂Nℬℓ

Wtr(x, ℓ) − d

dℓ

∫︂
ℐℓ

Wint(x, ℓ). (37)

In Equation (37), 𝜳 = ∂ℓϕ(ϕ−1(x, ℓ), ℓ), x ∈ ℬℓ, ℓ ∈ ℒ and, with a slight abuse of notation,
we write

Wstr(x, ℓ) = Wstr(x,𝑬(x, ℓ), ℓ), x ∈ ℬℓ, ℓ ∈ ℒ, (38a)

Wb(x, ℓ) = Wb(x,𝒖(x, ℓ), ℓ), x ∈ ℬℓ, ℓ ∈ ℒ, (38b)

Wtr(x, ℓ) = Wtr(x,𝒖(x, ℓ), ℓ), x ∈ ∂Nℬℓ, ℓ ∈ ℒ, (38c)

Wint(x, ℓ) = Wint (x, [[𝒖(x, ℓ)]], ℓ) , x ∈ ℐℓ, ℓ ∈ ℒ. (38d)

In particular, the derivative ∂ℓ[Wstr + Wb] in Equation (37) denotes only the explicit de-
pendence of the energetic densities on the defect parameter ℓ through elastic parameters,
consistently with Equation (108) of Appendix A. The dependence of Wstr and Wb on ℓ in-
duced by the equilibrium fields 𝒖 and 𝑬, that do depend on ℓ, is represented through the
terms involving ∂ℓ𝑬 and ∂ℓ𝒖.

By virtue of the equilibrium identity

𝑻 · ∂ℓ𝑬 − 𝒇 b · ∂ℓ𝒖 = div[𝑻 T∂ℓ𝒖], (39)

and by introducing the Eshelby stress, or energy-momentum, tensor [31, 33, 35],

𝑯 = (Wstr + Wb)𝑰 − (grad𝒖)T𝑻 , (40)

Equation (37) can be written as

F(ℓ) = −
∫︂
ℬℓ

∂ℓ [Wstr + Wb] (x, ℓ) −
∫︂
ℬℓ

div
[︁
𝑯 T𝜳

]︁
(x, ℓ)

− d

dℓ

∫︂
∂Nℬℓ

Wtr(x, ℓ) − d

dℓ

∫︂
ℐℓ

Wint(x, ℓ)

−
∫︂
ℬℓ

div[𝑻 T∂ℓ𝒖](x, ℓ) −
∫︂
ℬℓ

div[𝑻 T(grad𝒖𝜳 )](x, ℓ). (41)
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Applying Gauss’ theorem to the last two volume integrals and using the boundary and inter-
face equilibrium conditions, one obtains

F(ℓ) = −
∫︂
ℬℓ

∂ℓ [Wstr + Wb] (x, ℓ) −
∫︂
ℬℓ

𝑯 (x, ℓ) · grad𝜳 (x, ℓ)

−
∫︂
ℬℓ

div𝑯 (x, ℓ) · 𝜳 (x, ℓ) − d

dℓ

∫︂
∂Nℬℓ

Wtr(x, ℓ)

− d

dℓ

∫︂
ℐℓ

Wint(x, ℓ) −
∫︂

∂Dℬℓ

𝑻 (x, ℓ)𝒏(x, ℓ) · D𝜳 𝒖(x, ℓ)

−
∫︂

∂Nℬℓ

𝝈 (x, ℓ) · D𝜳 𝒖(x, ℓ) −
∫︂
ℐℓ

𝝈 int(x, ℓ) · D𝜳 𝒖(x, ℓ), (42)

where

D𝜳 𝒖 := ∂ℓ𝒖 + grad𝒖𝜳 (43)

is the convected derivative of the displacement field along 𝜳 and
∫︂
ℐℓ

𝝈 int(x, ℓ) · D𝜳 𝒖(x, ℓ) =
∫︂
ℐ+

ℓ

𝝈 int(x, ℓ) · D𝜳 +𝒖+(x, ℓ)

−
∫︂
ℐ−

ℓ

𝝈 int(x, ℓ) · D𝜳 −𝒖−(x, ℓ). (44)

We highlight that Equation (42) naturally separates the driving force into three contributions,

Fdef(ℓ) := −
∫︂
ℬℓ

∂ℓ [Wstr + Wb] (x, ℓ) −
∫︂
ℬℓ

𝑯 (x, ℓ) : grad𝜳 (x, ℓ), (45a)

Finh(ℓ) := −
∫︂
ℬℓ

div𝑯 (x, ℓ) · 𝜳 (x, ℓ), (45b)

Fbd(ℓ) := − d

dℓ

∫︂
∂Nℬℓ

Wtr(x, ℓ) − d

dℓ

∫︂
ℐℓ

Wint(x, ℓ)

−
∫︂

∂Dℬℓ

𝑻 (x, ℓ)𝒏(x, ℓ) · D𝜳 𝒖(x, ℓ)

−
∫︂

∂Nℬℓ

𝝈 (x, ℓ) · D𝜳 𝒖(x, ℓ) −
∫︂
ℐℓ

𝝈 int(x, ℓ) · D𝜳 𝒖(x, ℓ), (45c)

so that, for every ℓ ∈ ℒ, we have

F(ℓ) = Fdef(ℓ) + Finh(ℓ) + Fbd(ℓ). (46)

The term Fdef collects the contributions arising from the explicit dependence of the bulk en-
ergetic densities on the defect parameter and from the spatial variation of the defect velocity
𝜳 . The contribution Finh accounts for material inhomogeneity through the explicit depen-
dence of the material properties on the spatial position. Indeed, as shown in the following
paragraph, one has

div𝑯 = ∂x(Wstr + Wb), (47)
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where ∂x(Wstr + Wb) denotes the explicit derivative of (Wstr + Wb) with respect to the spa-
tial position, at fixed equilibrium fields. Finally, Fbd describes the boundary and interface
contributions. In particular, it accounts for the changes in the Neumann and interfacial en-
ergies induced by the evolution of ∂Nℬℓ and ℐℓ, as well as for the work performed by the
corresponding tractions along the convected displacement derivative D𝜳 𝒖. The three con-
tributions entering Equation (46) are evaluated explicitly in the one-dimensional example
presented in Section 4.

The Inhomogeneity Force 𝑭inh The identity in Equation (47) follows from a direct compu-
tation of the divergence of the Eshelby stress tensor. From the definition in Equation (40),
one has

div𝑯 = grad(Wstr + Wb) − div[(grad𝒖)T𝑻 ]. (48)

We first compute the gradient of the elastic energy density, thereby obtaining

gradWstr = 1

2
𝑬 · [gradℂ𝑬] + 𝑻 · grad𝑬

= 1

2
𝑬 · [gradℂ𝑬] + 𝑻 · (grad grad𝒖) (49)

and

𝑻 · (grad grad𝒖) = div[(grad𝒖)T𝑻 ] − (grad𝒖)Tdiv𝑻 . (50)

From the definition of the body force in Equation (28), we have

gradWb = ∂xWb − (grad𝒖)T𝒇 b. (51)

Substituting Equations (49), (50) and (51) in Equation (48) yields Equation (47). Hence, the
term Finh indeed measures the contribution to the driving force associated with the explicit
spatial dependence of the energetic densities, i.e., with material inhomogeneity.

The Boundary Driving Force 𝑭bd The term Fbd collects the contributions arising from the
boundary and interfacial terms of the total potential energy. It includes the derivatives of
the prescribed-loading and cohesive energies, together with the work of the corresponding
tractions along the convected displacement derivative D𝜳 𝒖. These terms become relevant
when the defect map changes the geometry of ∂Nℬℓ or ℐℓ, or when the prescribed data
depend explicitly on ℓ [37, 57, 83, 92]. Their evaluation over evolving surfaces generally
requires suitable transport identities and regularity assumptions. For instance, if ∂Nℬℓ ≡
∂Nℬ, the contribution associated with its geometrical evolution vanishes, although terms
due to ℓ-dependent loading or equilibrium fields may remain, while, in cohesive fracture,
the evolution of ℐℓ requires retaining the derivative of the interfacial energy. Related effects
arise in controlled fracture tests and in multiscale problems with defect-dependent effective
boundary operators [71–73, 78]. The one-dimensional example in Section 4 provides an
explicit evaluation of Fbd.

The Defect-Dependent Driving Force 𝑭def One contribution to Fdef arises from the explicit
dependence of the elastic coefficients on the defect parameter. This situation occurs, for ex-
ample, in multiscale descriptions of composite or heterogeneous materials, where the macro-
scopic response is characterized by effective constitutive coefficients obtained by up-scaling



46 Page 20 of 39 S. Di Stefano et al.

the underlying microstructure. Since defects typically occur at length scales much smaller
than the characteristic macroscopic scale, information about their presence and evolution
may be retained in the effective coefficients and, through them, in the macroscopic stored
energy. The resulting explicit dependence of the latter on ℓ contributes to the configurational
driving force through Fdef. We refer, for instance, to Ref. [26] and the references therein,
where the effective properties are derived through asymptotic homogenization.

Bulk Defect and Brittle Fracture As remarked in Section 2.4, bulk defects and brittle surface
defects are obtained as special cases of the previous formulation. For a bulk defect, no
fracture-type interfacial energy is present and one may set Wint ≡ 0, so that 𝝈 int = 0. For
a brittle surface defect, instead, the interfacial energy may be retained as a Griffith-type
surface energy independent of the displacement jump. In this case 𝝈 int = 0, but the derivative
of the interfacial energy with respect to ℓ may still contribute to the configurational force.
Hence, while the expressions of Fdef reported in Equation (45a) and of Finh in Equation
(45b) remain unchanged, the expression of Fbd in Equation (45c) reduces to

Fbd(ℓ) := − d

dℓ

∫︂
∂Nℬℓ

Wtr(x, ℓ) −
∫︂

∂Dℬℓ

𝑻 (x, ℓ)𝒏(x, ℓ) · D𝜳 𝒖(x, ℓ)

−
∫︂

∂Nℬℓ

𝝈 (x, ℓ) · D𝜳 𝒖(x, ℓ). (52)

for a bulk defect, while becomes

Fbd(ℓ) := − d

dℓ

∫︂
∂Nℬℓ

Wtr(x, ℓ) − d

dℓ

∫︂
ℐℓ

Wint(x, ℓ)

−
∫︂

∂Dℬℓ

𝑻 (x, ℓ)𝒏(x, ℓ) · D𝜳 𝒖(x, ℓ) −
∫︂

∂Nℬℓ

𝝈 (x, ℓ) · D𝜳 𝒖(x, ℓ) (53)

for a brittle surface defect.

3.2 Defect Translation

We first specialize the general expression of the driving force to the affine translation intro-
duced in Equation (17). In this case, the defect gradient, the Jacobian, and the vector 𝜳 are
computed as

𝜱(X, s) = 𝑰 , Jϕ(X, s) = 1, 𝜳 (x, s) = −𝒆, (54)

with X ∈ ℬ, s ∈ 𝒮 , and x ∈ ℬs . Since 𝜳 is constant in space, one has grad𝜳 = 0. Conse-
quently, Equation (45a) reduces to

Fdef(s) = −
∫︂
ℬs

∂s[Wstr + Wb](x, s). (55)

Thus, for a translation, Fdef is associated only with the explicit dependence of the energetic
densities on the defect parameter. In particular, if the constitutive parameters do not depend
explicitly on s, Fdef vanishes. The inhomogeneity contribution follows from Equation (45b).
Since 𝜳 = −𝒆, one obtains

Finh(s) = 𝒆 ·
∫︂
ℬs

div𝑯 (x, s). (56)
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This term measures the contribution to the translational driving force due to material inho-
mogeneity, through the spatial dependence of the energetic densities encoded in div𝑯 . By
applying Gauss’ theorem to the defected configuration, Equation (56) can be rewritten as a
flux of the Eshelby stress tensor. For an interfacial defect, the boundary of the integration
domain includes both sides of the fracture interface, and therefore

Finh(s) =𝒆 ·
∫︂

∂ℬs

𝑯 (x, s)𝒏(x, s)

=𝒆 ·
∫︂

∂Nℬs∪∂Dℬs

𝑯 (x, s)𝒏(x, s) + 𝒆 ·
∫︂
ℐ+

s

𝑯+(x, s)𝒏+(x, s)

+ 𝒆 ·
∫︂
ℐ−

s

𝑯−(x, s)𝒏−(x, s). (57)

For a bulk defect, the same flux can be expressed in terms of the jump of the Eshelby stress
across the interface ℐs

Finh(s) = 𝒆 ·
∫︂

∂Nℬs∪∂Dℬs

𝑯 (x, s)𝒏(x, s) − 𝒆 ·
∫︂
ℐs

[[𝑯 ]](x, s)𝒏(x, s), (58)

where we recall that, for bulk defects, 𝒏 denotes a fixed orientation of the unit normal on
ℐs and the jump is computed with respect to this orientation. Equation (58) shows explic-
itly how the translational inhomogeneity force contains both the flux through the external
boundary and the contribution of the material interface. In homogeneous defect-free regions,
div𝑯 = 0, and the corresponding flux is conserved. When a material interface or spatial in-
homogeneity is present, the jump term in Equation (58) accounts for the loss of this local
conservation.

Remark 5 (Homogeneity, path independence and the Eshelby stress tensor in defect
translation) For defect translation, the inhomogeneity contribution can be directly related
to the flux of the Eshelby stress tensor. Indeed, by combining Equations (47) and (57), one
obtains

Finh(s) = 𝒆 ·
∫︂
ℬs

∂x (Wstr + Wb) (x, s) = 𝒆 ·
∫︂

∂ℬs

𝑯 (x, s)𝒏(x, s). (59)

In the present linear elastic setting, the explicit spatial derivative of the elastic energy con-
tains the spatial variation of the elastic tensor. Hence, Equation (59) can be written as

∫︂
ℬs

[︃
1

2
𝑬 · [︁(gradℂ 𝒆)𝑬

]︁ + ∂xWb · 𝒆
]︃

(x, s) = 𝒆 ·
∫︂

∂ℬs

𝑯 (x, s)𝒏(x, s). (60)

If ℂ is spatially constant in ℬs and the material parameters entering Wb are also independent
of x, then ∂x(Wstr + Wb) = 0 and therefore

𝒆 ·
∫︂

∂ℬs

𝑯 (x, s)𝒏(x, s) = 0. (61)

Thus, in a spatially homogeneous region, the translational flux of the Eshelby tensor is con-
served. This statement relates to the inhomogeneity contribution Finh and should not be con-
fused with the vanishing of the total driving force F . Even in homogeneous materials, the
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remaining terms Fdef and Fbd may be non-zero and may contribute to the energetic tendency
of the defect to evolve. When an interface is present, Equation (61) is equivalent to

𝒆 ·
∫︂

∂Nℬs∪∂Dℬs

𝑯 (x, s)𝒏(x, s) = − 𝒆 ·
∫︂
ℐ+

s

𝑯+(x, s)𝒏+(x, s)

− 𝒆 ·
∫︂
ℐ−

s

𝑯−(x, s)𝒏−(x, s). (62)

for an interface defect, or to

𝒆 ·
∫︂

∂Nℬs∪∂Dℬs

𝑯 (x, s)𝒏(x, s) = 𝒆 ·
∫︂
ℐs

[[𝑯 ]](x, s)𝒏(x, s). (63)

for a bulk defect. In the absence of defects, namely when no internal interface contributes to
the flux, Equation (61) reduces to the classical conservation law

𝒆 ·
∫︂

∂Nℬs∪∂Dℬs

𝑯 (x, s)𝒏(x, s) = 0, (64)

which is the translational configurational conservation law of elastostatics [34, 58, 89]. In
other words, in a homogeneous region where no defect or material interface is present, the
Eshelby tensor satisfies div𝑯 = 0. Hence, the flux of 𝑯 is the same across any two sur-
faces enclosing the same defect, provided that the region between them is homogeneous and
contains no additional configurational sources. This is the standard origin of path indepen-
dence for the translational configurational integral. If, instead, the surface is moved across
a material interface, an inhomogeneous region, or another defect-induced discontinuity, the
flux changes by the corresponding bulk or interfacial contribution. Therefore, path inde-
pendence is recovered only within homogeneous defect-free regions, or after the additional
contributions due to material inhomogeneity and interfaces have been explicitly included.

The discussion above concerns only the inhomogeneity contribution Finh. The full trans-
lational driving force also contains the defect-dependent and boundary/interface terms. In
particular, using 𝜳 = −𝒆 in Equation (45c), the boundary contribution for a cohesive sur-
face defect reads

Fbd(s) := − d

ds

∫︂
∂Nℬs

Wtr(x, s) − d

ds

∫︂
ℐs

Wint(x, s)

−
∫︂

∂Dℬs

𝑻 (x, s)𝒏(x, s) · D𝜳 𝒖(x, s)

−
∫︂

∂Nℬs

𝝈 (x, s) · D𝜳 𝒖(x, s) −
∫︂
ℐs

𝝈 int(x, s) · D𝜳 𝒖(x, s). (65)

For bulk defects, or for brittle fracture with 𝝈 int = 0, this expression reduces to

Fbd(s) := − d

ds

∫︂
∂Nℬs

Wtr(x, s) −
∫︂

∂Dℬs

(𝑻 𝒏) · D𝜳 𝒖

−
∫︂

∂Nℬs

𝝈 (x, s) · D𝜳 𝒖(x, s). (66)

Finally, even when the Eshelby flux is path-independent in homogeneous regions, the total
energy-release rate may still receive contributions from Fdef and/or Fbd.
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Fig. 3 Scheme of the geometry
considered to introduce the
two-dimensional J -integral of
Rice. For ease of readability, the
axis x2 and the associated unit
vector 𝒆2 are not represented in
the figure. In this example, we
take a, b ∈ ℝ, with a < b, while
ST, SB and Slat represent the top,
the bottom and the lateral
surfaces of the cylindrical region

The Two-Dimensional 𝑱 -Integral of Rice We now show how the classical two-dimensional
J -integral is recovered as the translational specialization of Finh, without being introduced as
an independent conservation integral. This identification is made under the standard assump-
tions used in the derivation of the Rice integral: the fields are considered in a homogeneous
region surrounding the crack tip, body-force contributions are absent, and the contour is
taken in a region where no additional configurational sources are crossed. In the sharp-crack
case, the integral is understood in the limiting sense discussed in Remark 4. We consider a
body with cylindrical symmetry, so that the three-dimensional setting reduces to an equiva-
lent two-dimensional problem on each section orthogonal to the cylinder axis. The cylinder
is aligned with the x3-axis and is represented by the interval [a, b], with a, b ∈ℝ and a < b;
see Fig. 3. Its external surface is composed of the two bases SB and ST, and of the lateral
surface Slat. The defect is a crack advancing along the x1-direction, so that 𝒆 ≡ 𝒆1. Let γ

be a closed curve in a plane π orthogonal to the x3-axis, with support Γ . We denote by
𝒕 = t1𝒆1 + t2𝒆2 the tangent unit vector and by 𝒏 = n1𝒆1 + n2𝒆2 the outward normal unit vec-
tor, with t1 = −n2 and t2 = n1. Then Slat = Γ × [a, b]. We assume that the relevant fields
are independent of x3. Setting W ≡ Wstr, Finh is given as

Finh(s) = 𝒆1 ·
∫︂

Γ ×[a,b]
𝑯 (x1, x2, s)𝒏(x1, x2, s)

= 𝒆1 ·
∫︂ b

a

∫︂
Γ

{︁
W𝑰 − [(grad𝒖)T𝑻 ]}︁ (x1, x2, s)𝒏(x1, x2, s)

= (b − a)

∫︂
Γ

[︃
Wt2 − 𝝈 · ∂𝒖

∂x1

]︃
(x1, x2, s). (67)

where 𝝈 = 𝑻 𝒏 is the traction vector on Γ . The configurational force per unit thickness is
therefore

finh(s) := 1

b − a
Finh(s) =

∫︂
Γ

[︃
Wt2 − 𝝈 · ∂𝒖

∂x1

]︃
(x1, x2, s). (68)

The right-hand side of Equation (68) is the classical Rice J -integral [89]. Within the present
notation, it is recovered as the translational inhomogeneity flux of the Eshelby tensor. Its
path independence follows only under the homogeneity and source-free assumptions stated
above.

3.3 Defect Rotation

Let us now determine the energy release rate for a rotating defect, as represented in Fig. 2b).
As discussed in Section2.3, defect rotation is described through an affine defect map acting
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on a finite bulk defected region. The aim of this specialization is to identify the configura-
tional couple associated with the rotational defect map and to recover, under the assumptions
stated below, the classical L-integral structure. The gradient 𝜱 , the Jacobian Jϕ of ϕ and the
map 𝜳 are given by

𝜱(X,ϑ) = 𝑹(ϑ), Jϕ(X,ϑ) = 1, 𝜳 (x,ϑ) = 𝜴𝒗, (69)

where X ∈ ℬ, ϑ ∈ Θ,x ∈ ℬϑ and 𝒗 = x − X0 (see Fig. 2b)). Starting from Equation (47),
we have

∂x(Wstr + Wb) · 𝜳 =div𝑯 · 𝜳
=div(𝑯 T𝜳 ) − 𝑯 · grad𝜳

=div(𝑯 T𝜳 ) + [(grad𝒖)T𝑻 ] · grad𝜳 , (70)

where we used the fact that div𝜳 = 𝜴 · 𝑰 = 0. Moreover,

[(grad𝒖)T𝑻 ] · grad𝜳 =[(grad𝒖)T𝑻 ] · 𝜴
=[(grad𝒖)T𝑻 ] · 𝜴 + [𝑻 (grad𝒖)T] · 𝜴 − [𝑻 (grad𝒖)T] · 𝜴
=[(grad𝒖)T𝑻 ] · 𝜴 + [𝑻 (grad𝒖)T] · 𝜴 − [grad𝒖𝑻 ] · 𝜴T

=2(𝑬𝑻 ) · 𝜴 + [𝑻 (grad𝒖)T] · 𝜴. (71)

This is the point at which the assumptions required to recover the classical rotational con-
servation law enter the derivation. In particular, in a linear elastic regime, if we choose an
isotropic constitutive relation between 𝑻 and 𝑬, such that the tensor 𝑬𝑻 is symmetric and,
hence, 𝑬𝑻 · 𝜴 = 0 [58], we have

[(grad𝒖)T𝑻 ] · grad𝜳 = [𝑻 (grad𝒖)T] · 𝜴 = [div(𝒖 ⊗ 𝑻 ) − 𝒇 b ⊗ 𝒖] · 𝜴. (72)

Moreover, if we consider the body forces 𝒇 b to be null [58], we can set Wb ≡ 0, and the
Eshelby tensor in Equation (40) simplifies as 𝑯 = Wstr𝑰 − (grad𝒖)T𝑻 , while Equation (72)
becomes

[(grad𝒖)T𝑻 ] · grad𝜳 = div(𝒖 ⊗ 𝑻 ) · 𝜴 = div[(𝒖 ⊗ 𝑻 ) · 𝜴]. (73)

Accordingly, the inhomogeneity configurational force Finh(ϑ) acquires the form

Finh(ϑ) = −
∫︂
ℬϑ

{div[𝒗 ⊗ 𝑯 + 𝒖 ⊗ 𝑻 ]( x,ϑ)} · 𝜴

= −
[︃∫︂

ℬϑ

div𝑫(x,ϑ) − (X0 − O) ⊗
∫︂
ℬϑ

div𝑯 (x,ϑ)

]︃
· 𝜴, (74)

where we used the fact that 𝜳 = 𝜴𝒗, 𝒗 = x −X0 = (x −O)− (X0 −O), and we introduced
the angular momentum Knowles-Sternberg tensor [58]

𝑫 := (x − O) ⊗ 𝑯 (x,ϑ) + 𝒖(x,ϑ) ⊗ 𝑻 (x,ϑ). (75)

The tensor 𝑫 is the angular-momentum counterpart of the Eshelby stress tensor, and the
integral on the right-hand side of Equation (74) defines the L-integral. This result shows
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that, under the assumptions of linear elasticity, isotropy and absence of body forces, the
affine rotational defect map recovers the configurational structure underlying the classical
rotational conservation law. More generally, the defect-map framework still identifies the
rotational contribution to the driving force through Equation (45b) while, if the assumptions
above are relaxed, its reduction to the classical path-independent L-integral is no longer
guaranteed. By using Gauss’ theorem, we obtain

Finh(ϑ) = −
[︃∫︂

∂Nℬϑ∪∂Dℬϑ

𝑫(x,ϑ)𝒏(x,ϑ)

− (X0 − O) ⊗
∫︂

∂Nℬϑ ∪∂Dℬϑ

𝑯 (x,ϑ)𝒏(x,ϑ)

]︃
· 𝜴

+
[︃∫︂

ℐϑ

[[𝑫(x,ϑ)]]𝒏(x,ϑ) − (X0 − O) ⊗
∫︂
ℐϑ

[[𝑯 (x,ϑ)]]𝒏(x,ϑ)

]︃
· 𝜴. (76)

Remark 6 (Homogeneity and the angular momentum tensor in defect rotation) In de-
veloping the framework of defect rotation, we employed linear elasticity, isotropy, and the
absence of body forces [58]. Such assumptions lead to Equations (74) and (76), where the
inhomogeneity force Finh, also called generalized couple [58], can be expressed as the flux,
across ∂ℬϑ , of the angular-momentum tensor 𝑫 and of the moment of the Eshelby tensor 𝑯 .
If such hypotheses are not considered, Equation (45b) remains valid as the inhomogeneity
contribution to the driving force, but it does not necessarily admit the divergence form lead-
ing to Equation (76). In particular, anisotropy, body forces, or nonlinear constitutive effects
may introduce additional terms that prevent the direct identification of a path-independent
L-integral. Thus, the recovery of the Knowles–Sternberg rotational integral should be under-
stood as conditional on the constitutive assumptions stated above, rather than as an automatic
consequence of the defect-map construction. If the elasticity tensor is piecewise constant,
Equation (76) becomes

0 =
[︃∫︂

∂Nℬϑ ∪∂Dℬϑ

𝑫(x,ϑ)𝒏(x,ϑ)

− (X0 − O) ⊗
∫︂

∂Nℬϑ ∪∂Dℬϑ

𝑯 (x,ϑ)𝒏(x,ϑ)

]︃
· 𝜴

−
[︃∫︂

ℐϑ

[[𝑫(x,ϑ)]]𝒏(x,ϑ) − (X0 − O) ⊗
∫︂
ℐϑ

[[𝑯 (x,ϑ)]]𝒏(x,ϑ)

]︃
· 𝜴. (77)

In the absence of defects, we retrieve the classical conservation law of [58], i.e.,

0 =
[︃∫︂

∂Nℬϑ ∪∂Dℬϑ

𝑫(x,ϑ)𝒏(x,ϑ)

− (X0 − O) ⊗
∫︂

∂Nℬϑ ∪∂Dℬϑ

𝑯 (x,ϑ)𝒏(x,ϑ)

]︃
· 𝜴. (78)

This conservation law is recovered only in homogeneous defect-free regions, under the as-
sumptions stated above. If the integration surface crosses a material interface or encloses a
region where material properties vary, the corresponding jump or inhomogeneity terms in
Equation (77) must be retained.
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Finally, the expressions of the contributions Fdef and Fbd to the configurational force F

take on the form

Fdef(ϑ) := −
∫︂
ℬϑ

∂ϑWstr(x,ϑ) −
∫︂
ℬϑ

𝑯 (x,ϑ) · 𝜴, (79a)

Fbd(ϑ) := − d

dϑ

∫︂
∂Nℬϑ

Wtr(x,ϑ) −
∫︂

∂Dℬϑ

[(𝑻 𝒏) · D𝜳 𝒖](x,ϑ)

−
∫︂

∂Nℬϑ

[𝝈 · D𝜳 𝒖](x,ϑ). (79b)

The terms Fdef and Fbd should be kept distinct from the L-integral contribution. The lat-
ter represents the inhomogeneity-related part of the rotational driving force under the as-
sumptions specified above, whereas the total configurational force may still contain defect-
dependent and boundary contributions.

3.4 Defect Expansion or Compression

The dilatational defect map describes a homothetic expansion or compression of a finite
bulk defected region. This case allows us to isolate the configurational contribution associ-
ated with volumetric changes of the defected configuration and to recover, under suitable
assumptions, the classical M-integral structure. In the case of defect dilatation, the gradient
𝜱 , the Jacobian Jϕ of ϕ and the map 𝜳 are computed as follows

𝜱(X,λ) = λ𝑰 , Jϕ(X,λ) = λ3, 𝜳 (x,λ) = 1

λ
(x − X0), (80)

with X ∈ ℬ, λ ∈ Λ,x ∈ ℬλ and with ϕ given by Equation (21). Starting with the computation
of Finh, obtained by specializing Equation (45b) to the case of dilatation, we consider again
the Eshelby stress tensor 𝑯 introduced in Equation (40),

Finh(λ) = − 1

λ

∫︂
ℬλ

[div(𝑯 T𝒗) − tr𝑯 ](x,λ) (81)

where tr𝑯 , for a linear elastic medium, can be computed as follows

tr𝑯 = 1

2
div(𝑻 𝒖). (82)

Here, as in the case of defect rotation, we set Wb = 0 and 𝒇 b = 0. This step is central to
the recovery of the classical M-integral, since it allows the trace of the Eshelby tensor to be
rewritten as a divergence term. Unlike the translational case, this simplification relies on the
linear elastic setting and on the absence of body forces. Finally, we have

Finh(λ) = − 1

λ

∫︂
ℬλ

div

[︃
𝑯 T𝒗 − 1

2
𝑻 𝒖

]︃
(x,λ)

= − 1

λ

∫︂
ℬλ

div
[︁
𝑴 − 𝑯 T(X0 − O)

]︁
(x,λ), (83)

where

𝑴 = 𝑯 T(x − O) − 1

2
𝑻 𝒖 (84)
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is the isotropic expansion Knowles-Sternberg vector. Finally, we recall that the integral in
the right-hand side of Equation (83) is called M-integral [42, 58] and, by using Gauss’
theorem, we write

Finh(λ) = − 1

λ

[︃∫︂
∂Nℬλ∪∂Dℬλ

𝑴(x,λ) · 𝒏(x,λ)

− (X0 − O) ·
∫︂

∂Nℬλ∪∂Dℬλ

𝑯 (x,λ)𝒏(x,λ)

]︃

+ 1

λ

[︃∫︂
ℐλ

[[𝑴(x,λ)]] · 𝒏(x,λ) − (X0 − O) ·
∫︂
ℐλ

[[𝑯 (x,λ)]]𝒏(x,λ)

]︃
. (85)

Thus, the surface representation in Equation (85) recovers the classical M-integral structure
only after the assumptions leading to Equation (83) have been imposed. In more general
settings, for example in the presence of nonlinear constitutive behavior or body forces, the
general defect-map decomposition of the driving force remains available, but the same ex-
plicit M-integral form may not be obtained.

Remark 7 (Homogeneity and the isotropic expansion vector in defect dilatation) We re-
mark that, since the energy release rate due to inhomogeneity Finh has the dimension of
an energy, in the case with a spatially isotropic defect dilatation, it can be interpreted as
the product of a configurational pressure times a volume. Moreover, the expression of the
energy release rate Finh, written in terms of a surface integral as in Equation (85) is valid
for any linear and anisotropic material, in the absence of body forces 𝒇 b. This qualification
is important: the M-integral form is a conservation result obtained under the assumptions
stated above. It should not be interpreted as a general consequence of the defect-map con-
struction alone. Finally, if the elastic stiffness tensor ℂ is piecewise homogeneous in space
and in the absence of jumps, we obtain the following conservation law

0 = − 1

λ

[︃∫︂
∂Nℬλ∪∂Dℬλ

𝑴(x,λ) · 𝒏(x,λ)

− (X0 − O) ·
∫︂

∂Nℬλ∪∂Dℬλ

𝑯 (x,λ)𝒏(x,λ)

]︃
. (86)

In this case, the configurational pressure is zero and, thus, we find the third invariant of the
elasticity theory given by the isotropic expansion vector 𝑴 [58]. Accordingly, 𝑴 is con-
served in any region where ℂ is constant, and this allows us to modify the surface on which
the configurational pressure is calculated by adding or removing regions with constant ℂ.

The conservation law in Equation (86) defines a path-independent quantity, known as M-
integral, which was first established by Günther [42], and later by Knowles and Sternberg
[58]. Note that even though the M-integral vanishes for a closed path, i.e., in the absence
of defects, irrespective of the position of the coordinate origin, its value, for a non-closed
path, depends on the origin position. Such features were pointed out by Eshelby [35], and
later by Freund [39], who demonstrated the use of the M-integral for determining the energy
flux into the edge of an advancing crack, and the corresponding stress intensity factor. The
M-integral is also used to study cavitation [14]. Voids, indeed, may be formed by cavitation
caused by a large enough stress in very ductile materials. Such a process may occur in a
metal under constraints, for instance, a thin metal layer sandwiched between ceramic plates,
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as analyzed in Refs. [51, 95], and experimentally proved in Ref. [88]. As for the transla-
tional and rotational cases, the conservation statement concerns the inhomogeneity-related
contribution under the assumptions specified above. The total energy-release rate may still
contain defect-dependent and boundary contributions, which must be retained whenever
they are non-zero.

Finally, the form of the contributions Fdef and Fbd are computed as

Fdef(λ) := −
∫︂
ℬλ

∂λWstr(x,λ) − 1

λ

∫︂
ℬλ

tr𝑯 (x,λ), (87a)

Fbd(λ) := − d

dλ

∫︂
∂Nℬλ

Wtr(x,λ) −
∫︂

∂Dℬλ

[(𝑻 𝒏) · D𝜳 𝒖](x,λ)

−
∫︂

∂Nℬλ

[𝝈 · D𝜳 𝒖](x,λ). (87b)

These terms complete the decomposition of the dilatational driving force.

4 A One-Dimensional Example of Brittle Fracture

In this section, we consider a simple one-dimensional model of brittle fracture, with the aim
of explicitly deriving the expressions for the kinematic and energy quantities introduced
previously. This illustrative example serves to show how the different contributions to the
configurational driving force can be identified explicitly through the defect-map approach.
In that sense, this example should be read as an illustrative benchmark for the proposed
formalism, not as representative of all possible defect-evolution scenarios covered by the
theoretical setting.

The analyzed prototypical system is represented in Fig. 4. It consists of two parallel
beam-like elements of initial length L, bonded with a thin layer of adhesive. We idealize
the system as one-dimensional (we assume axial deformation, uniform fields over the cross-
section and negligible bending or transverse effects) and model it by a line segment of length
L representing the common axis along which the two beams are aligned. This segment is
parameterized by a single spatial coordinate X spanning the reference configuration interval
ℬ =]0,L[ with respect to a (one-dimensional) system of reference. The two beams are elas-
tic and experience only axial displacements and deformation. Moreover, we suppose that

Fig. 4 Scheme of the geometry considered to introduce the one-dimensional example of brittle fracture. The
parameter s separates the bonded and debonded portions of the interface and defines the current defected
configuration
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one of them is unloaded and fixed at one of its end-points (left dark black beam in Fig. 4),
while the second one is subjected to the body force fb, to the boundary traction F0 on one
end and fixed on the other end (right light black beam in Fig. 4). The considered defect
process consists of the detachment of the two beams in correspondence with the layer of ad-
hesive. Within the terminology introduced in Section 2.3, the detachment front is described
by a scalar defect parameter, here denoted by s, which fixes the position of the interface
separating the bonded and debonded regions. Thus, the defect map does not introduce a
new fracture criterion or a propagation law, since it provides the kinematic description of
the defected configuration for each prescribed value of s. Although the benchmark is meant
to clarify the theoretical aspects of the proposed approach, we remark that debonding in
intrinsically one-dimensional settings is widely studied from both a theoretical and an ex-
perimental point of view. Examples are given in Refs. [27, 65, 96].

Based on the type of loading, we assume that there is a single interface between the
bonded and debonded region at the tip x = s ∈]0,L[. Thus L−s is the length of the detached
portion of the system, so that the defected configuration ℬs reads (a sketch of ℬs is reported
in Fig. 4)

ℬs = ℬ(nd)
s ∪ ℬ(d)

s ∪ {s}, (88)

where

ℬ(nd)
s =]0, s[, ℬ(d)

s =]s,L[. (89)

This decomposition is the one-dimensional counterpart of the bulk-defect description intro-
duced in Section 2.4: the interface located at x = s separates a non-defected region, where
the two beams are bonded and act together, from a defected region, where the effective
stiffness is reduced because only the loaded beam contributes to the axial response. No ma-
terial is removed from the one-dimensional domain; instead, the defect is encoded through
the change of effective mechanical properties across the moving interface. Note that, for a
prescribed debonding front position s, we can model our system as two beams in series.
Indeed, let us indicate by ku and kl the extensional stiffness of the externally unloaded part
(dark black beam) and of the externally loaded fraction (light black beam). In the attached
region ℬ(nd)

s , both beams deform and bear the load and, due to the assumption of perfectly
bonded beams, they can be modeled as an equivalent beam with stiffness k(nd) := ku + kl. In
the detached region, the stiffness of the beam-like element coincides with the only loaded
part since the unloaded one is undeformed and bears no load. The system is then equivalent
to a beam with stiffness k(d) = kl = ζk(nd), where ζ := kl

kl+ku
represents a damage parameter.

In this reduced model, the effect of debonding is therefore represented through an effective
stiffness difference between the bonded and debonded portions. This provides a simple ex-
ample of how defect information, here the local loss of adhesion, enters the macroscopic
one-dimensional description through defect-dependent material properties. As a result, in
this context we can describe the perfect decohesion process as an equivalent transition be-
tween an undamaged beam and a damaged beam.

Kinematics and Energy Functional Introducing the displacement field u : ℬs → ℝ, along
with its restrictions u(nd) : ℬ(nd)

s → ℝ and u(d) : ℬ(d)
s → ℝ on ℬ(nd)

s and ℬ(d)
s , respectively, the

total potential energy is

𝒲(u; s) =
∫︂ s

0

[︄
1

2
k(nd)

(︃
du(nd)

dx

)︃2

−fbu
(nd)

]︄
+

∫︂ L

s

[︄
1

2
k(d)

(︃
du(d)

dx

)︃2

−fbu
(d)

]︄
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− F0u
(d)(L) + Γ (L − s), (90)

where Γ is the adhesive (fracture) energy. Furthermore, if we introduce the non-dimensional
variables z = x/L, for every x ∈ ℬs , ξ = s/L and

w(z) := 1

L
u(x), q := fbL

k(nd)
, F̄0 := F0

k(nd)
, γ := Γ

k(nd)
, 𝒲̄ := 𝒲

k(nd)L
, (91)

the non-dimensional energy is given by

𝒲̄(w; ξ) =
∫︂ ξ

0

[︄
1

2

(︃
dw(nd)

dz

)︃2

− qw(nd)

]︄
+

∫︂ 1

ξ

[︄
1

2
ζ

(︃
dw(d)

dz

)︃2

− qw(d)

]︄

− F̄0w
(d)(1) + γ (1 − ξ). (92)

Before going further we introduce the notation

ℬξ = ℬ(nd)
ξ ∪ ℬ(d)

ξ ∪ {ξ}, ℬ(nd)
ξ =]0, ξ [, ℬ(d)

ξ =]ξ,1[, (93)

being the normalized counterparts, with respect to L, of ℬs , ℬ(nd)
s and ℬ(d)

s .

Boundary Value Problem and Analytical Solution Starting from Equation (92), the BVP
reads

d2w(nd)

dz2
+ q = 0, z ∈]0, ξ [, (94a)

ζ
d2w(d)

dz2
+ q = 0, z ∈]ξ,1[, (94b)

w(nd)(0) = 0, (94c)

ζ
dw(d)

dz
(1) = F̄0, (94d)

w(nd)(ξ) = w(d)(ξ), (94e)

dw(nd)

dz
(ξ) = ζ

dw(d)

dz
(ξ), (94f)

whose analytical solution is given as

w(nd)(z, ξ) = − 1

2
qz2 + (q + F̄0)z, z ∈]0, ξ [, (95a)

w(d)(z, ξ) = − 1

2ζ
qz2 + (q + F̄0)

ζ
z

− (1 − ζ )ξ [q(2 − ξ) + 2F̄0]
2ζ

, z ∈]ξ,1[. (95b)

The Configurational Force We compute the functional 𝒲̄ in Equation (92) along the solution
fields in Equations (95a) and (95b) and, by deriving with respect to ξ and changing sign, we
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obtain the non-dimensional configurational force

F(ξ) = (ζ − 1)(q − qξ + F̄0)
2

2ζ
+ γ. (96)

4.1 Computation of the Driving Force 𝑭 : The Defect Map

We now recompute the configurational force F by using the defect-map formalism intro-
duced in the previous sections. This second computation has a precise role: it shows that the
additive decomposition F = Fdef + Finh + Fbd can be implemented directly once the defect
map is specified. The defect map encodes the position of the debonding front and provides
the kinematic link between the reference interval and the defected configuration associated
with each value of ξ . As a first step, we define the defect maps ϕ(nd) : ℬL×]0,1[→ ℬ(nd)

ξ

and ϕ(d) : ℬL×]0,1[→ ℬ(d)
ξ , denoting how the non-defected and defected portions of ℬξ

are transformed from the reference configuration ℬL =]0,1[, non-dimensional version of ℬ
with respect to L. In particular, we have

ϕ(nd)(Z, ξ) = ξZ, (97a)

ϕ(d)(Z, ξ) = (1 − ξ)Z + ξ, (97b)

where Z = X/L, along with

Ψ
(nd)
ξ (z, ξ) = z

ξ
, (98a)

Ψ
(d)
ξ (z, ξ) = 1 − z

1 − ξ
. (98b)

Finally, we define

W
(nd)
str (z, ξ) = 1

2

[︃
dw(nd)

dz
(z, ξ)

]︃2

, (99a)

W
(nd)

b (z, ξ) = −qw(nd)(z, ξ), (99b)

W
(d)
str (z, ξ) = 1

2
ζ

[︃
dw(d)

dz
(z, ξ)

]︃2

, (99c)

W
(d)

b (z, ξ) = −qw(d)(z, ξ), (99d)

along with W(nd) = W
(nd)
str + W

(nd)

b and W(d) = W
(d)
str + W

(d)

b .

The Configurational Contribution 𝑭def to 𝑭 Introducing the Eshelby stress

H(nd)(z, ξ) =W(nd)(z, ξ) −
[︃

dw(nd)

dz
(z, ξ)

]︃2

= −1

2
(q + F̄0)

2, (100a)

H(d)(z, ξ) =W(d)(z, ξ) − ζ

[︃
dw(d)

dz
(z, ξ)

]︃2

=q2[(−1 + ζ )(−2 + ξ)ξ − 1] − 2qF̄0(1 − ξ + ζ ξ) − F̄ 2
0

2ζ
, (100b)
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the contribution Fdef to the configurational force F is computed by employing Equation
(45a). In the present one-dimensional setting, Fdef captures the energetic change associated
with the motion of the interface between two regions having different effective stiffnesses.
Although the energetic densities do not depend explicitly on ξ inside each region, the defect
map changes the relative extent of the bonded and debonded parts, and this produces the
non-zero contribution reported below. In particular, since neither W nd nor W d depends on
ξ explicitly, the Eshelby stress contributions H(nd) and H(d) are constant with respect to
z and because of Equations (98a) and (98b), we obtain the final form of Fdef within our
one-dimensional example, reading (compare with Equation (45a))

Fdef(ξ) = (ζ − 1)(q − qξ + F̄0)
2

2ζ
. (101)

The Configurational Contribution 𝑭inh to 𝑭 In this case, since the Eshelby stress contribu-
tions H(nd) and H(d) are constant, we obtain (compare with Equation (45b))

Finh(ξ) = 0. (102)

Note that such a result is compatible with the fact that both W(nd) and W(d) do not depend
explicitly on material points. Thus, the vanishing of Finh is a consequence of the assumption
that in the proposed simple example each region is homogeneous and no additional spatial
inhomogeneity is introduced within the bonded or debonded portions.

The Configurational Contribution 𝑭bd to 𝑭 In this case, we apply Equation (45c). In partic-
ular, we have

Fbd(ξ) = γ. (103)

Here, the boundary/interface contribution reduces to the constant fracture energy γ . This
term represents the Griffith energy contribution associated with the debonded portion, whose
length is 1 − ξ ; differentiating the surface energy γ (1 − ξ) with respect to the defect param-
eter and changing sign gives Fbd = γ .

In particular, we remark that the sum of the three contributions Fdef, Finh and Fbd is equal
to F , as reported in Equation (96), thereby providing consistency of the approach even in
this simplified setting.

5 Conclusions

We have developed a configurational approach to defect evolution in elastic solids based
on the introduction of a defect map. This map provides a kinematic link between the refer-
ence and defected configurations and allows bulk and interfacial defects to be described
within a common notation, while separating the defect-induced change of configuration
from the elastic equilibrium problem at a fixed defect state. The formulation has been de-
veloped for regular defect maps and small-strain linear elasticity. Hence, it does not address
incompatibility-driven defects, such as dislocations or disclinations [91], but focuses on
defected configurations with well-defined gradients. The resulting configurational force is
defined as the negative derivative of the equilibrium energy with respect to the defect pa-
rameter, consistently with the configurational-force viewpoint [47, 55, 68]. Accordingly, the
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theory identifies the energetic driving force F associated with a prescribed defect evolution,
without providing a closed propagation law. This force admits the additive decomposition

F = Fdef + Finh + Fbd, (104)

where Fdef collects defect-dependent energetic contributions, Finh accounts for material in-
homogeneity, and Fbd contains boundary and interface terms [47, 55, 68]. The general ex-
pression has been specialized to three representative affine defect maps: translation, rotation,
and dilatation. Under the appropriate assumptions, the inhomogeneity contribution recovers
the structures associated with the classical J -, L-, and M-integrals [42, 58, 89]. Transla-
tion leads to the Eshelby stress tensor and, in the two-dimensional crack setting, to the J -
integral [34, 89]; rotation leads to the Knowles–Sternberg angular-momentum tensor and to
the L-integral [58]; dilatation leads to the isotropic expansion vector and to the M-integral
[42, 58]. These conservation results hold only in homogeneous defect-free regions and un-
der the assumptions required by each affine mode. When material interfaces, defects, spatial
inhomogeneities, or evolving boundary/interface terms are present, the additional contribu-
tions in the full driving force must be retained. The one-dimensional debonding example
illustrates the construction in a simple setting, showing explicitly how the defect map and
the three contributions to the driving force can be computed and interpreted. Although de-
liberately elementary, the example is connected with classical and recent descriptions of
bonded systems and debonding processes [27, 65, 96].

Several extensions remain open. The same configurational strategy may be developed for
finite deformations, nonlinear constitutive behavior [19, 77], multiscale descriptions, or dis-
sipative and inelastic processes [47, 67–69], provided that the corresponding kinematic, en-
ergetic, and evolution structures are consistently reformulated. More complex mechanisms,
such as crack kinking, crack branching, void growth, shear bands, or spatially inhomoge-
neous growth and remodeling, may motivate future extensions based on enriched defect
maps, multiple defect parameters, or distributed internal variables.

Appendix A: Computation of the Driving Force 𝑭

In this appendix, we show how to compute the derivative of the total energy Π with respect
to the defect parameter ℓ. In particular, according to Equation (35), we have that Π is defined
as an integral functional over the defected configuration ℬℓ and, since it depends only on ℓ

(see again Equation (35)), we can write

dΠ

dℓ
(ℓ) = d

dℓ

∫︂
ℬℓ

[Wstr + Wb] (x, ℓ) + d

dℓ

∫︂
∂Nℬℓ

Wtr(x, ℓ) + d

dℓ

∫︂
ℐℓ

Wint(x, ℓ), (105)

where, for the sake of a lighter notation, the volume element associated with ℬℓ is not explic-
itly reported, as done in the previous sections. We now look at the first term of the right-hand
side of Equation (105). In order to bring the derivative (with respect to ℓ) inside the integral,
we perform a change of variables transforming the integral over ℬℓ into an integral over ℬ.
In doing this, we use the definitions reported in Section 2.1, i.e., ℬℓ = ϕ(ℬ, ℓ), x = ϕ(X,ℓ),
with X ∈ ℬ, x ∈ ℬℓ and ℓ ∈ ℒ, giving

d

dℓ

∫︂
ℬℓ

[Wstr + Wb] (x, ℓ) = d

dℓ

∫︂
ℬ

Jϕ(X,ℓ) [Wstr + Wb] (ϕ(X,ℓ), ℓ) . (106)
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We recall that Jϕ = det𝜱 is the Jacobian of ϕ, i.e., the determinant of the gradient 𝜱 of ϕ

and that Jϕ is a constant term with respect to both X ∈ ℬ and ℓ ∈ ℒ in the case of translation
and rotation, while it depends on ℓ ∈ ℒ solely in the case of dilatation (see Equations (54),
(69) and (80)). Indeed, it is Jϕ = 1 for translation and rotation, and Jϕ = λ3 for dilatation.
Nevertheless, for the sake of a general treatment, in the following calculations we consider
Jϕ as formally dependent on X ∈ ℬ and ℓ ∈ ℒ.

We can now exchange the ℓ-derivative with respect to the integration over ℬ, the latter
being independent of ℓ, so that

d

dℓ

∫︂
ℬℓ

[Wstr + Wb] (x, ℓ) =
∫︂
ℬ

dJϕ

dℓ
(X,ℓ) [Wstr + Wb] (ϕ(X,ℓ), ℓ)

+
∫︂
ℬ

Jϕ(X,ℓ)∂ℓ [Wstr + Wb] (ϕ(X,ℓ), ℓ)

+
∫︂
ℬ

Jϕ(X,ℓ){grad [Wstr + Wb] (ϕ(X,ℓ), ℓ)} · ∂ℓϕ(X,ℓ).

(107)

By performing the inverse transformation ℬ = ϕ−1(ℬℓ, ℓ), for every ℓ ∈ ℒ, and reordering
all terms, we obtain

d

dℓ

∫︂
ℬℓ

[Wstr + Wb] (x, ℓ) =
∫︂
ℬℓ

∂ℓ [Wstr + Wb] (x, ℓ) +
∫︂
ℬℓ

{grad [Wstr + Wb] · 𝜳 }(x, ℓ)

+
∫︂
ℬℓ

{[Wstr + Wb] div𝜳 } (x, ℓ)

=
∫︂
ℬℓ

∂ℓ [Wstr + Wb] (x, ℓ) +
∫︂
ℬℓ

div{[Wstr + Wb]𝜳 }(x, ℓ),

(108)

where we recall the definition 𝜳 (x, ℓ) = ∂ℓϕ
(︁
ϕ−1(x, ℓ), ℓ

)︁
, and the kinematic relation stat-

ing that ∂ℓJϕ(ϕ−1(x, ℓ), ℓ) = Jϕ div𝜳 (x, ℓ), for every x ∈ ℬℓ and ℓ ∈ ℒ. Finally, we remark
that the derivative with respect to ℓ appearing on the right-hand side of Equation (108) ac-
counts for the explicit dependence of the energy density functions Wstr and Wb on ℓ through
the material parameters. Moreover, if the constitutive expressions of Wstr and Wb are for-
mulated in terms of the displacement field 𝒖 and the linear strain tensor 𝑬, the derivative
with respect to ℓ should also include the implicit dependence on ℓ through ∂ℓ𝒖 and ∂ℓ𝑬,
whenever these fields are solutions of the equilibrium equations and therefore intrinsically
depend on ℓ, since the equilibrium is solved on ℬℓ, for every ℓ ∈ ℒ (compare with Equation
(37)).

Appendix B: Rotations in Space

We derive the representation of a rotation in space once the axis and the center of rotation,
represented by the unit vector 𝝎 and denoted by X0 ∈ ℬ, respectively, are assigned. To this
end, given an arbitrary position vector X − X0, with X ∈ ℬ, we look for its placement after
a rotation of an angle ϑ around the straight line α parallel to 𝝎 and passing through X0 (see
Fig. 5). In this regard, the plane π , perpendicular to 𝝎 and to which X belongs, is composed
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Fig. 5 Geometric scheme of a
rotation in space, around the axis
passing through the material
point X0 and direction given by
the unit vector 𝝎

of the points X∗ such that (X − X∗) · 𝝎 = 0, or (X − O) · 𝝎 = (X∗ − O) · 𝝎, where O is the
origin of a (Cartesian) system of reference. Similarly, the straight line α is characterized by
the points X∗ such that X∗ = X0 + r𝝎, for any real number r ∈ℝ. The intersection between
π and α leads to r = (X−X0) ·𝝎 and X∗ = X0 +[(X−X0) ·𝝎]𝝎. The rotated configuration
of X is then given, through geometrical arguments, by

x = X∗ + cosϑ (X − X∗) + sinϑ[𝝎 × (X − X∗)] (109)

= X − (1 − cosϑ)[(𝑰 − 𝝎 ⊗ 𝝎)(X − X0)] + sinϑ{𝝎 × [(𝑰 − 𝝎 ⊗ 𝝎)(X − X0)]}.

By defining the matrix 𝜴 as in Equation (20), we easily see that 𝜴2 = 𝝎 ⊗ 𝝎 − 𝑰 , and
𝜴3 = −𝜴 . Hence, we get the following result for the rotated vector

x − X0 = (X − X0) + sinϑ 𝜴 (X − X0) + (1 − cosϑ)𝜴2 (X − X0). (110)

We prove that this expression can be written in terms of the rotation matrix 𝑹(ϑ) = eϑ𝜴 ,
i.e.,

x − X0 = 𝑹(ϑ)(X − X0). (111)

To calculate this matrix exponential, we first note that the characteristic polynomial of 𝜴

is p(a) = det(𝜴 − a𝑰 ) = −a(a2 + 1) and, therefore, its eigenvalues are a1 = 0, a2 = i and
a3 = −i. Consequently, the matrix exponential can be written as eϑ𝜴 = c1𝑰 + c2𝜴 + c3𝜴

2,
with eaiϑ = c1 + c2ai + c3a

2
i , for i = 1,2,3. This leads to

𝑹(ϑ) = eϑ𝜴 = 𝑰 + sinϑ𝜴 + (1 − cosϑ)𝜴2, (112)

which proves Equation (111).
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